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Propagation of analyticity of solutions to the
Cauchy problem for Kirchhoff type equations

Kunihiko KAJITANI
-Dedicated to Kiyoshi Mochizuki on his 60th birthday-

Abstract
We shall give the local in time existence of the solutions in Gevrey classes
to the Cauchy problem for Kirhhoff equations of p-Laplacian type and inves-
tigate the propagation of analyticity of solutions for real analytic deta. When
p=2, his equation as the global real analytic solution for the real analytic
initial data.

1. Introduction
In [6] we have obtained the local existence theorem in Gevrey class of solutions
to the Cauchy problem for Kirchhoff equations of p-Laplacian type

O%u(t, r) — M(||Vou®)||5srny) Bpult, z) = f(t,z),t € (0,T),z € R", (1.1)

where A, is defined by
Apu =V (|VulP 72V, u). (1.2)

In this note we shall investigate the popagation of analyticity of solutions of the
following Cauchy problem which is a generalization of (1.1),

O2u(t,z) — M((Au,u)2)Alu] = f(t,z), te€(0,T), z€R", (1.3)

u(0,z) = ug(x), w(0,2) =us(x), z€ R, (1.4)
where
Alu] = E; Or; {aji(z, Vou(t)) O, u(t, )} (1.5)

and M is a non negative two times continuous differentiable function defined in
[0,00) and [ajk(z,y)] is a non negative symmetric matrix of which elements are real
valued functions defined in R™ x R"™ and satisfies

Y {aje(z, y)&&s + D 0y a(z,y)E€e} > 0 (1.6)
=1

Jk=1
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for z,§ € R,y € R". This assumption (1.6) assures that the equation (1.3) is
hyperbolic. We can see easily that p-Laplacian A, is verifies with the condition
(1.6). Moreover we assume that the coefficients {a;;} satisfy that for a compact set
K in R" there are Ck, px > 0 such that

10208 aje(z.9)| < Creplg™]a] "] ) (1.7)

for x € R™,y € K. We introduce a functional space as follows,
1/d
H! ;= {u e L*(R"); (€)Ler O a(€) € L7}, (1.8)

where 4 stands for a Fourier transform of u and | € R!,d > 1,(€), = /h% + |€]2

and p > 0 and denote by H' = H} ; and L2 ; = H? ;. Now we begin to state a local
existence theorem for the Cauchy problem (1.3)-(1.4).

Theorem 1.1 Assume that M(n) > 0 is in C*([0,00)), (1.6) is valid, ajx satisfy
(1.7) and there is py > 0 such that the initial data uo,u, belong to L2 ; and f €
C°([0, Ty); Lf,o,d). Then if s < d < 2 there are Ty > T > 0 and p; > 0 such that the

Cauchy problem (1.8) and (1.4) has a unique solution u in C*([0,T]; L2 ;).

It is well known that when p = 2 and d = 1, the Cauchy problem (1.1) and (1.4) has
a global real analytic solution. For example see the article of Bernstein [2] and of
Pohozaev [9]. When M (n) = 1, Theorem 1,1 is proved in [3]. In [7] we proved that
Thorem 1,1 holds for (1.1) and (1.4) under the assumption s < d < 4/3. Moreover
we can investigate the propagation of analyticity of solutions (1.3) and (1.4).

Theorem 1.2 Let T > 0 a positive number. Assume M(n) > 0 is in C?([0, 00)),
(1.6) and (1.7) with s = 1 are valid and there are p; > 0,1 < d < 2 such that a
function w € C*([0,T]; L2, ;) satisfies (1.3) and (1.4). Then if there is pp > 0 such
that the initial data uo,u, belong to L% | and f € C°((0, To]; L2, ,), we have py > 0

po,1
such that u belongs to C’z([O,T];Lf,M), that is, u(t,z) is real analytic in a space

variable x for any t € [0, T).

2. A priori estimates for linearized equations

We shall derive a priori estimate in Gevrey class H];(R") for the linearized
second order hyperbolic equations of equation (1.3). Form,p,0 € R(0<J§ < p<1)
denote by S7% the usual symbol class of oder m of p, ¢ type. For simplicity we write
S™ = ST and introduce the seminorms as follows,

(a)
a5 (x, &

— 00, (2.1)
la+B<bz.écRr  (£))

where (€), = (k2 +|€[2)2 (h > 0 is a large parameter). Ford > 1,p >0 and m € R
we define the symbols of Gevrey class fygS"‘. We say that a symbol a € S™ belongs
to v4S™, if a satisfies

é
a5t (2, €)[ o1+

alde= s i o
" zgeRn jatpl<tiyent (€), 16+ |1

(2.2)
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Define for p € R

1/d

<P u(a) = (2m) ™" [ () de,

/d
for u € HJ;. Then eP<D>), maps from Hj}, to H}! . continuously. Moreover
for a € ¥4 S™ we can see that a(z, D) maps from H}"; to H";™ continuously if
lp| < (24n")~1p§, k = 1/d and consequently

a(p, z, D) = e " Phig(z, D)er Pk (2.3)

maps H™ to H™™! continuously, where H™ = {u € S'(R"); (€)"u(€) € L*(R™)}
is the usual Sobolev space. Moreover we can prove the following Lemma.

Lemma 2.1 Let d > 1,p € R,k = 1/d and a € 75 S™. Then the symbol of
a(p,z, D) given by (2.3) belongs to S™ and satisfies for any integer N > 0,

p,.’L‘ é Z B~ 'a I g)wﬁ(f) +prN(a)(p,x,§), (24)

[BI<N
where wg(€) € S5 qre given by
ws(€) = e—p(é),‘,agep@)ﬁ (2.5)

and the remainder term ry(a)(p,z,€) belongs to S™ N1V gnd moreover there
are Cn independent of such that for h > 1

ITN(a)‘gm~N(l_l/d)) < Cnlalpg.a,n 41005 (2.6)

where
lpl <247 'n7"p5,  M(1);=[6(1 — k)7 + 20 + [n/2]. (2.7)

The proof of this lemma is given in Lemma 1.2 of [3]. We can prove the following
lemma by use of the above lemma.

Lemma 2.2 (i) Let a € S°. Then there is a positive integer ly such that
lla(z, Dullo < Colalyy||ullo

for u € L,.
(it) Let a € ¥4 S™ and A = p(E)x. Then if |p| < (24%n) % p§

0>

lle*a(z, D)ulls < Colalyg sm i, |1tlls+m
for w € H™™, where [, = |s| + M(lp).
We shall derive a priori estimates for a linear equation below
Llu] = 0?u + a(t, z, D)u + b(t, z, D)u = f(t,x). (2.8)

VIII-3



Assume that the principal part a(t, z,€) and b(t, z, £) satisfy

a(t,z,&) >0, (tz,€) €[0,Ty] x R*™. (2.9)
a(t,z,€) € C*([o, To];'y,‘fOSQ). (2.10)
b(t, z,€) € C°([0, To]; 75, S")- (2.11)

Then the non-negativity of a implies
las(t, z,6)| + |Vza(t, 7, 8)| + |Vea(t, z,8)| < Clalc2qomoxremyalt, z,€),  (2.12)
for (t,z,€) € [0,Ty] x R?". Put
vu(t, z) = e*EPy(t, ) (2.13)
where A(t,€) = p(t)(€)5. Then v satisfies
La[v] = (8; — A)*v + an(t,z, D)v + ba(t, 2, D)v = et f(t, 2), (2.14)

v(0) =vo, (0 — At)v(0) = vy, (2.15)

where for an operator a we denote by a, the product e*ae~. Introduce an energy
of v below

e(t)” = %{H(at = Av(t)|I; + R(a(t, z, D)v,v)s + ((D)jv, (D)jv)},  (2.16)

where k = 1/d,||-||s and (-, -); mean a norm and an inner product of Sobolev space
H* respectively.

Proposition 2.1 Assume (2.9),(2.10) and (2.11) are valid and v € ﬂ 0 C2([0, Ty);
Hs77). For any s € R there are a positive constant C; ,hs and a posztwe function
p(t) € C*([0, Ty] such that

es(t) < e*Hes(0) + [ 1Lau(r)llsdr} 2.17)

L1 = Ao @I + Iy < 4@ + [ NLaw(IRdr} (218
fort € [0, Ty] and h > hs.

Proof. Differentiating e,(¢)? in ¢, we have

2e,(t)el (1) = R((8: — Ae)®v, (00 — Ae)v)s + (Ae(0r — Ao)v, (B — A)v)s

3R, 0, + ((0lt) + 0" ()0 - Aev),
+((a(t) + a" () A, v)s + (0 — AV, U)san + (AU, V) s
= R(=(a(0) + ba)w + Lale] + Ra(t)e. (0 = A, + (A0, — A (3 — A),

+—2'§R(at(t)vv v)s + ((a(t) + a*(t))(at - At)U’ U)s
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+((Ae(a(t) + a™(t)) A, v)s + (B — At)v, ) sk + (M40, V) sy (2.19)

Noting that from Lemma 1.1 we have

o(—aa(t) + Ra(t))(z, &) = —p(t)ai(t, 2,§) — (¢, 2,8, (2.20)
where r € S and
al(t7z7§) = Z a(a)(t,x,f)wa(é), (221)
lal=1

we can estimate
1R(—(aa(t) + ba)v + La[v] + Ra(t)v, (8; — Ar)v)s|
< 2)||Ad "2 (=p(t)ar(t, z, D) — r(t, z, D) + bp)v + Lyv||? (2.22)
+llIAF @~ Aol

Since r € S?*, and A; = p;(t)(€)5, we can see

A2 (=r(t, z, D)v||, < 120] | 4x (2.23)

Cs
|pt
Since by € St, we get

Chl 2K

”lAtI 2b1\v”5 — [ at'

|| Ad] 20 o4 (2.24)

Moreover we see

”(p(t)lAtl—%al(t? Z, D)sz = ((p(t)2a1 (tv Z, D)*‘Atrlal (tv Z, D)Uv U)s’ (225)

and
2 ¥ A (-1 p(t)*()n" 2
U(p(t) al(tv'r’ D) IAtI al(t,z,D))(z,f) = W(]al(t’ g)l +T(t,£)§‘,§)) (226)
where r € C°([0, Tp]; S!). From (2,12) and (2.21) we have
p(t)2<£>hK ﬂ(t)2 . ﬂ(t)2
—_— = C A 2.27
If we choose p(t) such that
p)° _ 1
Cp:( 07 Sy (2.28)
we can estimate from (2.26) and (2.27) by use of Fefferman-Phon inequality
(p(t)?ay (t. z. D)*|A,|tay(t, z, D)v, v),
%(HMUxDﬁL)+QWMMJk (2.29)
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On the other hand

o (Rau(t, 2, D)z, £) = ax(t,2,8) + r(t,2,6) (2.30)
where r € C°([0, Ty]; S) and a; satisfies from (2.12)
lac(t,z, )| < Calt, z,)(E);. (2:31)
Hence we get
]. 1 1
5 R(a(t 7, D)v,v)s < |||A|~ (D)5 " Rawl[s + |l|Ac]2 (D)3vll; (2.32)

= (%atIAtl_l(DH?matv, v)s + (|A(D)v, (D)}v)s.
Besides from (2.31)

1
o(Rar|Ae| (D), **Ray) (7, €) < g (lael* + C(€)7)
(€)i"1pel
C(€)274%| A4 (¢ Ayt
< G IO 4 g 41y < SBEON GG g ) (233)
Pt h4%5=2| py|
Therefore using again Fehherman-Phon inequality we get from (2.31)-2.33
%(iﬁ(at(t,x,D)v,v)s < %%(Atav,v)s + Cy((DYsv, v),s, (2.34)

if we take h > 0, p(t) such that

Ch?*4= 1
< -. 2.35
loel T 2 (2:35)
Thus we obtain (2.19),(2.22),(2.24),(2,29) and (2.34)
2e(t)sLes(t) < Cuea(®)? + (A(B) = ADv, & — A, (2.36)

dt 4
(0, 0)sn + R, (0~ A),,
for ¢ € [0, Tp], if we choose p(t) € C?([0,Tp] and h > 0 satisfying from (2.28), (2.35)
pe(t) <0, |pi(t)] > Cs(h*7 + p(t)), (2.37)

0 < plt) < (24n%) 1. (2.38)
for t € [0,Ty). We can see easily that (2.36) implies (2.17) and (2.18).
Q.E.D.

Using the estimates of Proposition 2.1 we can get the existence of solutions of
the Cauchy problem for the equation (2.14)

Proposition 2.2 Assume (2.9), (2.10) and (2.11) are valid. Then for any vy €
H**' vy € H® and g € C°([0, To]; H®) there exists a unique solution v € N3_yC ([0,
To); H¥T179) of the Cauchy problem (2.14)-(1,15).
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Proof. We can prove this proposition by a standard method of regularization.
Since L. = Lj + €A is strictly hyperbolic for e > 0, we can find a solution v, €
NZ_oC7([0, To]; H**'~7 of the Cauchy problem to L.v = g with the initial data
(2.15). Moreover we can derive the a priori extimates similar to (2.17),(2.18) with
the constant C; independent of € > 0 and consequently we get the limit function v

of v, tending to € to zero. The a priori estimate (2.17) assures the uniqness of the
solutions.

Q.E.D.
The following proposition is a direct result of Proposition 2.1.

Proposition 2.3 Assume that same conditions as ones in Proposition 2.1 are valid.
Then for any uo € Hty,uy € H3, 4 and f € C°([0,To); Hs, 4) there exists a unique
solution u of the Cauchy problem (2.8)-(1.4) satisfying e*u € N?_,C? ([0, To]; H**1)
(A(0) = po(D)5), If u(0) = u4(0) = 0, there is Cs > 0 such that

t
1Beeulls + lleul e < € [l Lullsdr, (2.39)
0

t t
L0t u@I e+ letu(r) 2 ,0dr < e [(lebLiul(rldr,  (240)
where A = p(t)(D)%.
We introduce a special symbol class of pseudodifferential operators in order to

investigate nonlinear equations. Denote by L2 ,S™ the set of symbols a(z,§) satis-
fying
. 165, ©)llzz
ajr2 gmy = SUp ——
& atsist (€)™
Then we have similarly to Lemma 2.1,

<€ fty. (2.41)

Lemma 2.3 Let a € L2 ,S™. Then a(p,z, D) = e”Phia(z, D)e #P)i satisfies

a(p,z,8) = D M law) (e, wy(€) +7n(p, T, €) (2.42)

<N
where w, = e "L ek and Ty satisfies

N < Cinlalz smnrnrq) (2.43)

i
and M(l) =1(1 —x)™" + 20 + [B].
Moreover we can prove the following lemma by use of the above lemma.
Lemma 2.4 (i)Fora € L% ,S™ u€ H 4, and s >0
la(z, DYullus, < Cilalzz smgsarqolullas (2.44)

where M (ly) = lo(1 — )~' + 2lg + (%] and Iy is given by (i) of Lemma 2.2.
(it) There is a positive integer | = 2M (ly) such that for u,v € H, , the product uv
belongs to H"))d and satisfies

vl g, < 20Tl + ol (el + el o) (2.45)
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The proof of this lemma can be found in [3].

For the operator a and b in (2.8) we assume (2.9), (2.10), (2.11) and the following
conditions are valid

a(t,z,£) = a'(t,z,€) + a’(t, x,€)

n

a'(t, 2, &) = Y al(t,x)€&,i=1,2 (2.46)

Jk=1

where a}, € C*([0, To]; 74, (R™)), a% € L3([0,T]; H') (means (D)},e"a?, belongs to
L*((0,Ty) x R")), and

bt, z,€) = b'(t, z,€) + b(t, 2,€),
b(t,z,€) = Zb’txéj,z-lQ (2.47)

where b} € C°([0, To]; v (R™)) , b2 € L3([0,To); H') and A = p(t)(D)} and [ are

h
given in Proposition 2.1 and in (ii) of Lemma 2.4 respectively. Then we can prove

the following result by use of Lemma 2.2 and 2.4.

Proposition 2.4 Assume (2.9), (2.10), (2.11) and the above conditions (2.46),
(2.47) are valid. Then if we take | = 2M(ly) we have

lle*Dpu(t)le + lletullyze < e /Ot lle* L{u] () ludr, (2.48)

t t
[ et 0l + e u(r)E ) < Cott) [l Llul(r) fPdr,  (2.49)
for eMu € M2_oC7([0, To); H'*?77) with u(0, z) = uy(0, ) = 0, where

t y y .
Cilt) = Culals 1) [ llade(r, i+ 183 lidr i = 1,2 (2.50)
This implies the following proposition.

Proposition 2.5 Assume that same conditions as ones in Proposition 2.4 are valid.
Then for any uo € Hp, 4wy € H, 4 and f € CO([0, Tol; HS ;) there eists a unique
solution u of the Cauchy problem (2 8) with u(0) = ut(O) = 0 satisfying (2.48) and
(2.49).

3. Local existence theorem of nonlinear equations

In this section we shall prove the local existence theorem of the Cauchy problem
for nonlinear equation as follows

Fu(t,z) + > ajlt,z,u, Vou)D;Diu

Jk=1

n

+ij(t,:r, u, Vou)Dju +bo(t, v, u, Vou)u = f(t,z), t€(0,T),ze R*. (3.1)

i=1
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u(0,z) = w(0,z) =0, =z € R™ (3.2)

Let d > 1,5 > 1 and Q a domain of R™. We denote by v»*(R" x Q) the set of
functions f(z,y) satisfying that for any compact set K C  there are Cx > 0, pg >
0 such that

|DDS f(w,y)| < Crepr ™1t g]1e (3.3)
forz € R",y € K,a € N*, € N™. Let B be a neighborhood of 0 in R**1. We
assume that the coefficients a;; of (3.1) belong to C?([0, To}; v*' (R™ x B)) and b; to
C°([0, To]; v+ (R™ x B)). .
We can prove the following lemma by use of (ii) of Lemma 2.4

Lemma 3.1 Let f € C°([0,To);v*'(R"™ x B)) such that f(t,z,0) = 0, and u =
(u, - um) € LA([0,To); H)™ such that eru € C°([0,T); HY) and ||etul|_, <
C; 'po,. Then f(t,z,u(t,z)) belongs to L%([0,To]; H') and satisfies

Cullull 23 0,711

ou gy < . 3.4
I HLf\([O,To],H’) = po — Cilleru]]i-1 (3.4)
where A = p(t)(€) and | = M(ly)
For M > 0,7 > 0 and h > 0(a parameter in (£),) we define
X(M,T,h) = {ue Ly([0,T]; H*")|e"u € Nj_C7 ([0, T); HY)s.t.
1
lullizgaryass + 32 sup, lehu(@ll < M) 3.5)

where A = p(t)(D)%. For v € X(T, M, h) we conider the following linear equation

n

Ou(t,x) + Z aji(t,z, v, Vou)D;jDgu

3,k=1

+ > bi(t,z,v, Vu)Dju + bo(t, z,v)u = f(t,z), te€(0,T),z€ R" (3.6)

J=1
Then it follows from Proposition 2.5 that we have a unique solution u of the
Cauchy problem (3.6)-(3.2). Denote u = ®(v) which satisfies from (2.48),(2.49)

t
[|0ve" @ (v) (B[] + [12(v) (&) [lis < C(M)/0 le* f()l < C(M)T < M,
if we choose T such that C(M)T < M and
10:@(0)| 22 (0,73 m1+<) + (| @) (O] L2 (0,77 11420y < CM) Il L2 o.yimy < M,

if we choose T' > 0 small enough, because e f is in C°([0, T); H'). Therefore ® is a
mapping from X (7, M) to itself. Moreover to w = ®(v) — ®(v') applying (2.49), we
can get

C(M) 1
etz o < e llv = VU L2 qorimt-1y < Sllv = v'llz o.ym

-2
if we choose h > 0 such that fz(f\ﬁ < % Here we note that C'(Al) does not depend

on the parameter h. Thus we have proved
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Proposition 3.1 Assume that aj; of (3.1) belong to C*([0, To); v (R™ x B)) and
b; € C°([0, Ty]; v**(R™ x B)). There are T >0, M > 0 and h > 0 such that ® is a
mapping from X (T, M, h) to itself and moreover satisfies

1
|| ®(v) - ‘I’(UI)HLf\([o,T};Hl) < ‘2‘||U - 'U,HLf\([O,T];H‘) (3-7)
for v,v' € X(M,T.h)

This proposition implies immediately

Theorem 3.1 Assume that ajx of (3.1) belong to C?([0, Tp}; v*'(R™ x B)) and b,
to C°([0, To); v*'(R™ x B)). Then for any f € C°((0,To); H,,) there is T € (0, Tp)
such that we have a unique solution u of the Cauchy problem (3.1)-(3.2) satisfying
that e*u € M3_oC7([0,T); H'™7) and (2.48)-(2.49).

4. Proof of Theorm 1.1

Denote
B(T, M) = {a(t) € C*([0, T)); a(t) > 0, |alcxor) < M}, (4.1)
where |a|cz(j0,1) = SUPk<2 te(0,1] )d%’%a(t)l. For a(t) € B(T, M) we consider
Otu+ a(t)Alu) = f(t,z), (t,z)€ (0.T) x R (4.2)
u(0) = ug, w(0) =uy(z), z € R", (4.3)

where A is given by (1.4). Then it follows from Theorem 3.1 that we can prove

Proposition 4.1 Let a(t) € B(T,M). Assume that A satisfies (1.5)-(1.7) and

there are a positive integer py > 0,1 < d < 2 such that the initial data ug, uy € Hf,;“,}i

and f € C°([0,To}; H., 4), where | = 2M(ly) given in Lemma 2.4. Then there are
To > T > 0,M > 0 and p, such that for any a(t) € B the Cauchy problem
(4),(2) has a unique solution u € C*([0,T); H, ;) satisfying

102u(0) i, + 10Ol s, + @), < “HT(Cy+ CONT), ¢ € [0,T)

(4.4)
where Cy is independent of M, T.

Proof Put w = u — ug — tu;. Then if u satisfies (4.2)-(4.3), w does (3.1)-(3.2) mod-
ifying f in (3.2). The assumption (1.6) assures the hyperbolicity of the equation
(3.1) and consequently (2.48) implies (4.4).
Q.E.D.
It follows from (4.4) that taking T > 0 such that C(M)T < 1,we get

138y, + 10Oy + u@lr | < elCot1), te,T]  (43)

For a € B(T, M) denote by u, the solution of (4.2)-(4.3). Define
U(a)(t) = (Afug), ug)r2 = Z(a]-k(m, Vatg)Diug, Djug)pe. (4.6)

By use of the above proposition we can prove similarly to Proposition 2.1 in [6] that

U is a contraction mapping in B(M,T), if M, T are chosen suitably.
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5. Proof of Theorem 1.2

To investigate the analyticity of solutions to the Cauchy problem (1,3)-(1.4), we
introduce a convinient norm in C°([0,T]; L2, ,(R")) following the idea of Lax [7],
Mizohata [8] and Alnihac and Métivier [1]. Let a positive integer N > 2, p > 0, and
0 <r < 1. For e*u € C°([0,T); H'), where A = A(t, p) = (p(t) + p){€)5,0 < p <

Po/2 =: po is given in Proposition 2.1, we denote

A(s,p) DB 16]-2
e ullyr
lu't,r,N = sup I x|

, 5.1
0<s<t,2<|B|<N T2(181) 51)

where ['y(k) = Aok!k~2 for k£ > 1 and I'y(0) = )g. Here we choose \q > 0 such that

o
> (a,)rz(la'l +p)la(la - o[) < Ta(lal +p), (5.2)
o' <a
for p = 0,1,2,... and @ € N™. In brief we write |u|,n = |u[}, y, if there is no

confusion.

Lemma 5.1 ForeMv; € CO([to, T); HY),i = 1, ..., n, denote v® = v}*v§?---vfn. Then
there is Cy > 0 such that for 2 <|B| < N,t € [0,T],

to<s<

(4) [0 < CP7(sup [leMu(s)]er + r20len) P ol
and for |B| > N,t € [0, T)
(@) [Pl < CETHllo@)l A+ PN (e o(8) i + 2ol n) YT ol)

B 8
+CM el 1)

(111) Let a(z) € A(R"™) satisfying

Bl
|Dfa(z)| ol

a|Rrn = su —_— < 0.
l IR 01,1 ﬂeNn’EeRn |IB|!

Then there is C > 0 such that for |p(t) + p| < (24n*)~1pf,

|a'U|r,N < C|a|R”,p1,1|U|r,N'

(iv) Let G an open set in RN and A(z,v) is analytic in R" x G and satisfies

la|+|3]
|D¢DSA(z,v)|m
AlrrxGpia = sup S < 0.
R N W

Then if ||eMv(t)||is1 < p1/(nC)), a composite function Ao v(t,x) = A(z,v(t,z))
satisfies that there is C > 0 such that for t € [0,T]

N-1
[Aovly < ClAlrrwapi(1+ D C(lle*v(s) i + vl ) [ofry).
j=0
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The proof of this lemma is given in [5]. We remark that it follows from (iv)
of Lemma 5.1 that if A(z,y) is analytic in (z,y) € R" x G, and ||e*V,v(t)|141 <
p1/(nCy), we have for 2 < |a| < N,

HeAD;’(A o V)| < C'r“|°|+2F2(!a| +1) (5.3)
N-1 ,
x{1+ ) C( tsup lv() |42 + r2[vlrn Y V20l v},
Jj=0 0Ss<

where C is independent of N.

Now we shall turn to prove Theorem 1.2. Let u be satisfied with (1.3)-(1.4). Since
u € C°([0,T); H},), for any € > 0 there is 7 > 0 such that for A(t) = (p(t) + p)(€)5
satisfying (2.37)-(2.38),

et () (u(t, ) — ulir, Nz < e, (5.4)

for t € [ir, (1 + 1)7],i = 0,1,...,[T/7) and ¢t € [[T/7]7,T), where [-] stands for the
Gauss notation. Denote 7; = i7 for i = 0,1,---,[T/7], and 7j/;}41 = T. We shall
prove that u(7;, ) is in Lf,l,, for i = 0,1,...,[T/7] + 1 by induction of 7. First it
is trivial that u(0,) = ue(z) is in L2 ,(R"). Assume that u(7;,x) is in L2 ,(R").

po,1
Then we show that u(7;11, ) belongs to L2 (R"). Then we may assume that

pi +1(
lle* D2u(ri, )lisz < Cr; ol (5.5)
For the simplicity of notation we consider the case of i = 0. Put v(¢,z) = u(t, z) —

uo(t, ) ,where uq(t, z) = u(0, x) + tu(0, z). Since u is a solution of (1.3), v satisfies

— Y ak(t,x, Vou)DiDv = f(t,z,v), (t,z) € (0,7) x R", (5.6)
k=

1,k=1

v(0,z) = v(0,z) =0, =z € R", (5.7)
where
ajk(t, 2, Vau) = ajr(t, 2, Vo (v + uo(t, 7)) (5.8)
+ ) Oy ajm(z, V(v + uo(t, 2)) 0%, (v(t, = + uo(t, z))
m=1
and .
flt, 2, Vo) = f(t,x) = 3 aj(t, z, Vov)DjDyugl(t, z) (5.9)

k=1

Then it follows from (3.8) that Aj and f — f satisfy the condition of (iv) in Lemma
3.1. Therefore 4 and f — f satlsfy (5.3). Differentiating (5.6) with respect to x we
get

L[D*v] = fo, D%v(0,z) = D%,(0,2) =0, (5.10)
where
fa=Df+ Y ( ) 3" D* ¥4, D¥ D;Dyv. (5.11)
o<a J,k=1
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Therefore by use of (2.39) of Proposiyion 2,3 we obtain
t
DV 0Ol < C [ 1409 fa(5) s nds. (.12

t
<C [ (¢ = p) MM falluds,

for p' € (p,p2). On the other hand from (5.2),(5.3) and (5.4) we have if in brief
I 1= 1lee) - i,

Il <107+ 3 () S (I alip D) (619

1<|’|<|a|-1 k=1

<Uffar (e € 3 (&)l - )

1<]a’|<]al-2
N-1
x{1+ 3 CU e +r*|Vavl; v Vol p Vool yr I (|of] + 1)
7=0
< A{IfIEnr 7?2 (la)
N-1
HC{+ T GOt (90l VIVl o2y + 1),
3=0

Here we choose r = r(s,p') = ro(c(p2 — p') — s), where 0 < ry < 1,0 = -, and
0 < p < pa. Denote

y(t) = sup (s, P)|V[7 (s )1
0<s<min{t,o(p2—p)},0<p<p2

We have from (5.13)

1fall < 1F17 (s, ) 7142 T o))
N-1
+C{r(s,p) + 3 C/e+y(9))y(s)}y(s)r(s, ) T} (ol +1).

j=0
Hence we have from (5.12) and (5.13)

14 DV,0(6)] < C [ (6 = o) (112 r(5) 2 2(la)

N-1
+C(r+ Y- Cre+y()Yy(s)y(s)r(s) "M Tyl + 1) }ds.
=0
Here we take p' — p = r(s,p')rg' = o(pa — p') — s, that is o = 11%%5 Then noting
that y(s) < y(t) for s < t and r(s, p') < ro7 < 1y we get from the above estimate

1M DRV (0)l < 71 [ ror(s, o) dsT (o) (5-14)

+C/ r0+ZC] (e + y(s)) y(s)ror(s, p')1ldsTy(|a| + 1).

1=1
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Since |f| y < C,r(t) < ro7 < 70 and 1 J5 7(s)71*lds < ()71 |a| ! for |a| > 2,
we get from (5.14)

N
y(t) < Cro{l+3_ O/ (e +y(1))y(1)}),

Jj=0
for t € [0,7]. We shall prove that y(t) < e for t € [0, 7], if we choose rp > 0, > 0

small enough. Assume that there is ¢; € [0, 7] such that y(¢;) = € and y(t) < € for
t € (0,t;). Since y(0) = 0, we have ¢; > 0. It follows from (5.15) that if 2Ce < 1

y(t)
t) < 14+ ——
for t € [0,t,]. Hence we have
C’f'o
y(tl) =1_ Crq )
1-2Ce

which contradicts to y(t;) = € if we choose 7y sufficient small, and consequently we
have proved Theorem 3.
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