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Journees Equations aux derivees partielles
Nantes, 5-9 juin 2000
GDR 1151 (CNRS)

Propagation of analyticity of solutions to the
Cauchy problem for Kirchhoff type equations

Kunihiko KAJITANI
-Dedicated to Kiyoshi Mochizuki on his 60th birthday-

Abstract
We shall give the local in time existence of the solutions in Gevrey classes

to the Cauchy problem for Kirhhoff equations of p-Laplacian type and inves-
tigate the propagation of analyticity of solutions for real analytic deta. When
p==2, his equation as the global real analytic solution for the real analytic
initial data.

1. Introduction
In [6] we have obtained the local existence theorem in Gevrey class of solutions

to the Cauchy problem for Kirchhoff equations of p-Laplacian type

9^x) - M(||V,n(^||^))A^(^^) = f(t^)^t C (0,r)^ 6 R^ (1.1)

where Ap is defined by
Apu = V^IV^r2^). (1.2)

In this note we shall investigate the popagation of analyticity of solutions of the
following Cauchy problem which is a generalization of (1.1),

9^u{t,x) - M{{Au,u}^}A[u\ = f{t,x), t € (0,T), x € R71, (1.3)

u(0, x) = uo(x), Ut(0,x) = ui(rr), x C J?71, (1.4)

where

AM = E 9^{a^(x^Mt))9^x)} (1.5)
j,A-=l

and M is a non negative two times continuous differentiable function defined in
[0, oo) and [ajk(x, y)] is a non negative symmetric matrix of which elements are real
valued functions defined in R71 x R71 and satisfies

n n

^ {a^x, y)^j + S ̂ ^(^ y)^iyk} ̂  o (i.6)
j,k=.\ <=1
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for x^ e ^".y e ^". This assumption (1.6) assures that the equation (1.3) is
hyperbolic. We can see easily that p-Laplacian Ap is verifies with the condition
(1.6). Moreover we assume that the coefficients {a^} satisfy that for a compact set
K in J?" there are CK, PK > 0 such that

\^a^{x.y}\ < CKp^\aW. (1.7)

for x e -R", y € K. We introduce a functional space as follows,

H1^ == [u 6 L2^"); (O^^) e L2}. (1.8)

where u stands for a Fourier transform of u and I e ^,d > 1, (^ = ^2 + i^p
and p > 0 and denote by H1 = ̂  and Z,2^ = ̂ . Now we begin to state a local
existence theorem for the Cauchy problem (1.3)-(1.4).

Theorem 1.1 Assume that M(rf) > 0 is in C'2([0,oo)), (1.6) is valid, ajh satisfy
(1.7) and there is po > 0 such that the initial data UQ.UI belong to L2 ^ and f e
C°([0, To}; L2^). Then if s < d < 2 there are To > T > 0 and pi > 0 such that the
Cauchy problem ( 1 . 3 ) and (1.4) has a unique solution u in ^[[Q.T};!2 ^).

It is well known that when p == 2 and d = 1, the Cauchy problem (1.1) and (1.4) has
a global real analytic solution. For example see the article of Bernstein [2] and of
Pohozaev [9]. When M{r]} = 1, Theorem 1,1 is proved in [3]. In [7] we proved that
Thorem 1,1 holds for (1.1) and (1.4) under the assumption s ^ d < 4/3. Moreover
we can investigate the propagation of analyticity of solutions (1.3) and (1.4).

Theorem 1.2 Let T > 0 a positive number. Assume M(v) > 0 is in ^([O.oo)),
(1.6) and (1.7) with s = 1 are valid and there are pi > 0,1 < d < 2 such that a
function u e C'2([0,r]; L2^) satisfies ( 1 . 3 ) and (1.4). Then if there is po > 0 such
that the initial data UQ, u^ belong to L2^ and f € G°([0, To}; L2^ i), we have p-z > Q
such that u belongs to ^([O.T]; L2^),' that is, u(t,x) is real0 analytic in a space
variable x for any t € [0, T}.

2. A priori estimates for linearized equations
We shall derive a priori estimate in Gevrey class J%(J?") for the linearized

second order hyperbolic equations of equation (1.3). For m', p, 6 € R(0 < 8 < p < 1)
denote by S^ the usual symbol class of oder m of p, 8 type. For simplicity we write
gm ̂  g^ ̂  introduce the seminorms as follows,

»i| (Ql / ^\ |

|(m) W/3 O^O
a|) = sup —w——- < oo,

|a+/3|«',r,$£fi" (^IQI
(2.1)

where (Q/, = (h2 + |^|2)^ (h > 0 is a large parameter). For d > 1, p > 0 and m e R
we define the symbols of Gevrey class ^S"1. We sav that a symbol a e S"1 belongs
to ^S"1, if a satisfies

,(".) I^MIpl^la . ^ = sup —\^_v——————^ ̂  /^ ^\
i,$efi",|a+/3|^,5,-yeN" (^)^-IQ+<'lj()-+^|!d ' ' '
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Define for p G R

e^^u^x} == (27T)-71 [e^^uW^

for u € .?%. Then (^<D>^ maps from j??^ to H^^ continuously. Moreover
for a C 7^ 57711 we can see that a(x,D) maps from ./% to ^^+ml continuously if
|p| < (24n/c)-lp^ ^c = 1/ri and consequently

a(p, x, D) = e-p(D^a{x, D)^^ (2.3)

maps H771 to .H -̂̂  continuously, where JT71 = {zz € ^(J?71); (0^&(0 £ L^fi71)}
is the usual Sobolev space. Moreover we can prove the following Lemma.

Lemma 2.1 Let d > l,p G R,^ = 1/d and a € 7^0^' ^en ^e symbol of
a(p^x^D) given by (2.3) belongs to S771 and satisfies for any integer N > 0,

a(p.x^)= ^ /3!-l^)(^0^(a+^^(a)(p^,0, (2.4)
W<N

where ̂ (^) G S'^1"^ are given by

^) = e-^Q^e^ (2.5)

and the remainder term rAr(a)(p,rr^) belongs to 5'm-N(l-l/CO a^^ moreover there
are CN independent of such that for h > 1

I / \\(m-N(l-l/d)) ^ ^ | | /r) ^\
1^(^)1^ < CNWpo^N^M,(l), (2.6)

w/^ere
|p| < 24-^-^^ M(Q; = [^(1 - K)-1} + U + [n/2]. (2.7)

The proof of this lemma is given in Lemma 1.2 of [3]. We can prove the following
lemma by use of the above lemma.

Lemma 2.2 (i) Let a G S°. Then there is a positive integer IQ such that

\\a{x,D)u\\o < Colal^ljullo

for u € 1/2.
(iz) Let a 6 7^ and A = P^'h- Then if \p\ < (24^)-^^

\\eAa{x,D)u\\s < CoH^m^lHI^^

for u € Tif54-^, where ^ = |5| + M(lo).

We shall derive a priori estimates for a linear equation below

L[u\ = Q]u + a{t, x, D}u + b(t, x, D)u = f{t, x). (2.8)
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Assume that the principal part a(t, x, ̂ ) and b{t, x, ̂ ) satisfy

a(t, x, 0 >, 0, (f, a;, 0 e [0, To] x R271. (2.9)

a^oec^'ro]^2). (2.10)
6(^,0€Cfo([0,^o];7pd,51). (2.11)

Then the non-negativity of a implies

M^OI + |V^a(t,a;,0| + |V^a(t,;r,0| < C'|a|c2([o,ro]x^n)a(t,^,0, (2.12)

for (t,x^) C [0,ro] xJ?2". Put

v(t,x)=eA(t'D)u{t,x) (2.13)

where A(^) == p(^)(^)^. Then v satisfies

L^[v] = (9t - Atfv + a^t, x, D)v + b^t, x, D}v = e^f(t, x), (2.14)

v(0)=vo, {9t - A(MO) = vi, (2.15)

where for an operator a we denote by GA the product e^e"^ Introduce an energy
of v below

e(t)2 = ̂ {\\(9t - A(Mt)||J + ̂ (a(t,x, D)v,v), + ((D}^v, (D)^)J, (2.16)

where K = 1/d, || • \\s and (-, •)s mean a norm and an inner product of Sobolev space
H8 respectively.

Proposition 2.1 Assume (2.9),(2.10} and ( 2 . 1 1 ) are valid andv € n^o^dO^o];
H3'3). For any s € R there are a positive constant Cs ,hs and a positive function
p(t) (E ^([O,^] such that

es(t) < e^ie^O) + f \\L^u(T)\\,dr} (2.17)
J 0

^ \\(9t - Wr) |2 + Mr)\\^dr < e^^e^)2 + f ̂ {r^dr} (2.18)

for t € [0, To] and h > hs.

Proof. Differentiating es(t)2 in t, we have

2e,(t)e^) = sft(((9( - A()Y (9( - A^), + (A((^ - AQz;, (<9< - A()t.Q,

+JSR(at(^)t;, y), + {(a(t) + a^t))(9t - A^, v),

+({a(t) + a'(^))A^, v), + {9t - A^, v),^ + (A(U, y),^

= ̂ {-(a^t) + 6.v)^ + ̂ \[t'] + ̂ a(t)v. (9t - \t)v)s + (A^ - AJu, (^ - A<)u),

+J$ft(at(^)z-, y), + {(a(t) + a^t))(9t - \t)v, v),
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+((A((a(t) + a*(t))A(U, u), + (9( - A()U, v)^ + (A(V, v),+^. (2.19)

Noting that from Lemma 1.1 we have

a(-a^t) + sRa(*))(rc, 0 = -p(<)ai (^ re, 0 - r(<, x, Q, (2.20)

where r 6 5'2'1 and
ai(^,a;,0= ^ G(Q)(^,OC^(O, (2.21)

|a|=l

we can estimate

|3f?(-(aA^) + &A)V + LAM + »a(t)v, (9( - A()t;)J

< 2|||A(|-^-p(^ai(<,a:,Z)) - r(^,a;,D) + b^v + L^v\\2, (2.22)

+JI||A(|^-A()^.

Since r G 5'2/t, and A( = ^(^)(0^ we can see

^|-^(-r(^OH, < ^HAJ^H^ (2.23)
\Pt\

Since &A C 51, we get

(^ Ll-2/t
^l-^Ayll^-^—nilAd^ll^. (2.24)h l̂

Moreover we see

\\(p(t)\At\-^ai{t,x,D)v\\2, = ((^ai^D^IAtl-^i^P)^),, (2.25)

and

aW^x^DY^a^x^D))^^ = ̂ ^^(I^^OI2-^7'^3'^)) (2-26)

where r e C'°([0,ro]; 51). From (2,12) and (2.21) we have

^f^lQi^OI2 < ̂ ^G^^^XO^ = C.^IAtla^^a. (2.27)
|P((^1 |P((*)1 \Pt{t)\2

If we choose p(t} such that

r p(t)2 < 1 (9 w\
^p^ < 2' ^-^

we can estimate from (2.26) and (2.27) by use of Fefferman-Phon inequality

{p(tYa, {t. x, DY\\t\-'a, (i x, D)v, v),

< J^ A(|a(t, x, D)v, v)s + C,%(|A(|U, v),. (2.29)
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On the other hand

(7(3 ,̂ x, D)(x, 0 = at(t, x, 0 + r(t, x, Q (2.30)

where r e C°([0,To};S1) and G( satisfies from (2.12)

^x^^^Ca^x^)^. (2.31)

Hence we get

^(at^^D^^^IIIAtl-^^^sft^llj+IIIAtl^D)^!^ (2.32)

== (^lAtI-1^),2'^^), + (|A(|(D)^, (D)^),.
Besides from (2.31)

a^a^-^D^a^x,^ < ————(la^+C^)2)
\s//i \Pt\

<- ̂ -^W^) . 1) . ̂ (^ . I). (2.33)

Therefore using again Fehherman-Phon inequality we get from (2.31)-2.33

J(SR(at(*, x, D)v, v)s < j^(A(av, v), + C,({D}^v, v),, (2.34)

if we take h > 0, p(t) such that

Ch2-^ 1
< o- (2.35)1^1 - 2

Thus we obtain (2.19),(2.22),(2.24),(2,29) and (2.34)

2e(<)^e,(Q ^ C,es(t)2 + ̂ (A((^ - A()U, ̂  - A<)v), (2.36)

+^(A(V, v),+, + ̂ (LAM, (9t - AOv),.

for f € [0,To], if we choose p{t} e ^([O.To] and h > 0 satisfying from (2.28), (2.35)

pt{t) < 0, \pt(t)\ ̂  C^h2-^ + p(t)), (2.37)

0 < p(t) ̂  (24nK)-lp^ (2.38)

for t e [0,ro]. We can see easily that (2.36) implies (2.17) and (2.18).
Q.E.D.

Using the estimates of Proposition 2.1 we can get the existence of solutions of
the Cauchy problem for the equation (2.14)

Proposition 2.2 Assume (2.9), (2.10) and ( 2 . 1 1 ) are valid. Then for any VQ 6
H^1, vi e H9 and g G C°([0, To]; H8) there exists a unique solution v e n^o^([0,
To];^1-^ of the Cauchy problem ( 2 . 1 4 ) - ( 1 , 1 5 ) .
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Proof. We can prove this proposition by a standard method of regularization.
Since Le = LA + ^A is strictly hyperbolic for e > 0, we can find a solution Vg e
H^o^([0,To]; H^-J of the Cauchy problem to L^v = g with the initial data
(2.15). Moreover we can derive the a priori extimates similar to (2.17),(2.18) with
the constant Cs independent of e > 0 and consequently we get the limit function v
of v, tending to e to zero. The a priori estimate (2.17) assures the uniqness of the
solutions.
Q.E.D.

The following proposition is a direct result of Proposition 2.1.

Proposition 2.3 Assume that same conditions as ones in Proposition 2.1 are valid.
Then for any UQ € H^u^ e H^ and f e ^([O.To]; H^) there exists a unique
solutionu of the Cauchy problem (2.8)-(1.4) satisfying eAu €' n^oC'JQO,'^];^1^)
(A(0) = po{D}^}, Ifu(0} = Ut(0) = 0, there is C, > 0 such that

115^1 [, + | \e^u\ 1^, < e031 j " | \e^Lu\ \,dr, (2.39)

^(II^(T)H^ + \\e^u{r)\\^}dr < e^ ̂  ||eAL[u](r)]\\^ (2.40)

where A = p(t)(D)^.

We introduce a special symbol class of pseudodifferential operators in order to
investigate nonlinear equations. Denote by L^S171 the set of symbols a(x,^) satis-
fying

i , IÎ OIÎ
i01^^,^ (or101 efty' {2A1)

Then we have similarly to Lemma 2.1,

Lemma 2.3 Let a e L^S"1. Then a{p,x,D) = e^D^a{x, Z))e-p<D>^ satisfies

a(p,x^)= E 7'-la(7)(^,0^(a+^(p,a•,0 (2.42)
|7|<^r

where ̂  = e'r^'hO'^e^'h and r^ satisfies

j^jm-TV(l-K)) ^ C^\a\^^,N+M(l) (2.43)

( m r i M ( 0 = ^ ( l - / ( ) - l + 2 ^ + [ j ] .

Moreover we can prove the following lemma by use of the above lemma.

Lemma 2.4 (i)For a e L^S"1, u e H^, and s > 0

\\a{x,D)u\\H^ ^ Ci\a L^s^,s+M(io)\\u\\H^, (2.44)

where M(lo) = ly(l - ^)-1 + 2lo + [j] and lo is given by (i) of Lemma 2.2.
(ii) There is a positive integer I = 2M(lo) such that for u,v e H^ the product uv
belongs to H1 ^ and satisfies

IMI/^ < W\H^ + MH'J{ u.\\^ + M^). (2.45)
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The proof of this lemma can be found in [3].

For the operator a and b in (2.8) we assume (2.9), (2.10), (2.11) and the following
conditions are valid

a^.^a^a-.^+a2^,^)
n

"^> ̂  0 = E a^ ̂ Cfc, ? = 1,2 (2.46)
j,k=l

where a}, e ^([O.ro]^^'1)), a]k € H([0,T];^) (means (Î eY2, belongs to
L2((0,7o)x.R")),and

^,.r,0=61(<,2•,0+62(^.r,0,

y^.r,0=^fc;(t ,^, ,z=l,2 (2.47)
j=i

where 6,1 e C^^T^^R71}) , ^2 e Li([0,To];^) and A = p(t){D)^ and ; are
given in Proposition 2.1 and in (ii) of Lemma 2.4 respectively. Then we can prove
the following result by use of Lemma 2.2 and 2.4.

Proposition 2.4 Assume (2.9), (2.10), (2.11) and the above conditions (2.46),
(2.47) are valid. Then if we take I = 2M(lo) we have

lle^^H, + He^H^, ̂  e^W { t ̂ L^r^dr, (2.48)
" 0

j^\\e^u[r}\\^ + \\e^u{r}\\]^dT < C,(t) f1 ̂ L^r^dr, (2.49)

for e^u e n^o '̂([0, To]; H1^} with u(0, x) == H((O, x) = 0, where

Q(<)=Q(G^,6})/ ' t | |^(T.•) | |^+| |^2(T,•) | |^T,^=l,2. (2.50)
«/0

This implies the following proposition.

Proposition 2.5 Assume that same conditions as ones in Proposition 2.4 are valid.
Then for any UQ G H^u^ C H1^^ and f e G°([0, To]; H1^) there exists a umque
solution u of the Cauchy problem (2.8) with u{0) = Ut(0) = 0 satisfying (2 ^ 8 ) and
(2.49).

3. Local existence theorem of nonlinear equations
In this section we shall prove the local existence theorem of the Cauchy problem

for nonlinear equation as follows
n

9^u(t,x)+ ̂  a^(t,x,u^^u}D^DkU
j^=i

n

+ E b]{t^ -r- ̂  ̂ xu)DjU + bo(t, x, u, V^u)u = f{t, x), t 6 (0, T), x € 7 .̂ (3.1)
j=i
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u(0, x) = Ut{0, x) = 0, a- € fi". (3.2)

Let d > l,s > 1 and Q a domain of R"1. We denote by 7^(7?" x f2) the set of
functions f(x, y) satisfying that for any compact set K C Q there are CK > 0, PK >
0 such that

\D^f{x,y}\ <, CKP'K^^W (3.3)

for x 6 7?",y e Ar,Q e A^",/? e A^". Let B be a neighborhood of 0 in A"+1. We
assume that the coefficients a^ of (3.1) belong to ^([O.To];^^^ x B)) and 6 to
G°([0, To]; 7^(^x5)). v ^ .
We can prove the following lemma by use of (ii) of Lemma 2.4

Lemma 3.1 Let f e ^([O,^]^'1^" x B)) such that f(t,x,0) = 0, and u =
(iv,"m) e Li([0,ro];^)"1 such that e^u € C'^^r];^-1) and \\e^u\\i_, <
Ci ^o,. Then f(t,x,u(t,x)) belongs to Z/^([0,To]; H1) and satisfies

"^"l̂ -^Sl̂ - <3-4)
w/iere A = p(t){^ and I = M{lo)

For M > 0,T > 0 and h > 0(a parameter in (^)fc) we define

x(M,r,^) = {u € Ll([o,^];^+l)|eAn € n^([o,r];^)^.
1

II"II^([O,T];^+I) + ̂  sup 116^(1)11; < M}, (3.5)
j=00<t^T

where A = p(t){D}^. For u € X(T, M, /i) we conider the following linear equation
n

9^u(t,x)+ ̂  ajk(t,x,v,\7^v)DjDkU
],k=l

n

+^bj(t,x,v^^v)DjU+bo(t,x,v)u=f(t,x), t e (0,T},x € Rn. (36)
j=i

Then it follows from Proposition 2.5 that we have a unique solution u of the
Cauchy problem (3.6)-(3.2). Denote u = ̂ (v) which satisfies from (2.48),(2.49)

\\9te^(v)(t)\\i + \\<S>(v)(t)\\^ < C{M) f1 He^H; < C{M)T < M,
j o

if we choose T such that C(M}T < M and

ll<9(<W||^([o,r];/^) + \W(t)\\^T};H'^) < C(M)\\f\\^^;H') < M,

if we choose T > 0 small enough, because e'^f is m C°{[0,T}: H1). Therefore <& is a
mapping from X{T, M) to itself. Moreover to w =- (E>(v) - $(?/) applying (2.49), we
can get

IMI^([o,r];ff') ^ 7^-11^ - ̂ llq([o,r];//'-i) ^ ^||v - t/||^([o,r];ff')

if we choose /i > 0 such that ̂  < j. Here we note that C{M) does not depend
on the parameter h. Thus we have proved
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Proposition 3.1 Assume that a^ of (3.1) belong to (^([(^roj^'^.R" x B)) and
bj e C'°([0, To]; 7d•l(^" x B)). There are T > 0, M > 0 and h > 0 such that $ is a
mapping from X(T, M, h) to itself and moreover satisfies

||$(v) - ̂ (V')\\^T];H') < ̂ \\V - V'\\L^T].,H') (3.7)

forv.v' (^X(M,T.h)

This proposition implies immediately

Theorem 3.1 Assume that ajk of (3.1) belong to (^([(^ro]^'1^" x B)) and bj
to C^^To^^'^R71 x B)). Then for any f e C°([0,To}; H1^) there is T e (0,To]
such that we have a unique solution u of the Cauchy problem (3.1)-(3.2) satisfying
that e^u € nj^^O.T}; H1-3) and (2.48)-(S.49).

4. Proof of Theorm 1.1
Denote

B(T, M) = {a(t) e ^([O, T]); a(t) > 0, |a|cw] < M}, (4.1)

where |a|c2([o,r] = supfc^2,te[o,T] l^0^)!- For a(t) ^ B{T^ M) we consider

9^u + a(t)A[u\ = f{t, x), (t, x) e (O.T) x J?" (4.2)

u(0) = uo, M((O) = ui(a;), x C A", (4.3)
where A is given by (1.4). Then it follows from Theorem 3.1 that we can prove
Proposition 4.1 Let a(t) e B(T,M). Assume that A satisfies ( 1 . 5 ) - ( 1 . 7 ) and
there are a positive integer po > 0,1 < d < 2 such that the initial data UQ, u^ G H1^
and f € (7°([0,7o];.H^), where I = 2M(lo) given in Lemma 2.4. Then there are
To > T > 0, M > 0 and pi such that for any a(t) € BT,M the Cauchy problem
(4), (2) has a unique solution u € ^{[Q.T}: H1 j ) satisfying

\\9^u(t)\^.+\\8tu(t)\\^ +||^)||^ < e^^Co +C(M)T), te[0,T],
Pi," pi ,d p\,d '- •'

(4.4)
where Co zs independent of M,T.

Proof Put w -= u-uo-tUi. Then \fu satisfies (4.2)-(4.3), w does (3.1)-(3.2) mod-
ifying / in (3.2). The assumption (1.6) assures the hyperbolicity of the equation
(3.1) and consequently (2.48) implies (4.4).
Q.E.D.

It follows from (4.4) that taking T > 0 such that C(M)T < l,we get

\\9^u(t)\\^ + \\0tu(t)\\^ + Mt)\\^ < e(Co +1), t G [0,T]. (4.5)

For a € B(T, M) denote by Ua the solution of (4.2)-(4.3). Define

^(a){t) = {A[ua],Ua)^ = Y,{^k{x, \7 ̂ 0^ DjUa) ̂ . (4.6)

By use of the above proposition we can prove similarly to Proposition 2.1 in [6] that
^ is a contraction mapping in B{M, T), if M, T are chosen suitably.
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5. Proof of Theorem 1.2
To investigate the analyticity of solutions to the Cauchy problem (1,3)-(1.4), we

introduce a convinient norm in ^°([0,r];L^^(^")) following the idea of Lax [7],
Mizohata [8] and Ainihac and Metivier [1]. Let a positive integer N >_ 2, p > 0, and
0 < r < 1. For e^u e C°([0,r];^), where A = A((,p) = (p(t) +p)(^,0 < p <
po/2 =: p-i is given in Proposition 2.1, we denote

lle^^D^II;^!-2
|<,,,v= sup l——————!1'———, (5.1)

0<s<t,2<\/3^N I-2(|P|)

where r^(k) = \ok\k~2 for k > 1 and r2(0) = Ao. Here we choose Ao > 0 such that

E (^^(M+p^da-a'l) <r2(H+p) , (5.2)
Q'<Q V"'/

for p = 0,1,2,... and a e N71. In brief we write \u\r,N = \U\^,N. if ^ere is no
confusion.

Lemma 5.1 Fore^y, e C°([to,T]; H1),! = 1, ...,n, rfenofe^; /3=yf l^2•••^n. T/ien
^ere ^ Co > 0 .suc/i ^af /or 2 < |/?| < N, ̂  € [0, T],

(i} \v\n < CP-^ sup He^OOIh+i + r2!^^)^-1!^^,
(o<s^t

and for |/?| > AT, t € [0, T]

(^) l^l^<^l-l(||e^(t)|h+r2)^-7v((||eA^;(s)||^+r2|^^)A^-l|^;^)

+^'11^111;,

^ £ef a(a:) e ^(J?71) satisfying

i i |Dfa(^)|p{fll^l^^i,! = sup a: ,^. < ex).
^eN"^^^71 1/^1'

TTien ^ere %5 07 > 0 5^c/i it/ia^ for \p(t} + p\ < (24n/t)-l/^

\av\r^ < C\a\Rn^^\v\r,N'

(iv) Let G an open set in RN and A{x, v) is analytic in R" x G and satisfies

\D^A{x^p\I A I \•L^ x—"i] ̂ ^ i u \h'\
|A|finxG,pi,l = SUp \ ^ v ,, . 3 1 , — — — — < 00.

Q^eA^.ie^.ueG I0'!'!/7!'

Then if \\e^v(t)\\i+i < pi/(nC[), a composite function Aov(t,x) == A(x,v{t,x))
satisfies that there is C > 0 such that for t e [0, T}

\Aov\^ ^ C\A\^c^{l + ̂  ̂ (1^(5)1 w+r^v^y^ r.N}.
j=0
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The proof of this lemma is given in [5]. We remark that it follows from (iv)
of Lemma 5.1 that if A(x,y) is analytic in (x,y) e R71 x G, and {^^^(1)^+1 <
/9i/(nQ), we have for 2 < |Q!| < N,

lle^A o V^)||, < Cr-^F^ + 1) (5.3)

x{l+ E ̂ ( ^P N^II^+^K^IV^I,^}.
7=0 to<s<t

where C is independent of N.

Now we shall turn to prove Theorem 1.2. Let u be satisfied with (1.3)-(1.4). Since
u e C°([0, T]; ̂ ), for any 6 > 0 there is r > 0 such that for A(t) = {p(t) + p){^
satisfying (2.37)-(2.38),

||6A(<)(^.)-U(^T,.))||^2<€, (5.4)

for t G [ir, (z + 1)̂  = 0,1,..., [T/r] and t € [[T/r]T,r], where [•] stands for the
Gauss notation. Denote T, = Z'T for i = 0,1, • • • , [ T / r ] , and 7pyr]-n = T. We shall
prove that ^(r^rc) is in L\ ̂  for % = 0,1,..., [T/r] + 1 by induction of i. First it
is trivial that u(0,x) = Uo(x) is in L^^(J?71). Assume that u(T^.r) is in L^^R^.
Then we show that u{ri^,x) belongs to L^^R71). Then we may assume that

^D^u^^^Cr^a^.. (5.5)

For the simplicity of notation we consider the case of i = 0. Put v(t, x) = u(t, x) —
uo{t, x) ,where uo{t, x) = u(0, x) + tUt{Q, x). Since u is a solution of (1.3), v satisfies

n

^v - E a^' x. ̂ xv)DjDkV = f(t, x, v}, {t, x} e (0, r) x Jl", (5.6)
j,k=l

where

v(0, x) = Vt(Q, x) = 0, x € J?", (5.7)

a^(t,a-,V.rU) =ajk(t,x^^(v+uo(t,x))) (5.8)
n

+ E ̂ m^m^V^U+Uo^^^^^.r+'Uo^,;!-))
m=l

and
f(t, re, V^v) = /(t, re) - E ̂ (t, x, ̂ ^v)DjDkUo(t, x) (5.9)

3,k=\

Then it follows from (3.8) that Aj and / - / satisfy the condition of (iv) in Lemma
3.1. Therefore Aj and / — / satisfy (5.3). Differentiating (5.6) with respect to x we
get

L[DQv}=f^ Dav{0,x)==DaVt{0,x}=0, (5.10)

where
a 1 "

fa=DQf+^( 1 ̂  D—'a^'D.DkV. (5.11)
Q'<Q V0' / J,k=\
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Therefore by use of (2.39) of Proposiyion 2,3 we obtain

lle^^V^II, < Cf^ \\e^Us)\\^ds. (5.12)

^cf^p'-pr^e^ws,
10

for p' e (p,p^). On the other hand from (5.2),(5.3) and (5.4) we have if in brief
1 1 . 1 ) = lle^'^-H;,

a' "
11/^)11 < IWII + E ; E (11^-^1111^,^11) (5.13)

1<M<|Q|-1 V^/ J,A;=:1

< l/l^r- -l^r^lal) +0 ^ M r-d^l^r^la - a'[)|̂ r --i 2(|a|

A^-l

KlQ'Klaj-2 V^/KlQ'l^laj-2

x{l+ E c'(e+^|V^I^)J|V^|^}|V^|^r-^^
j=o

< {l/l^-i^^H)

+G{1+ E (:;"(^^2|V^I^|V^|^}(r-IQl+3|y|^^2(|a|+l).
'̂=0

Here we choose r = r(s,//) = ro(a(p2 - p') - s), where 0 < ro < I,(T = ̂  and
0 < p < p2. Denote p2

^= ^P ^(^P)!^!^.,)^.
0<,<min{(,cr(p2-p)},0<p<p2 1^(S^.A'

We have from (5.13)
ii/aii^i/i^v^pri^^H)

N-l

+C{r(s,pl)+^C3(e+y(s)yy(s)}y(s)r(s,p')-W+l^,}(\Q +1).
j=o

Hence we have from (5.12) and (5.13)

)QV„?)f^ll, < r f (n' - ni-^/'ms ^^\-lalle^V^H, <C ( { p ' - pr\{\f\^r[s}-^T^\a\}
J 0

A^-l

+C(r + ̂  ^'(6 + y{s)yy(s))y(s)r{s)-^l^^a\ + l)}ds.
N-l

E
.7=0

Here we take p' - p = r(s, p'}r^ = a(p^ - p') - s, that is p' = T-^s. Then noting
that y{s) < y{t) for s < t and r(s,p') ^ ror ^ 7-0 we get from the above estimate

||eA«,p)^v^)H, < 1/1^. ['r^pr^dsr^a}) (5.14)
" 0

rt A'

+C'y (ro + E <^ + y(s))^(s)ror(s, p')-^dsV,{\Q\ + 1).
j=i
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Since |/|̂  < C,r(t) < r^r < ro and rQ^r{s)-^ds < r^-I^H-1 for |a| > 2,
we get from (5.14)

y(t)<Cr,{l+^C^e+y(t)Yy(t)})^
j=0

for t € [0,7-]. We shall prove that y(t) < e for ( G |O,T-], if we choose ro > O^e > 0
small enough. Assume that there is <i G [0,r] such that y(t\} == e and y(t) < e for
< € (O.ti). Since z/(0) = 0, we have (i > 0. It follows from (5.15) that if 2Ce < 1

»«) ̂  Cro(l + ̂ )

for t G [0,(i]. Hence we have

yM^-c^<.,
1 l-2Ce

which contradicts to y(ti) = £ if we choose ro sufficient small, and consequently we
have proved Theorem 3.
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