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L? ESTIMATES FOR THE WAVE EQUATION AND APPLICATIONS

CHRISTOPHER D. SOGGE

In the last few years there has been a lot of work in proving estimates for Fourier integrals arising

in studying the wave equation. The purpose of this paper is to go over some recent developments
and applications.

We shall start out by going over LP-Sobolev space estimates for Fourier integral operators. These
arise naturally in harmonic analysis, for instance, in the study of maximal operators, as well as in
study of eigenfunctions and eigenvalues on manifolds. Sharp L? — LP estimates for Fourier integrals
are usually harder to obtain than estimates involving different norms. The arguments involved often
involve making a “plane wave” decomposition of the operator, obtaining simpler operators which
lend themselves to harmonic analysis techniques. '

We shall also go over some recent joint work with H. Lindblad which involves mixed-norm
estimates for the wave equation and applications to semilinear wave equations. These estimates
strengthen earlier ones used by Grillakis and others. They are related to Strichartz’s local smooth-
ing estimates and their proof is based on a proof of his restriction theorem using real interpolation,
rather than the more standard analytic interpolation arguments. The arguments rely on estimates
for “dyadic pieces” of the fundamental solution for the wave equation, which in turn follow from
stationary phase. Using the mixed-norm estimates we obtain sharp local existence theorems for
semilinear wave equations with rough data. Some of the existence results were also obtained inde-
pendently by L. Kapitanski.

1. L? — LP? inequalities and harmonic analysis
The type of Fourier integrals that arise in solving the wave equation (microlocally) take the form
1) (FNE = [ eOatze)e)de,
where a € §4_(R%x R™\0) is a symbol of order x (and type (1,0)) and the phase ¢ is real, in
C>*(R% x R™\0) and satisfies
(2) rank @}, =n.

This of course forces the dimension d of the target space to be > n. The usual convention is that
the order of F is p + (n — d)/4.

It has been known for some time that if d = n, then, in general, zero-order elliptic operators are
not bounded on LP for p different from 2. For instance, if ¢ = z - £ + |€]|, F is unbounded on L?,
p # 2. This fact due to W. Littman [20] and one can extend it and show that if d = n and

(3) rank gz =k
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somewhere, then F is not bounded on L? if it is elliptic and p > —k|1/p — 1/2|. Since, generically,
k = n—11in (3), usually one must lose (n —1)|1/p— 1/2| derivatives in L?, which is in sharp contrast
to the case of pseudo-differential operators, where there is no loss of derivatives in L? if 1 < p < oo.
One does not lose more than this, as seen in the following result of Seeger, Stein and the author [26].

Theorem 1. Let d = n and suppose that (2) holds. Then, if 1 < p < oo, F : LP(R™) — LP(R"™)
if p = —(n—1)|1/p—1/2|. Also, if rank ¢, = k, one can take p = —k|1/p — 1/2|. For elliptic
operators, all of these results are sharp.

n —

If rank ¢y, = k, then the singular support of the kernel of F is a submanifold of R™ x R™ of
codimension n —k, so this result says that the loss of regularity is related to the “size” of the singular
support.

If the rank of cp’é is not constant then the singular support of the kernel can be quite complicated,
and, for related reasons, it can be very hard to analyze the kernel using standard stationary phase
methods. One can get around this obstacle though by using plane wave ideas which have been used
extensively in harmonic analysis, going back to early work of Fefferman on the ball multiplier and
related problems.

In the present context, the idea is to break up the complicated operator F into pieces which
are much simpler and behave essentially as (translated) non-isotropic pseudo-differential operators
of type-1/2. Specifically, one first breaks up the operator dyadically. If 8 € C§°(Ry) satisfies
32 B(r/27) =1, 7 > 0, one lets

(AN = [ =086l /Nl 1O dg, A= 31,

so that F = Ef__l Fyi + Fo, where Fy is smoothing. The kernels of the F are essentially supported
on a A~! neighborhood of the singular support, but they can be quite complicated as A gets large. To
get around this fact, one makes a further decomposition. Specifically, for a given A, let {X‘;‘}f;:l_ e
be homogeneous of degree zero, in C*°(R"™\0), and satisfy >, x5(¢) =1, £ # 0, as well as

X5(6) = 0if |6 — €5| > CA7Y2, some €5 € §™~! and [DXK(€)] < Cadl®l/?Var, if £ € 5771

Thus, the X'i should be thought of as conic cutoff functions supported in cones of aperture ~ A~1/2,
Using these functions, we let

(4)  (FH) = / (=0 a¥ (2,€)f(€) dE,  a¥(2,€) = B(EI/NxK()a(z, ).

The point of this decomposition is that, in the right scale, £ — ¢ is essentially linear on supp a¥.
Because of this and the fact that a} has £&-support in a rectangle with n—1 sides of length ~ Al/2 and
one of length A, one can show that, for fixed y, the kernel, K¥(z,y), of F{ is essentially supported
in a rectangle of dual dimensions, that is, one with n — 1 sides of length A~!/2 and one of length

AL
Using this decomposition one can show that

F:H' - L' if p=—-(n-1)/2,

if H! is the standard Hardy space. Since a classical theorem of Hormander says that zero order
Fourier integrals of this type are bounded on L2, the first part of Theorem 1 follows from applying
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the Hardy space interpolation of Fefferman and Stein. The other part of the theorem follows from
similar arguments.

If we take z = 2, and ¢ = 2 - { £ t|€|, with ¢ fixed, then using Theorem 1 we can get sharp
estimates for the Cauchy problem

Ou(t,z) = F(t,z)
(5) { u(0,z) = f(z), 0wu(0,z)=g(z),

if O = (8/8t)? — A is the d’Alembertian in R*". Specifically, if 0 < t < T, with T < oo, and
1 < p< oo, then

(6) lu(t,)llLowe)

t
< Cr (g, @) +llglley _ @) + /0 1F(s, ez _@eyds), wp=(n—D1/p~1/2|.

Here L7, denotes the LP-Sobolev space with x derivatives. This special case of Theorem 1 goes back
to Peral [23] and Beals [1].

The same result holds for the wave equation outside of a convex obstacle and this is due to
Smith and the author [27]. The plane wave decomposition and the analysis, though, is necessarily
harder due to the effects of diffraction. It would be interesting to know whether this estimate and
the estimates in the next section carry over to the setting of the wave equation inside a convex
obstacle. Recent results of Grieser [8] lead one to suspect that in this case the sharp estimates could
be considerably worse than those in the Euclidean or the diffractive case.

For applications it is often useful to have space-time estimates for u, rather than fixed time
estimates as in (6). It turns out that if p < 2, the sharp local space-time estimates are no better
than the ones obtained trivially from (6) via Minkowski’s integral inequality. On the other hand, if
p > 2, one can use the above decompositions and “geometric arguments,” exploiting the curvature
of the underlying light-cones in (7) below, to see that there is a gain of regularity, “local smoothing,”
if one measures the regularity in space-time.

Theorem 2. Let n > 2. Then if p > 2 there is an €, > 0 so that if § = [0, 1] x R" is the unit strip
and if p, is as above then

llullosy < C(I1fllze

hp—¢

&) ds),

pp—1l—c

1
oy +loll, o+ [ 1Pl
provided that € < ¢p.

In (1 4 2)-dimensions this was first obtained by the author [29]. The proof was later simplified
and improved greatly in papers by Mockenhaupt, Seeger and the author [21], [22]. These results
say that in the important case of n = 2 one can take ¢, = 1/2p for p > 4, and ¢, = % % - %) for
2 < p < 4. Slightly better results hold in higher dimensions. One might expect that one should be
able to take ¢, = 1/p for p > 2n/(n —1). This would be a sharp result and would have a number of

important applications in harmonic analysis.

This local smoothing phenomenon applies to a broader class of Fourier integral operators. If
d = n+ 1, and if F is as above, there is local smoothing if (2) holds and if we have the “cone
condition,” which says that the n-dimensional cones

(7) T. = {(&¢L(2,0) } Cc TZRM™™0
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have the maximum possible number,n — 1, of non-vanishing principal curvatures.

The main applications of these results concern maximal operators. For instance, if one uses the
Sobolev embedding theorem they immediately give Bourgain’s circular maximal theorem [3]:

I sup I/S1 f(z +19)do(¥) ||| ogey < Coll fllsme), p>2, fES.

If the singular support of F is a hypersurface, the above local smoothing estimates are non-trivial.
On the other hand, if the singular support is a submanifold of higher codimension, one presently
does not have results which improve those obtained trivially from an application of Theorem 1. In
particular, one would like to prove that there is local smoothing for the conormal Fourier integral
operator of order —1/2 — 1/4 which which sends functions, f, of R3 to the 4-dimensional space of
lines £ € G1(R3) in R%:

(FA)®) = /lpfda, peCP(RY).

Locally (after making a change of variables), this operator can be written as in (1) with gy = —1/2,
and both (2) and (7) will be satisfied. The L* local smoothing theorem for averaging over families
of curves in the plane suggests that there should be an improvement of up to 1/8 of a derivative
over the easy consequence of Theorem 1 that F : L*(R®) — L} ,,(G1(R®)). This 1/8 local smoothing
would improve Bourgain’s lower bound for the Hausdorff dimension of Besicovitch (3,1) sets, i.e.,
compact measurable sets in R® containing a unit line segment in every direction. Specifically, the
best estimate now [4] is that such a set must have dimension > 3—2/3, while the 1/8 local smoothing
estimate would have as an immediate corollary that these sets always have dimension > 3—1/2. An
early work of John [13] says that this local smoothing question is related to the problem of showing
that there is local smoothing for solutions of the ultrahyperbolic equation. These problems seem to
be harder than their hyperbolic counterparts because of the fact that the cones in (7) that arise are
homogeneous extensions of non-convex, ruled surfaces.

2. Mixed-norm inequalities and semilinear wave equations

In this section I would like to describe some ongoing joint work [19] with Hans Lindblad con-
cerning mixed norm estimates for the wave equation and applications to existence problems for
semilinear wave equations.

It has been known for some time that non-trivial space-time estimates for the wave equation
lead to good existence and scattering theorems for semilinear equations. This goes back, among
other places, to pioneering work of Segal, Strauss and Strichartz. See Strauss [32] and Struwe [35]
for historical background. In the case of the Laplacian one has the very favorable estimates of
Hardy-Littlewood and Sobolev:

1_1

lulle®n) < CpgllAullLon), L<p<g< oo, n(;—¢)=2,ueES.
Additionally, if z' = (z2,...,2,) and
WAlles, L2, @) = (/

-0

o0

1
([ enada )" aom),
there are related mixed-norm estimates for the Laplacian:

lellzs 12, ®e) < Cooprl|AullLy L2, ®e) 5

(n-1)(;-3)+1-:=2,1<r<s<o00,1<p<g<oo, u€S,
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(cf. [30, p. 25-26]). Unfortunately, nothing this strong holds for the d’Alembertian. However, we
do have control over certain mixed-norms and this leads to a sharp existence theorem for semilinear
equations.

Theorem 3. Let n > 2 and let u solve the inhomogeneous Cauchy problem (5). Then there is a
constant C, depending only on ¢ so that

llullzs 2 (o, m1xme) + (T, lly < Co(IF Ly L2 (o, m1xRn) + Il o ey + 190 frv-10ge) )

if we have the gap condition n(% — %) + % - % =2, and

1 1
|‘—’Y|<T1,n23
(§) 1_1_ 2 g4 _nd(1_1) yhey 2 n
P q n+1? (n=1)(g-2) ? (2 q) I%—7I<%,n=2-

If n > 4 the inequality also holds if the gap condition holds and

.. 4 _
(i) r=2, $= o=y 7=M2’—1(%—%),0<7<%,
or

_ _ .
(i) $=2, 1= ghen 1= T T ¢ aeny <7 €1
Also,ifn>2,2—(1:‘—_+—11)-<q<ooand'y:%—ﬂ%l

U oy + || | D"~ n (T, )|
llwll oo, xrm) + || | Dal ||ng£z([o’ﬂxw)+|| (T, )5

< o o o 1(Bm v-1/2 " .
< Co (Ifllneny + lollsgeey + MDY ggp )

Here H” denotes the homogeneous Sobolev space with norm || f|| 7y = || |D|" ||z, and
lutt, -IE = luCt, -y e + 19euCts s -

One could restate the conditions on 7 in the three cases in terms of a condition on ¢ (or p). In
case (¢) it would read:
3<g<oo,n=2
2<g< 0, n=3
2(n+1)(n—1 2(n-1
J(n——%iml <g< g,
while in the other two cases it would become 2 < ¢ < g&%%({%ll and 2—(:7_311 < ¢ < 22, respectively.
The special case where y = 1, p =7 = ﬂif—;l and ¢ = s = 2—(7%1 is due to Strichartz [33],
[34]. When n > 4 the inequality corresponding to case (7i¢) in the corollary is slightly stronger
than Grillakis’ inequality [9, Corollary 1.4]. Using these strengthened estimates one can use his
arguments to show that in dimension n = 6 one does not need to assume radial symmetry to obtain
classical solutions to wave equations with critical (repulsive) nonlinearities and smooth data. This
result and, in fact, the existence of smooth solutions for » < 7, though, was also obtained by Shatah
and Struwe [25].
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In the following two figures we graph (1/p,1/q), where p and ¢ are pairs of exponents occurring
in the above mixed-norm estimates.

1/q Mixed-norm Inhomogeneous Estimates, n=2, 3

(1, 172)

n=3
T~

4,14y (1 173)

n=2 “5(5/6,1/6)
e 1p

(172,0) (2/3,0)

1/q Mixed-norm Inhomogeneous Estimates, n>3

( (n+3)/2n, 1/2)

(172, (n-3)/2n),~
\ T ((n+1)/ 2(n-1), [(n- 1)+4]/[2(n D(n+1)])
\ (n+3) / 2(n+1), (n-1)/ 2(n+1) )
( [(n+1)2 8] / [2@ l)(n+1)] (n-3)/2(n-1))
>~ 1/p

172

172

Using the form of the fundamental solution of O one sees that, in order to prove Theorem 3, it
suffices to make appropriate mixed-norm estimates for operators of the form

(WeF) tx)—// e srilt=a)lKl fr(s g)—ds a<n,
R1+n
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or for related operators sending functions of n-variables to functions of (n + 1)-variables. The proofs
only use the Hardy-Littlewood theorem for fractional integrals, the M. Riesz interpolation theorem
and pointwise estimates for the dyadic parts of the kernels:

K3 = [ erernieon

if B € C§°(R™4) is as before. The pointwise estimates, which are related to Hiiygen’s principle, are
the following:

[K5(6,2)| < On A 7T (14l = lal [) Y N = 1,2,..., A= 2.

These follow easily from stationary phase. The large negative power of |¢| in higher dimensions,
which is related to the fact that the fundamental solution becomes more and more singular as n
increases, accounts for why the favorable range in case (¢) gets smaller and smaller as n grows.

Using Theorem 3, Lindblad and the author obtain sharp results concerning semilinear Cauchy
problems of the form

®) { Ou = Fe(u)

w(0,z) = f(z), 0:u(0,2)=g(z),
where, for a given k > 1, Fy is assumed to be a C?! function satisfying

(9) IF(w)l < Clul®,  [Fy(w)] < Clul*7.

With this notation, our main result is the following.
Theorem 4. Let n > 2 and set

n+1)2

mo_ém,an 3, and kg =3 for n =2.

Assume that F satisfies (9) for kg < k < 00 if n =2 or3, or kg < & < 2L forn > 4. If n > 4 and
K> ;’*_‘—3 we may also take F,, = +u”, provided that x is an integer. Suppose that the initial data
satisfy f € HY(R™), g € H""1(R"), with v satisfying

4 k—1"? n—-1"

no_ _2_ ; nt3
y — gy i k275

ntl 1 K0<K/<n_t§
(10) v=7(k) =

Then there is a T, > 0 and a unique (weak) solution u to (8) verifying
we L2([0,T.); A7 (R™)) 0 COY([0, L) HYH(R™)) n LELL([0, T.] x R™),

where ¢ = ﬂﬁ(n—l) and s=qifk 2> M’—:’ while s = (—li)%q—T)ifK< ﬂﬂ For a given k < ﬁi%,
T, is depends only on the size of the norm of the initial data, while for k > —j'— this is not the case.

On the other hand, if k > 2£3, one can take T, = co provided that norm of the data is small, i.e.,

n—17?
WAl v rny + N9l grr-2mey < €5
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where € > 0 depends only on k and the constant in (9).

An equivalent way of stating the local existence part is that for data f € H7(R3), g € HY"1(R3)
there is local existence for (8), provided that

1+m, if y9<vy<1/2,
(10") K=
1+n——4ﬂ’ if 721/2,

with 9 = 2(—’;‘_3—1), n > 3 and 7o = 1/4 for n = 2. The different behavior for 7 smaller and bigger

than 1/2 is related to the Strichartz-1/2 local smoothing estimate for the wave equation we referred
to before. It is interesting to note that, since 1/2 = y(k) <= &k = ’;E%, the change of behavior

takes place at the conformally invariant nonlinearity (e.g. Fi(u) = c]u]%}i'lu).

For the local existence results, we can also take ¥ > (k) in (10) if we use assume that the data
belong to the inhomogeneous Sobolev spaces H” and H7~!, respectively. Under this assumption we
can also of course assume that x is smaller than the number given in (10’). Moreover, if we assume
that the data belong to the inhomogeneous Sobolev spaces we need only assume that (9) holds when
|u] > 1. On the other hand, assuming that the data belong to the homogeneous Sobolev spaces and
that (9) holds for small u as well is necessary for the global existence results. Finally, if n > 4 and
K> %’_%, we have to assume that  is an integer and that F is a pure power for technical reasons
based on the fact that our proof requires a certain amount of regularity of Fy if « is larger than %{‘—%

These results generalize those in Lindblad [18]. There it was shown that for n = 3 and Ou =
F,(u) with k = 2 there is local existence if ¥ > 0. On the other hand, it was shown that if F, = u?
this problem is not well-posed for L%, i.e. ¥ = 0, so it is interesting that for » = 3 and k > 2 one can
obtain sharp endpoint results. It is also worth noting that in the range x > %‘f—? the existence is just
what is given by the trivial scaling argument, whereas in the lower range k < ﬁ—f—‘;’ one needs more
regularity than predicted by the scaling argument. This argument relies on the fact that if u solves
(8) with data f, g, then u, = e'~_3fu(t/s, z/€) solves the same equation with data f, = e“Fz_lf(a:/s),
ge = e—ﬁT_lg(az/a). If, say the lifespan of u were T', then the lifespan of u, would be T, = ¢T. On
the other hand,

n__2 _
Wfellzrr /NN gr = Ngell frv=2 /NGl v —n = €27 %377,

and so if y were smaller than ¢ — —2_. one would have both the norm of the data and the lifespan

k=17
going to zero with €. If f and g had compact support one could thus add up suitable translates of

dilates of the data, obtaining new data for which there is no local existence.

Proving that the problem Ou = |ul* is ill-posed in HY®)=¢ ¢ > 0, is more delicate if Ky <
K < ﬁ—‘f—% However, it turns out that there are sequences of data (f;,g;) € Cg° with fixed compact
support so that the H1(k)=e 5 gY(K)=e=1 norms of (fi,9;5) 8o to zero, while at the same time T; — 0,
if T; is the supremum over all times T such that there is a solution u; € C*°([0,T] x R™) with this

data. Somewhat stronger versions involving the lifespans of H"(¥)=¢ extensions of the u; hold as
well. T;

Some of these results were also obtained independently by Kapitanski [15] using a different
proof. Also following [18], he obtained the local existence results in Theorem 4 when n > 3 and
Ko < K < %‘_’—g The results for & > ZJ_'% and the global existence results are new. Moreover, the
uniqueness in L? and the ill-posedness results are new.
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Our results also improve some in Beals and Bezard [2]. In this paper, they showed that for

> 5 there is local existence for F(u) = u? provided that v = (n — 3)/2, while our results show

that this is the case if v = 1/4, when n = 4, or (n — 4)/2 if n > 5. Notice that for this quadratic

nonlinearity the existence results improve in some sense as the dimension increases, since when n < 5

the nonlinearity is in the “subconformal” range, while for n > 5 it is in the * superconformal range”.
This applies to other nonlinearities too since the “superconformal range” [2£2 00) — (1, 00).

In higher dimensions there is a third range of k. Here the relationship between s and 7 is less
favorable than the above one corresponding to kg < kK < %’f% This is related to the fact that in

Theorem 3, the H7(R"™) estimates for the (linear) wave equation are less favorable for v smaller than
Yo = #}%, compared to v > 7p.

Theorem 5. Let n > 4 and suppose that i'nﬂ <K< K = Ant1)? Suppose further that

. . (n—1)2+4
f € H'(R™), g € H""Y(R™), with v satisfying
(11) 7= ’7(”) = l;Ll - (n+1¥n+5) ’ 2nn—}n+1) )

Then there is a T, > 0, depending only on the size of the initial data, and a unique (weak) solution
u to (8) verifying

w e L®([0,T.; H'(R™)) n C*([0,T.; H*(R™)) n LIL([0,T] x R®),

Wl"th qg= 4nk—-2(n+1)

4 4
nt5 ands:mgmands=(—1—1_—l)%qu)—.

As before, we can restate things in terms of 5. Specifically, if f € I'I’V(R") and g € fI"’_l(R”),
there is local existence for (8) provided that

2(1+v)
(111) k= l-n"—l(l-‘_ (n+1-;-z47)’ if 0<7< 2(n 1)

Also, if ¥ > y(k), we have local existence and uniqueness if we assume that the data belong to the
inhomogeneous Sobolev spaces H” and H"~1, respectively. Finally, for the border case where k = kg,
if ¥ > y(ko) = 3(nzny 1) , there is local existence and uniqueness for f € H?(R™) and g € H*~}(R").

Theorem 5 is stronger than corresponding results in Kapitanski [15]. In particular, for L? data,
i.e. v = 0, he shows that there is local existence if kK < %"_‘—%, which is smaller than our power l‘};ﬁ

To close, let us sketch the proof of the H1/2 existence theorem for the conformally invariant
equation in R1%3,
Ou = +u®,

with data f € HY/2, g € H='/2. To prove that there is local existence or global existence for small
data for this equation, we use standard iteration arguments and Strichartz’s estimates.

More specifically, we first set u_; = 0, and then define u,,, m = 0,1,2,..., by

{ Oup = +ud,_
um(0,2) = f(2), Oium(0,2) = g().

Then, we need to show that there is a 0 < T, < oo and a function u as in Theorem 4 so that

(12) Um — u, and ud, = v® in D'(ST,).
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Here Sz, = [0,7.] x R® if T, is finite and R*3 if it is infinite. This of course implies that u is a
weak solution of the Cauchy problem.

The main step in proving this is to use Strichartz’s special case of Theorem 4 that we referred
to before to see that the nonlinear mapping sending u,, to ;41 is a contraction in L4(ST) if either
T or the size of the data is small enough. To see this we use this estimate and Hélder’s inequality
to get

ltm+1 = wirllacse) < Cllub, = ufllossry < Cllum = wjllzacsz) (lumllZegsyy + Mu5llEsp)) -

Taking 7 = —1 yields
(13) ltm+1llLe(sr) < lumsr = wollzacsy) + llwollzacsr) < Cllumllzacsy) + llwollLasy) -

The first estimate in Theorem 4 implies that the ug is in L* with a norm which is dominated by a
fixed constant times the norm of the data. Therefore if we assume that the latter is small or if we
take T to be small enough we can assume that

lluollLe(sr) < €0,
with g9 > 0 as small as we like. Moreover if this number is small enough, (13) and induction imply
that
lem+1llzacsr) < 3 NumllLscse) + luollze(syy »

yielding ||%m||L4(sr) < 2€0. On account of this we get the first part of (12) since if 2Cef < 1/2, and
if we take j = m — 1 above we find that

|umt1 = UmllLasr) € 3llum — Um—1lL4(sr) >

which of course implies that u,, converges to a limit « in L* and hence in D’. The fact that u,
converges to u> follows from this and

lv® = whullzars(sy) < Cllw = wmllzasr) - (1ullzasy) + lumllLacs,) ) -

In fact, since we have just seen that the L* norms of u and the u,, are bounded by a fixed constant,
this inequality together with the convergence of u,, to v in L* implies that u3, converges to u3
in L*/3 and hence in D’'. Finally, the remaining fact that the H'/2 norms of u(t, - ) are uniformly
bounded for 0 < t < T, follows from another application of the special case of Theorem 3 which is
due to Strichartz.

The proofs of the other existence results follow similar lines. In each case, using Theorem 3,
one shows that, if ||uo||ze(sy) is small enough, with ¢ = "zll(m — 1), then the mapping sending
Um tO Upm41 is @ contraction in the space L;Li(ST), with s = ¢ in the superconformal range, and
s =4q/(n — 1)(¢ — 2) in the subconformal range.

The proof that there is a unique solution with the above properties follows the same lines. For
instance, if v and % both solve the conformally invariant equation in S7, C R'*3 with data in
H'/?(R3), one argues as above to see that

llu — @llLagsyy < gllu — @llzacsy) »

provided that T' > 0 is small enough. This of course implies that v = @ in ST, leading to the
uniqueness.

The same argument gives a more general result concerning uniqueness for the Cauchy problem
with H1/2 x H-1/? data.
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Theorem 6. Let n > 2 and suppose that V € Ln_g_l([O,T] x R™) and that (f,g) € H/*(R™) x
H~1/2(R™). Then the equation

(14) { Ou=Vu

u(0,z) = f(z), 0:wu(0,z)= g(z)

has a unique (weak) solution u € ([0, T]xR"; H/*(R™))NC®'([0, T]xR™; H~'/2(R™)). Moreover,
if0<t<T,

t
ntl
lutt, Ol <2exp(K [ [ V(0™ dads) - uco, Dl 7 =172,

where K is a constant depending only on the dimension.

This follows from the above type of arguments using Strichartz’s estimates. If one uses the more
general results in Theorem 3, one can improve on this. For instance in (3 4 1)-dimensions one gets:

Theorem 7. Suppose that V € L*([0,T] x R®) and that (f,g) € HY(R3) x H""Y(R3), with
0 <7 < 1. Then the equation (14) has a unique solution u belonging to L*([0,T] x R H(R?)) n
C%1([0,T] x R3; HY"Y(R®)). Moreover, if 0 < t < T, there is a universal constant K., so that

Jut, )l < 2exp(Ky [ [ Vs, dads) - [u(0, )l

One can also improve Theorem 6 somewhat in higher dimensions. However, the range of v is
smaller, due to the fact that the range of v in the favorable case (¢) of Theorem 3 gets smaller with
increasing dimensions.

These results greatly improve the regularity assumptions for the data of other uniqueness the-
orems for singular hyperbolic equations, for instance in [28], and this is of course important for
nonlinear applications. The natural assumption for the potential is the same as in [28] and this
also turns out to be important for applications. For instance in the (3 + 1)-dimensional case, if
0 < 7(k) < 1, one immediately gets the uniqueness part of Theorem 4, since if v and % both
solve both solve (8) with the same data, then u — @ must vanish identically since it has zero data
and O(u — @) = Vu, where V = (Fx(u) — Fe(@))/(u — @) is in L%(ST,), due to the fact that
u, = L2(n—1)(ST‘ ) .
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