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Abstract

®© to — 1 :
L estimates are derived for the oscillatory integral f e 1(2h+ tAm) a(A)dA,
0
where 2 < m € R and (z,t) € R=R,. The amplitude a(1) can be oscillatory, e.g. a(1) =

eth('\) with p(}) a polynomial of degree < m—1, or it can be of polynomial type, e.g.
a(}) = (14+2)* with 0 < k < 4(m—2). The estimates are applied to the study of solut—

ions of certain linear pseudodifferential equations, of the generalized Schrodinger or
Airy type, and of associated semilinear equations.
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The purpose of the work described here is to derive precise "uniform" estima—

tes for the solutions of initial value problems

110u/0t = P(D,)u + V(z)u + 7| u|P-ty, in Rx(0,T),
(1) u(z,0) = uo(z).

In (1), « = /-1, D = ¢719/dz; p and 7 are real numbers, p > 1. The convolution
operator P(D) and the potential V(z) will be submitted to various conditions. Nat—
urally enough, our approach is to handle first the case y = 0, V = 0, then the case 7
= 0, and finally the "general" case.

The initial value problem
(2) 1"19u/dt = P(D)u

(3) "lL| =0 Uo,

has the evident solution v = eZtP(D)uo, ie.

b

(4) uzt) = (21)1 fme“’”f””(f))ao(ods.

Actually (4) is the unique solution of (1)—(2) which is a smooth function of ¢ € R

valued in the space of tempered distributions of z € R. Our basic assumption is that
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the symbol P(¢) has the following expression:

(5) P(¢) = [esH(§)+coH(-€)][¢]™ + R(§),

where H is the Heaviside function, ie., H(¢) = 1if { > 0, H({) = 0if ¢ < 0, ¢} and
co are real constants # 0, m is a real number > 2 and R(¢) is a real—valued C2 func—

tion in R\{0} such that, for some constant A > 0 and all ¢ € R\{0},
6) IR AQH]E]m), |R,| < AQLHIE122), |Ryp] < ACLH|€]09)

Our guiding philosophy has been to trade off freedom in the choice of the
phase function for greater flexibility in that of the amplitudes. It has seemed
convenient to incorporate into the amplitude the exponential of the lower order
terms in the phase function. To compare our results to those of [KENIG—PONCE—VEGA,
1991] one may rightly say that our phase function is quite special, but our ampli—
tudes are more general. Thus our approach to the Fourier integral (4) is to regard

¢ + e H(E)+coH( )] ¢]™
as the phase function, whereas exp(2tR(¢)) is regarded as an amplitude. This leads

to the study of oscillatory integrals
@ 1 '
Kn(z,t) = f e Z(z’\“Lmt'\m)a()\)d/\,
0

in which z € R, ¢is a number > 0 and 2 < m € R. The amplitude a(}) will always be
of class C%, with its derivatives of order < 2 submitted to growth conditions. These

allow a(1) to be "oscillatory", ie., of the kind ezw(’\) with p()) a real polynomial of
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degree < m—1. Alternatively, a(1) could be a constant coefficient "symbol" of order

< 4m—1. Here are the precise admissibility requirements:

(x) ais a complez—valued C? function in R, that satisfies the following condition:

Vikel,,0<j<2,0<k<3,3 constants Mjx > 0 such that, inR,,

(Z) |a| < Moo + MyiA(m-2) 2 Mp1=0 zfm = 2;
() la)| € My + MutAn2 + Mpd(m-9) 72, Mjp =0 ifm < 4;
(ZZZ) |a))l < Mao + Mapthm=3 + Mpot2)2(m-2) 4 Moz} (m-6) /2

My =01ifm <3, My3=0ifm < 6.

The amplitude a is said to be of type (0) if Moy = M1z = Maz = 0; of type (P) if
My, + Mys + Ma3 # 0 and if there are finitely many points 0 < Ay <---< Ay < +00
such that neither the real part nor the imaginary part of a, changes sign in any one

of the intervals (0,1 ], (A;,A5.4 (1 < j < ¥), [Ay,+00).

The method used to estimate | Ky(z,t)| for ¢ > 0 is a special case of the sta—
tionary phase method. It differs, depending on whether z is > 0, in which case the
phase has no critical point, or < 0, in which case the phase has the critical point
(|z| /)t (m-D . (See [PHONG—STEIN, 1992] for applications of the stationary phase
method to Fourier integrals whose phase functions are homogeneous polynomials).

The following estimate is valid in both half-lines z > 0 or < 0:

THEOREM 1.— Suppose a is an admissible amplitude, either of type (0) or of type (7).
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Then, for allz € R and all t > 0,

| Kn(z,t)| < Cu[Mpot/m + Myot2'm 4 Mat3'm + My + My + Maptt/m +
(Mo1+ Mo+ Ma3) -t 2].

When the amplitude a is of type (0) the constant Cy depends only on m; when a is of
type (P) it also depends on the number ¥ of changes of sign of ‘%‘fa’) and Jm ay n
(0,400).

It is important to note that the constants Mjyx in (x) are allowed to depend on
z and ¢. In our treatement the latter are simply real numbers (¢ > 0) and the depen—
dence of the constants is easily tracked. As a result the constants ¢o in (5), as well
as the "remainder R, are allowed to depend on (z,t). Of course, in this case the
integral (4) does not represent any more the "fundamental solution" of the initial
value problem (2)—(3). One must make use of the eikonal and transport equations;
but under suitable hypotheses these will define phase and amplitude functions with
the desired properties — also in the variable coefficients situation.

Applying estimates such as that in Theorem 1 to linear pseudodifferential ini—
tial value problems, yields various global growth (or decay) and regularity proper—
ties of their solutions. By adapting ideas of [Tomas, 1975] and [KATO, 1989] to derive
global (in space—time) estimates of solutions of homogeneous and inhomogeneous

initial value problems:

(7 1 tuf ot = P(Dm)u + f inB<R,, u|,_q = o inR.
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THEOREM 2.— Suppose P(¢) = [csH(€)+coH(—¢€)]|€|™ (2 < m € R). Let p, r be positive
numbers such that2 < p < 00, 1/p + m/r = 1/2.

I. Let u denote the solution of (7) when f = 0. If up € Lp’ (1/p + 1/p’ = 1)
then, for allt > 0, u(-,t) € LP and

(- Dllpggy ¢ C4 P+ ol gy
with a positive constant C that solely depends on m and on cﬁ.

II. If uo € LYR) the solution u of (7) when f = O belongs to L*(R,;LP(R)).

Moreover,

“ul|Lr(m+;Lp(m)) $ Cl"’“O"Lz(m),
with a positive constant C that solely depends on m, Co.

III. Let a, b be two numbers, 1 <a<2,1/a + m/b =m + 4. The solution v of
(7) when uo = 0 belongs to L*(R,;LP(R)) if f € LP(R,;L3(R)). Moreover,

ll"’llLr(m+;Lp(m)) $ CzllfllLb(R+;La(m))
with a positive constant C, that solely depends on m, cﬁ.

COROLLARY.— Let P be as in Theorem 2. There is a constant C > 0 (depending only

on m and on ¢g) such that, for all uo € L(R),
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([ 1uat)paate] " < o[ [ uola) 2aa] ",
R2 R
where u 18 the solution (7) when f =0 and p = 2(m+1).

This generalizes the result in [STRICHARTZ, 1977) in the case P(¢) = —¢2 (then
(2) is the Schrodinger equation) and the result in [KENIG—PONCE—VEGA, 1991], in the
case P(¢) = ¢3, ie., (2) is the Airy equation.

When acting on the Sobolev space HS(R) (with s € R arbitrary) the operator
et (D) is unitary. Thus one cannot expect any gain of L? differentiability in
z—space. Nevertheless, one may regard the corollary to Theorem 2 as not only a
result on the global decay of the solution u(z,f) but also on its increased "regularity"
in comparison to uy — in so far that the elements of L2(m*1) can be said to be "more
regular" than those of L2 (recall that 2(m+1) > 6). The remarkable fact, however, is
that, for ¢ > 0, the solution u(z,t) is truly more regular (with respect to the variable

z) than the initial value uy — in the customary sense of the term "regular". Indeed,

the following is true (cf. [KENIG—PONCE—VEGA, 1991]).
THEOREM 3.— Let P be as in Theorem 2. Let u, € LYR) and u be the solution of (7)

with f = 0. If0 < f < (m—2) /4, then |D|Bu(-,t) € L™(R) for a. e. t > 0, and there is a

constant C > 0, independent of uo, such that

[ oiagye] "+ [ LD sl Ol gad] < C ol gy
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Thus the solution u(z,?) is differentiable with respect to z, in the L” sense, up
to order (m—2)/4, for a.e. ¢ > 0. Compare this with the local result that uo € L? 3
u-,t) € H{n:D 2(R) for a.e. £ > 0. We refer the reader to [BEN—ARTZI—DEVINATZ,
1991], [BEN —ARTZI—KLAINERMAN, 1992] and [CONSTANTIN —SAUT, 1988] for a discussion
of local smoothing in the L% sense (and in any number of dimensions).

When P(1) = ¢A™ (0 # c € R), a homogeneity argument shows that the right—
hand side, in the estimate in Theorem 1, can be estimated by Ct1’m. Inserting
derivatives or, which amounts to the same, an amplitude of the kind AB, leads to the

following statement:

THEOREM 4.— Let P be as in Theorems 2 and 8. Assume that the initial value ug in (3)
belongs to LYR). Then, if0 < B < $(m—2), |D|Bu(-,t) € L (R) for every t # 0. More—

over, there is a constant C > 0, depending only on P, such that, for allt > 0,
®) ol gy ¢ € mlualy gy

©) 11D1 3 30 )l gy ¢ Ot ol gy

The inequality (8) generalizes the well known decay estimates for the Schré—
dinger and Airy equations. For the "generalized" Airy equation, ie., P(§¢) = |§|2x¢
(4 < e € R), the decay estimate has been proved in [SIDI-SULEM—SULEM, 1986]. The
estimate (9) is also proved in [KENIG—PONCE—VEGA, 1991] . It shows another aspect of
the smoothing effect of the differential equation in (7).

The preceding statements are valid for a homogeneous symbol P of degree m.
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Adding lower order terms R (satisfying (6)) limits the validity of the estimates to
finite intervals 0 < ¢ < T < +00. Such estimates make it possible to handle the pre—
sence of a potential V € LY(R), by a simple argument of the Picard—Ovcyannikov

type. Here one seeks a solution of the initial value problem
(10) 119u/8t = P(D )u + V(z)u in RxRxR, , u(z,0) = uo(2).

THEOREM 4.— Let P be given by (5) and (6), and suppose V € LY(R). If uo € LYR), the

initial value problem (10) has a unique solution u whose trace u(-,t) belongs to L™(R)

for each t > 0 and satisfies an estimate ||u(-,¢)|| o ¢ AT)i'mif0 < < T < +o0.
The solution u is a continuous function in RxR,; it satisfies the following estim—

ate, for some constant C > 0, independent of || V| ;, [|wlly,, and of ¢ > 0,
2
(Dl ¢ C llully4+(1-+8mexpCY VI 1+ 8-y,
with 1 = m/(m—1).

The preceding results enable us to apply to the semilinear problem (1) the
methods of [kAT0, 1989] and of [TsuTsumi, 1987q, 1987b]. We must make the hypo—
theses that the potential V is real—valued and belongs to L(R), and that P(D Pt
W(z), which is formally self-adjoint on S(R), generates a unitary group of operators

on L%(R).

THEOREM 5.— If1 < p < 2m+1, then to each uy € LYR) there are constants T, C > 0,
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depending only on the symbol P, on || V“Li([R) and on ||“°"L2([R)’ such that (1) has a
unique weak solution w(z,t) in Rx[0,T), having the following properties:
(i)  The map t- u(-,t) € LXR) is continuous on [0,T) and u(z,0) = uo(z).
(i)  Ifa, b are positive numbers such that 2 < a { o, 1/ma + 1/b = 1/2m,
then u € LP(0, T.L*R)) and

T 1
[ e D aqgye] ¢ C ol gy

It follows from () that (-,¢) € L (R) for a. e. t € (0, T).
In order to obtain strong solutions one needs to impose further restrictions on
the potential V. On the other hand, one can then remove the upper bound on the

power p > 1:

THEOREM 6.— Let k > 1 be an integer and assume V € CX(R), and moreover that every
derivative V(i) of V of order j < k belongs to LYR)NL"(R).

Then, to each uy € HX(R) there are constants T, C > 0, depending only on P,
on OI\S/I?)S(k(” v ”Ll(IR)’" v “Lm(IR)) and on “u‘)”Hk([R)’ such that (1) has a unique
strong solution u(z,t) in Rx[0, T) with the following properties:

The map t - u(-,t) € H(R) is continuous on [0,T) and u(z,0) = ue(z). More—

over,

sup |lu(-,2)| < Clwl :
0<t< T Hk(R) Hk(R)
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