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Global solution of the wave equation
by

A.Laptev and Vu.G.Safarov

00Let M be a C Riemannian manifold, dim M = n . In the present paper we

consider the Cauchy problem for the wave equation

(-3 + /^A)u(t,x.y)=0i t

u(0.x.y) = 6(x-y). x .yeM.t e [O.oo[

where A denotes the Laplace-Beltrami operator on M. Let {g11} be components of

the metric tensor g on M. h(x^) = (2g1^^.) be a smooth function on T*M\0.

Let us introduce a smooth homogeneous canonical transformation Gt defined

by the Hamiltonian flow generated by the Hamiltonian system of equations

(1) ^ x = h^.-^ = h^

with initial conditions x(0)=y.^(0) =ti. (y/n)eT*M. SQ G1: T^M -^ T^Mand

G^y.ri) = (x\^) =(x*(t,y.ri).^(t.y.ri)).

where (x*, ̂  is the solution of the system (l)

We consider a fairiily of Lagrangian manifolds

A^ax^^yji) : (x.^) =0^-11)} c m x T*M,

smoothly depending on the parameter t.

Definition . We say that function <p € C (IR'xMx{T*M\0)) parametrizes A = U^o

A^

(2) A^ax.^Uy^y);^^}

and <p is non degenerate, homogeneous phase function of positive type, such that

differentials d<p , j = l,...,n are linearly independant (we use the terminology from

[l .v . IV])

In this paper we construct a global (for all t) phase function parametrizing A

and as a result we can modulo smooth functions represent the Schwartz Kernel of
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the operator exp (- it V~L ) as a simple oscillatory integral. It was thought for a

long time that Lagrangian manifolds in general do not allow a global parametrization

of the type (2). This is apparently the case if the phase function <p is real. We

introduce here function <p which is a complex-valued function and Im <p ^0.

Computation of the principal symbol of the amplitude allows us to introduce 1-form

Q and to interpret the Maslov class as an element in the de Rham cohomology group.

The value of this class on a closed curve gives the value of the Maslov index of the

curve, (an analogous definition has been given by V. Arnold [2] only for the

Lagrangian Grassmannian).
Complex phase functions have been applied to different problems earlier, see

[3], [4], [5]. General method concerning homogeneous Lagrangian manifold was

given in [6]. Some analogues one can also find in [?], [a]

Construction of the global phase function

Let r be a linear symmetric Levi-Civita connection corresponding to

Riemannian metric g, r^ = r^ be the Christoffel symbols of the connection r.

For sufficiently close points x€M, y € M let us denote by \yW the

"shortest" geodesic connecting x and y. We shall choose the parameter T such that

Y ^ y (0 )=x , 7^y( l )=y . Putv(x.y) = ^^(0) e T^M. Denote by <t^y the parallel

transport from T^ M into TyM along the geodesic Y^y. In the normal system of

coordinates with centre x this operator can be represented by nxn matrix. We

denote this matrix by (()(x,y).

Lemma 1 : If x -* y then

<D(x;y) = 1 + 0 (Ix-yl2).

Proof. In the normal system of coordinates y = ( y .....y") the components <t»j(x,y)
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satisly the following equations

2, (y^x') 3yk<t); (x,y) . \ T^ (y) (y'-x') ̂  (x;y)

<t>;(x;y)l^ = S;.
e

Since r^ (x )=0 is the normal system of coordinates, it implies that
3yk<l>j(x,y)|y^ = 0. Lemma is proved.

Lemma 2 In an arbitrary system of coordinates

^(t,y,n).x* (t,y,-n)=0, k=l,...,n,
1k

^(t.y.-n). x*k (t,y.-n) = -n^, k = l.....n,

where (x*,^) = G\y,T\).

Proof. If we consider 8 and 3 k as vector fields on T*M , then
ik y

^.x* = ^dx.dG^a )> ,
'•k ^k

^.X^k = <^dx,dG t(^ k)>

Since the transformation G preserves the canonical 1-form ^dx, it follows
that

^.x* = <TidTi,a, > = 0
1k ^k

^ .x^k= <7idy,3yk> = T]^.

Thus the proof is complete!

Lemma ^ . In an arbitrary system of coordinates
(3) ^ •^e-^ -^e = 8 ke. k,C=i, . . . ,n•k y 'Ik y

(4) ^ •^ -^ •^ = 0 - ^-i--"^k ^ ^k ^
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Proof

"W -^•< = <tlxAtl^d<'\^dG•(V)>=

= <dyAdti. 3 A a C > = 8-p.Tik y kt

By analogy

x* .^* -^ .x* = < d x A d t d G t ( a )AdG t (^ )>^k ^e ^k ^e ^e ^e
= <dy A dri. a A a > =0.^k ^e
Lemma is proved.

Let I . | be the length of the covector (vector) from T ^ N K T M ) in the metric

g. We introduce the following functions, which are positively homogeneous of degree

1 in r\.

^(t.x.yji) = ^(t.y/n).v (x^t.y.TiLx)

<p^(t,x.y.Ti) = jiv ̂ ^y^^^^y^y hly

(7) <p(t.x.y,ri) = <p^(t.x.y,Ti) + i<p^(t.x,y,T])

Here it is enough for us to define the function v for points x* , x e M

sufficiently close to each other. However we do not lose anything if we continue v

by a smooth non-zero function outside a neighborhood of

diag (MxM)

Let us denote

(8) Z -̂il,l̂

and

(9) z - a,}^
Lemme 4

(10)8, <p(t,x,y,-n) = v(x i f < ,x)Z.+ 0 (Ix-xf),
^k

(11) a k^t.x^y.-n) = - -Uk-

X V I I I - 4



5

(12)^k<p(t ,x ) l < ,y ,T1) = ^,
X "

( 1 3 ) ( V < p ) (t.x^yji)^.
^k

Proof. In the normal system of coordinates with centre x

v(x) l<,x) = - ^ . * v ( x , x * ) = (^(xix*) (x-x*).x I X

In view of Lemmas 1 and 2 we obtain that

(14)8^ <p^<t)(x;x1i(x-x*)^ -<o(x;x*)x* ^4-Odx-xf) = v(x*x)^
Ik Ik Ik 'Ik

4-Odx-xf)

Now, in an arbitrary system of coordinates

( 1 5 ) 3 , (p^-Kx* .v(x\x))jT]L+0(|x-x*|2).
Ik "Ik x

where (.,.)-, is the scalar product of vectors (covectors) from TM (T*M) in the
X X X

metric g. Combining (14) and (15) we have (10).

By analogy, in view of Lemma 2

3k<p(t.x\yji) = -^.x* = -^
7 ^k

In the normal system of coordinate with centre x*

3^<p(t,x*yji) = a^k(^ (x -x*) +y|x-x*i^ = ^.

By differentiation (14) and (15) with respect to x we obtain (l3).

Theorem 1. The function <p is a non-degenerate phase function parametrizing A.

Proof. Assume first that the matrix Z introduced in (9) in non-degenerate. Then

from (10) it follows that the condition <p = 0 is equivalent to x = x^for x close to x*.

In view of (ll) and (12) we obtain that

A^^x,^). (y,<py) : < p ^ = 0 ) forte[0,oo])

Now it is clear that (l3) implies
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^^xA -o=d e t z ; z i o•
• ^ 1

and therefore the function <p is a non- degenerate phase function.

To prove that the matrix Z is non-degenerate let us suppose first that

^(^....^eH^and

S s t z - o .

where Z^ are columns of Z, see (8). Then both real and imaginary parts are equal to

zero

(16) 2 ;L£* =0 . S x x * =0.k ^k x ^k
Multipling (3) by \^ after summation using (l6) we have

n n
0= £ O x * . X ^ - X ^ . ;Lx p ) = £ \ .

k , e = l k ^k e y° k ^k e y° k = l k

This implies ^= . . .=X^=0. Now if?.^=a^+ib^ , k=l,...,n, then from the
n

equation £ ^ Z - 0 and (4) it follows that
k = l k k

n n
£ ? . , Z . . Z p = £ ?.. Re(Z. .ZJ =0for8=l,..,n.

k = l k k " k = l k k "

This means that
n n n
£ a, Z, Z - £ b, Z,,Zp=Ofor8=l,....n.So £ a., Z .a,Zp=0

k = l k k & k = l k " k . & = l K k <- "
n
£ b . Z . . b . Z - 0

k,e=i k k k e

Since Z^ are linearly independent over the set of real numbers we obtain that

a^=b^=0fo rk= l , . . , n .

Theorem 2. Modulo the smooth functions the Schwartz kernel of the operator

u(t)=exp(-itV^"A) can be written in the form

(17) (2^l)~ ^J ,p ^ g»<p(t.x,y,Ti) a(t,y,T]) dTi, x,y e M, t€ [0,oo[ where <p is defined
y
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in (7) and a<= C (R xT^) is a classical amplitude with the principal symbol

(18) a^detZ)172

Proof To prove this theorem we need only to find the principal symbol of the

amplitude. The problem is reduced to solution of the transport equations. Let us

assume that a is a classical amplitude function. Then

(-p^+V^e^a =

= j a^ + [<p^ + h(x,V^<p) + -^ h^<p^+ OdTil'^a =

= y a, +[^v - ̂  - ix^v |Til+h(x.^ +iv hl+O (\v\\\)

^ ^^+0(^1^1)^=
I t O t-F a^+ -̂ [h^v.v + 2ih^ v.v |Til-h^vv|^| + j h^ <p^+ R^]a,

where R , = 0 (|v|3 |1ll2+ |v|2 IT]) + |v| + |v||Til'1), when ITII -» oo, |vl -» 0.

Since Z is non-degenerate we obtain that
i<p 1 — 1 — i<p

ve = T z V T 1 e •

Formaly integrating by part we have

(19) ({\ + ̂ A ) u =

^F11 JT^M [T^ + iT Tr ( Z-\, x^ + 2i Z-lh^x^-lnl2Z-\x^a+

hXX<l>XXa+R2] el<p ̂  •

where R^ = Odvl^l+liil"1). From the definitions (8). (9) of Z we have

(20) hi2 Z"1 h^ X'; = ihIZ'1 h^ (Z-^)

Hamiltonian system of equations (l) implies

^T x', = h^ ̂ , + h^ x^
(21)

^^- -^^-^x^ .

If we substitude (20) and (21) into (19) and put it equal to zero we obtain
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the following equation for the principal symbol BQ of the amplitude a

^- ao - jTr(Z, Z-^a^O.

Therefore

a^= (detZ)172

To finish the proof of the theorem 2 we should notice that further terms of the

amplitude we obtain by solving recurrent system of transport equations.

Using the explicite formula for the principal symbol in oscillatory integral (17)

we can now define the phase shift determined by the Maslov index.

Let us introduce l-form a on A

ft = -^(agrdet^)

Theorem 3 The l-form represents an element of the Maslov class in the de Rham

cohomology group. The Maslov index of a closed curve on A is equal to the integral

of the form ft over this curve.
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