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0. Introduction

The method of treating boundary value problems applied in
the paper of Boutet de Monvel [Bl] is formally analogous
to that for pseudo-differential operators on manifolds
without boundary. The usual symbolic calculus is replaced
by a calculus for pairs (GX,GY), where 6, denotes the
interior and Sy the so=~called boundary symbol. Certain
applications (e.g. the study of boundary problems with
discontinuous boundary conditions or the complex powers of
operators connected with boundary problems) lead in a
natural way to symbols which have not the transmission
property with respect to the boundary., Among these symbols
for instance are those with non-integer orders. Thus one
can ask whether the transmission property is necessary for
the construction of an operator calculus with a correspond-
ing symbolic level (interior and boundary symbols). A
theory of boundary problems for operators with general
symbols was developed by vidik and Eskin (see e.ge. [V1].
[Ei]). but this approach seems not to be available to
generate an algebra in connection with a symbolic calculus,
In [Rl] the authors give a theory of boundary problems
generalizing Boutet de Monvel's theory to the case of
symbols without the transmission property. Let us denote by

AD the class of operators

A+B+W K HS(X.E) Ht(XnF)
\% = H @ _—> @ (0’1)
T 0 Ht+) +yz(Y.3) Hs-x‘-yz(Y'G)

described in [Ri] (cf. also Section 1 below) and let E}
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be the subclass of Boutet de Monvel consisting of matrices
of the sort (0.1), where the left upper corner has the
form A+B, where A is a pseudo~differential operator of
order s-=t on the manifold X with boundary Y and B is a
(singular) Green operator. E,F and J,G are vector bundles
on X and Y, respectively. The fibre dimensions of J or G
(or both) may vanish such that 'classical' boundary prob-

lems of the form

A+B+W HY (X,F)
S = : HY(X,E) — @ (0.2)
T u3=¥ Y2y 6)

are included as well as their parametrices (P+G+V,K) in

the elliptic case,

In the present note we sketch some results of [RZ ,Ii]on

the resolvent construction of elliptic boundary problems

in AQ of the form (0.2) following a similar approach as
Seeley [ § 1]. However, here we have some extra difficulties.
E.g. the definition of general higher order operators on
manifolds with boundary requires appropriate order reduc-
ing operators (cf, Section 1). In Section 2 we describe
these reducing objects in detail (they are obtained in a
similar way as the resolvents in [S1]). A second point is
that the parameter dependence of the symbols is more comp-
licated than usual., In our case a reasonable analogue of

the resolvent approximation of [Si] is obtained (cf. Section
3). We suppose here that the boundary problem satisfies a
so~called condition (ehp), i.e, that on boundary symbolic
level there exists some elliptic homogeneous problem

approximating the given problem for each fixed (x',é:) on
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the cosphere bundle to the boundary. The precise defini-
tion will be given below, cf. also [Rzlil More general

cases will be treated in [RZ, Iﬂ. Our results are related to
to those of Grubb [Gl],[Gz] in the special cases considered
there but the methods are different. They are also avail=~
able to study operators of the form (0.1) depending on a

parameter in a more general way.,

1. Boundary problems for operators without the transmission
property

In this section we introduce some definitions concerning

the class 10 of boundary problems. We first define a

subclass of operators

He (Y, %) WS (Y, %)
@ —> @® ) (1.1)
He (v, cd) He' (v,cd2)
where
R = HOR,) (1.2)

denotes the space of square integrable functions on the
X half axis R, and Hs(...) denote the Sobolev spaces with
values in Y and Cj, respectively, s € IR, For convenience
we only study scalar operators and trivial bundles E,F,J,G;
the general case is an obvious generalization.,
On ‘36 we have a dilation

ny, : K- H (1.3)

defined by (s u )(x,) = u(dx,), A\>0 . set
| | #
;}tk = g’iw ) k = 1,2,
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with fixed numbers j,.J, ¢ Z, . By Sl(R"'l,,Sf('&‘{i.‘sz))
we denote the Hormander class Sl of operator-valued sym=-
bols (operators in %(ael,gfz)). l € R, An element
mx . 5) € sTR™E, L (FH o)), (xag) € R X RM,
is called positively homogeneous of degree m for lal g 1
‘if

¢ w 1
a(x, &) =X< : )ol( 2)( ' 0) (1.4)

1

for A 21, Il T 1. A symbol @ in s! is called classical
( € Sil) if it has an asymptotic expansion into homogene-
ous symbols of degree l-j, j € 2 _. The pseudo-differential
operator connected with & will be denoted by Op'(e ).

For given O € Sl we have a continuous map

0p*(0) Moo (R™H,34) = HITC(R™3 ), (1.5)

8 ¢ R, Since Y is compact, we suppose once and for all
that all symbols we consider in local coordinates are
independent of x* for |x'| sufficiently large. In that

case the subscripts comp and loc can be dropped in (1.5).

t —
Per def. the operators in the class 10 on X = YxIR_,

-1 € z_, are locally of the form

A 0
A = +0p'(n) , (1.6)
o o

where A = r+0p(a)e+'is a pseudo-differential operator

defined by a symbol of a class to be described below,

-n ix& A
Op(a)u = (23) Se a(x,8) w (&) dy  (1.7)

and
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o : HER™I %) — HS(R”‘l.‘?}Nf).
et RSRTLR ) — He (R™1,% )

~o
(H = HOOR)) denotes the extension by zero and the restric-

; - v Ce 1 -1
tion to X, = 0, respectively. ot(x (&) € ScloRn
v =
kg(?’fi.?}tz)) has the form 0 ~ 2 Oy
V=0

4

) where

op(b) j+ wop(m), op(k),

O‘Cj(x.nz.) = J (x.'i') (1.8)

t). .
op( )J 9
are homogeneous of degree j in the sense (1.4) and the

entries in (1.8) are defined as follows,

op(b)y_y € STTHR™L, P (X)) (1.9)

has values in the space of Hilbert Schmidt operators in gf)
op(k)y_; ¢ ch =% ) OP(t)y_4 : H — cl2 (1.10)
are arbitrary finite-dimensional operators, ql_i(x'.i') :
¢ — ch  is a pseudo-differential symbol in Si{iORn'l).
The notations in (1.9), (1.10) indicate that these objects
can be described by functions b(x',&",»,t) oan""1)< Rn'lx
Rx R and k(x',§',9), t(x', §,T) on R™1x R™1x R,
respectively, of corresponding homogeneities in the variab=-
les (g'.9.%), (£',v) and (§',t), respectively (cf. [RrR1],
[R2]), belonging to Fn(Ho(IR*))" @ F (H°(R))), . Fn(Ho(lR+))‘,
and F',‘(HQ(R_)),t (Fp, denotes the Fourier transform with
respect to x onlé} Finally uaop(m)j = 0 for =j > O and

W op(m)o = @op(m) (only occurring for 1 = 0) is given by

U= (g (g )X IM Hm(x" ,8)U(s)), (1.11)



uée H = H°(|R+). Here

oo

Mu(s) = u(s) = S £2=tu(t) dt
o
denotes the Mellin transform which is an isomorphism

M : HO@R,) = HO({Re s = ¥2]),

ne=1
‘I

m(x',8) € C°°(IR X { Re s = ‘/25 ) is supposed to dec=-

rease as |s|— o on Re 8 = ¥2 (cf. [Rl]). mecm(R+),
W = 1 near the origin, = O outside [0,1], &(8) e
cT(R™Y), £(s') > 0 for all g'e 7L, L(s) =1%'| for
e’ 2 1.
Next we define the symbols a(x,%) which are involved in
(1.6). (1.7). A function a(x.,§) € co(uxRrR" (u=u(§,§,)
= {-8 < xp <S,.§XIRT'1, §>0,0< 8§, =) belongs to
2y (/\QQ ). =1 € Z_ (U is indicated as subscript if necee-
sar'y:(ﬁ\‘(’\oe ) = !Ku(flot )), if for all x €e K€ U

1D D} wetdl gece’ T (1.12)
( <ti‘> = (1+ |z”|2)‘/2), Y € IR, with constants ¢ = c(«,

B,K), and if further there exists a sequence of functions

1

g0z e CUxR™Y, gaya,

e
je z., ] Z -1, where _cf,o is indepdndent of g » such
that for each M € Z , M 2-2

+
¢ M oaa -(M+1
2 {o, 82 VRS IR .

for Iv| 2z 1, V— +o0 with constants c = c(ot,B,K.K') ’
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xe K, é‘,é K @ R™. This definition is motivated by
the following typical example. Let

)\m(l) =<t(2.')'fn’>m , me R ) (1.14)

where we take the branch of the logarithm which is real
for positive arguments, Let further at(x,&) be in S:€0Rn).
Then

a(x,§) = a.(x,%) A (&)
belongs to ﬂfk’&)t) when -1 = «(m+t) € 2 . In particular
S OR ) S’T;(Wfﬂ) when -1 ¢ 2 _. Further examples and basic
properties of the class ‘T?(QO ) are given in [R2, II] By
fE'(xQ ) we denote the subclass of those a ¢ ’5~(10 ) which
belong to St (0(8 »9 )) for some S o0 0< 8 <1, -leZ.
Asymptotic expansions in qy'(&ﬂ ) are understood in the
Yy (10 ) manner for © < x, < 1 and in the sl manner for
82< X, <% o This 1s no contradiction over 82 <x,< 1

since an Sl

of T(109.

4
with a ¢ 7§ (1) ) we can connect a family of operators

asymptotic expansion implies that in the sense

op,(a)(x*.5") = rfop(a)(x*.g)e" + H — & (1.15)

which is defined by

-1 ixnv s N
op(a)(x',Z‘)u = (27x) & e a(x',O,&' WV)(e u) (v )dy,

(1.15) is called the (complete) boundary symbol connected
with a. We call a classical if op, (a) € Sclt (|Rn-1. Y (H.H)).

with the objects just described we have locally defined
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the operator (1.,6), and
& uPE) - v K (1.16)

is continuous, s € R, The left upper corner in (1.16) is

an operator

W 0(x) — n%1%(x), x = ¥ x R, "(1.17)
where H®'%(x) = H3(Y,%).
dpefinition. Let Si be defined by (1.6). Then a(x.Z)
is called the complete interior symbol and (op (a) @ O)
(x',z.') + a(x',z') the complete boundary symbol of & .
The principal interior symbol &, (%) of S  1s defined
as the equivalence class of a modulo -’ﬁ"(/l,ol'l), the
principal boundary symbol nysl)(x',zj) of & 1is defined
as the homogeneous principal part in the sense of (1.4)
of the complete boundary symbol.
If X is an arbitrary manifold with boundary Y we have to

4
define the class A (=1 € Z+) as the set of operators

4 = (A 0) . o (1.18)

0 0
where the pseudo-differential operator A is given in the

usual way by local symbols a e‘]Y'Oxot) and a partition
of unity, and

. (¢ °
\9L=( Op*'(a)

o 1
where ¢ ¢ C?KX) is a function which is 1 near Y and O
outside some neighbourhood of Y,

Since near Y we have some non-standard convention about



the interior symbols, the Sobolev spaces have to be modi=-
fied near Y, too, when we describe the regularity proper=
ties of boundary problems with general symbols (cf. [Rz.
Iin. The major effects of course come from a neighbourhood
of Y. Thus for brevity we restrict the considerations

here and in Section 3 to the case of operators on X = Y‘xi§+

and consider interior symbols which are independent of X

’
Let Hr'sﬂR") be the space of those distributions u in j’aR")

for which
"‘*":s . S‘<z.>r<z>s&<z)|z,\z<w ,

Further let Hr.s(Rg) be the space of restrictions to RS
of elements in Hr's(R"). r.s € R, The spaces Hr's(Yﬂx R,)
can be defined ip a similar way.

The pseudo-differential operator pver(R: connected with

(1.14) defines an isomorphism
op, (A ) : HT'3(®R]) — Wi o0l (1.19)

for all r,s,m € R,
gs,t

2. Definition, The class QO (X), s,t ¢ R, =1 € z,,
X = Yx R_, consists of those operators
AT BT 8(x,E) HF=L1:T(x,F)
A = : ® —> ® (1.20)

(r € R) which are locally of the form

a4 =L & f2 (1.21)



4 HFe© yr=1.0
with S4° e, »&to : @ — ?31 and order reducing

operators of the form

f _ (OP,.( M) 0 i op, (\g) o
q o Op* Q(z‘)'l"s "2 0 Op'(t_,(z')t)
Hr'--l.o Hr'--l,t yre® Hre .0
L: @ — @ ) $ : @ - @3
1 Hr'--I!. HF*e 2 Hr*t Ny

In particular we have defined in this way the action of an
operator in lR: connected with an arbitrary symbol a, € S:"{ ’

m = s-t, The interior symbol of d’o in this case is a, =

Xt an )‘-s‘ The question how this definition depends on
the choice of the order reducing symbols )‘t' )‘e is dis=-
cussed in details in (Ra. I}_I].

If X is an arbitrary manifold with boundary Y the class
/Lohs’t (X) 1s defined as the set of operators which are
locally equal EZ‘ go:?; ) where \.9‘-0 is of the form (1.18)
with interior synbol in %(10?) and SE EE are defined
by means of Op_( )‘ -¢) and Op_( ) g)+ respectively, where

X m is defined by (2.,1) in Section 2,

{;s,t
The definition of the class A can be generalized

in an obvious way when the Sobolev spaces over Y are of

the form
é'

t+x+2< }) Y«z(yG))

a=1

where J =@ J,, G = @ G;. This will be used in Section 3.
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2, Order Reducing operators on manifolds with boundary

In the previous section in Definition 2 we have used the
local order reducing operators (1.19). The resolvent
construction in Section 3 requires certain global order
reducing operators depending on a parameter in a suitable
way., Let X be a closed compact manifold with boundary Y.

Let we C7(R,), 05 ¢ §1, o«(x,) =0 for x, <E , =1

for Xn > 1 =& for some ¥2 > ¢ > 0, Consider the follow-

n "
ing function in R X R

~ Vo wme(X,) 'm(“"{("w»
A (0, &,9) =(ti(z,1)-iv) (Z,‘(z)w) ) (2.1)

a
where m elei$ fixed, q € C i;\parameter with Re q > O,
e

ta_(Z"Q) = é’l(Z'-Re q) and fl( $) 1s a function in
CT(R") which is strictly positive and &1( %) = |Z| for

|2]% 1. We then have a continuous map
3 8 N S$-m, N
0p, (M) (a) : H3(RY) — HS"MR]) (2.2)

for each s ¢ IR, Given a smooth complex vector bundle E on
AN . . *
X with the expressions Xm-ndj,E ) T2 T X=X , We can

connect a global operator

La{a) : H3(X,E) — H®""(x,E) (2.3)

in the usual way, We suppose here without loss of general-
ity that the coordinate diffeomorphisms belonging to bound=-

ary neighbourhoods are independent of X Locally the complete

symbol 1 of Lm(q) has an asymptotic expansion
oo

1~ 3 L,

50 4 (2.4)



(1, = X o) deflned in the following sense, g -¢ x-,n
belongs to ’Sy(ﬁo ) and has an asymptotic expansion

'E ~ e } in the sense of the class "6\(10 )Then we
set ‘8m-3 {,n} A,". The f; j(x &'.¥) are minus functions

with respect to v, cf. [Ei].

1, Theorem, Let X be a smooth compact manifold with bound-

.ary Y and E a smooth complex vector bundle over X. Then
the operator (2.3), m,s € IR, defines an isomorphism for all

qecC, Regqg >0, I[ql > o with a constant Cye

In [B1] order reducing operators have been constructed for
m & 2 in the class q; « The operators (2.3) are different
from those of [B1] also for m ¢ Z, since we have here not
homogeneous symbols near Y, Also the method for proving
the existence is different from that in [B1]., In the proof
of Theorem 1 we proceed basically as in Seeley's resolvent

construction [81] by successive solving the equations
b-mlﬂ = 1,

lo_m_r,f +20¢|Q b ZDf,,.&=O )

p > O, where the sum is taken for j < p, j + k + lx| = 3,
The reason for the applicability of this straightforward
method in the case of manifolds with boundary is that we
only deal with minus functions near Y., Thus we also have
the isomorphism (2.3) for all s € IR (not only for s > =¥2
as in [B1)).

2, Theorem, There exists a pseudo~differential operator

B(q) with the principal symbol b_m such that for Re q > O
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A

-1
I 8(a) Lyta) - 2l o clg™™
L@ B(a) = T lly o = clal™?

with a constant c only depending on § ; I "s denotes

the norm of operators in QE(HS(X.E)).

3, Corollary. The operator (2.3) is invertible for

|| >c, with a constant ¢ > O and for m > O we have

nA

G I
s

cs'rlql-m"r

for each r¢ R, O r s m, s € R,

3., The resolvent of elliptic boundary problems under the
condition (ehp) ot

An operator 64 = :El&tofz of the class 400,8, (X) (cf.

Section 1, Definition 2) is called elliptic if (in local

coordinates) the interior symbol of &h has an inverse

in the class ’%&(QDO) for || sufficiently large and

if the principal boundary symbol GY(&LO)(X',E) is bi-

jective for [%'| % 1,

In this section we consider the resolvents of elliptic

boundary problems of the class 1£). They a}e obtained

again by an approximation argument and described on bound-

ary symbolic level,

For simplicity here we restrict the consideration to ope-~

rators of the form

A HO(X)
A = : HP(X) - @ L (3.
T @ WS T2y
i=1

X =Y x7§+, m > O, where T is a column of trace operators
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A= Ajlyr Ay = Ay + By + W,

A, is of the class QOO and A, is the pseudo-differential
operator, B, the Green operator and W, the Mellin operator
(cf. the left upper corner of (1.6)).

Ln denotes an operator of the sort mentioned in Section 2,
Theorem 1 for‘a fixed q = Qg+ lqol sufficiently large.

We assume that the complete interior symbol a of 54 belongs
to S:; in local coordinates and that the symbols of the
trace operators T:L are in ng near the boundary, X’i € R,
me §; =¥2 >0, 1 = 1,.44,r. Lot FC C be a closed cone con-

taining IR, and consider the operator family

h A =h HO(X)
& "(o = : H(X) — @ , (3.2)
! @ W= E:Y2(y)
i=1

hel’. By [ we denote the closed cone in the complex
q-plane defined by q €I <=> q®" =h e¢[” (|larg h| is
assumed to be small enough for h ¢(" ), Let ag be the homo-

geneous principal symbol of a of order m,

_1.-(0 Condition.
6 () (x.8) - h = ay(x.§) - o (3.3)

is invertible for all (x,z.q) € IR:x an x [

2. Condition, The operator

q" HO(R,)

6 () (x',5") - : H'(R,) — @ (3.4)
0 c’



is invertible for all (x'.é{.q) ean'i.XIR"'l L S

Remember that the operator (3.1) is given in the form

04 = 6&°Lm. For such compositions we do not have a con-
venient symbolic calculus, Therefore we have to pass to
operators of order zero, In our case it is reasonable to

do that by means of the parameter depending order reduc-

ing operators of Section 2,

Set
(A =-q") L_g(q) HO (X)
Sho(a) = : HO(X) = @ (3.5)
T L_p(q) @ H™ 8iY2 vy
i=1
. 1 m 0
N = | 9 |, e = N@ Hg@ ,  (3.6)
o g

where m, € R are certain fixed exponents. Formally q is
considered as an extra covariable and the symbolic calcu=-
lus for operators of the form (3.5) refers to this para-
meter dependence, The details of such a symbolic calculus
are elaborated in [R2,II].

E.g. the complete symbol of the pseudo-differential part
of (A = qm) L_u(q) which we denote by a(x.z.q) satisfies
near Y the following estimates (cf, (1.12))

c for |B| = O,

ID: D; a(x,},q)| 8 {

-1 1y 1=IPl y (37)
clal™ (%) for (B] > O

Yy € IR, with constants ¢ = ¢(x,B,K), x € K, K compact,
lal 4 Coe Outside some neighbourhood of Y in (3.7) we have

to replace (2_') by <Z> .
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Moreover there is a reasonable notion of classical symbols
(the homogeneity now refers to (g.q))and of asymptotic
expansions. The same is true for operator-valued symbols.
Since we assume that the interior symbol is independent

of X everything reduces to the operator-valued case

(the boundary symbols) and for 6*(Q) in particular we have

a homogeneous (in (g',q), cf, (1.4)) principal boundary
symbol

_a_(X'a‘&'oQ) ‘ Ho(lé‘*)
a(x',§'.q) = : HO(R,) — @ , (3.8)
op(t)(x' ognQ) mr
(x*', &) ¢ R x R™1, (£] 21, (q] T c,, qel”.

3, Condition (ehp). For a suitable choice of the numbers

m, € R there exists an operator

. 2*("'02'0‘1) HO(R.‘.)
a (X'JZ.oQ) = " : Ho(lR,..) - @ r
op(t)’ (x’.§'.q) c
q € |\ O, which is bijective and homogeneous in the
sense

* My O > -1
> = . %', ¢ ? o,
o (x'.3 A\q) (0 . h(x'.§".9) v A>
(cfe (1.3)) satisfying

*
| &a(x'.§.9) - a(x,3al — o0
as |q| — o ) (x',é')e Rn'lx lR""l
The existence of O  means roughly speaking that there is
an elliptic homogeneous problem (ehp) (the homogeneity refers
to the (q.xn) variables) approximating the given boundary

symbol for large |q|. The choice of the numbers m; in



classical examples is discussed in [RZ. I], Section 2.4,

4, Theorem. Under the conditions 1,2,3 the operator (3.2)

N
is invertible for h ¢ " , |h] 2 ¢ with a constant ¢ > O,

The inverse has the form
hy -1 . -1 -1
(S =N = L@ & (@7 N(a) = L_g(a) gt (™

qm = h, and si(q)-l can be constructed on boundary symbolic
level,
First we obtain an operator family &5(q) by successive

solving the equations

35“0=1 /
. o (4’4
/G_Cozo + 2 . !r_é Doity=0

1> 0, with the sum over j < 1, j + k +|x|= 1, Then J5(q)
= GBK(q) is associated with the 6;1. o= k| S K and a parti-

tion of unity on Y,

5. Theorem, Under the conditions of Theorem 4 for each k € Z

there exists a K € Z such that 3 (q) satisfies

A < -
f Ba) &(aq) - I, H1,1+k $ clq~? (3.10)

clql™t (3.11)

A

‘ - 2
“«ﬁ(Q) B(q) - 1, “1']_.,.[(
for every 1¢ IR with a constant c = Ck 1
1,2
Here | . "{'f denotes the norm of operators
/

HE (Y HOR,)) — Y (Y, HO(R,))
and

Hher®@®,))  H (v H%R,))

r r .
& Hl=m= %72 (v) i@cal -n= Y2 y)
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respectively, 11 > are the identities in the corresponding
spaces, The invertibility of Ji(q) for large |q| then follows
by a Neumann series argument,

Set
' m
s (a) = Nea) (&= @n

6. Corollary. For every 1 & IR, O s P 2 m,
-m+p

| & (@* le,e,y =oUal ).

denotes the norm of operators H1'°(X) @

. uc,(g3¥b

r ]
@ W= %i=Y2vy o yloP(x) |
i=1

7. Corollary. With @5(q) = L__(q) Jb(q), $5(q) as in
Theorem 5, we have

-1 ~l=n+p
I {P; (q) - d'(Q) lll.(hk,p) = O(lq| )
o02pim leR,
Note that

' é -1 .
S (h® ) = = (B(h), K*(h)),

where P(h) is the inverse of

Alger 7 ¢ ker T — HO(X).

Usually in the resolvent construction one is mainly inter=-
ested in P(h), The corresponding estimates follow immediate~
ly from the above assertions by omitting the potential parts,
At the same time we also got growth estimates for K(h), the

potential part of the inverse of (3.2).

When X is an arbitrary compact manifold with boundary Y

the construction is similar but more technical, The formu=-



- 21 =

lation of the results refers to a modification of the Sobo=-
lev spaces consisting roughly speaking of those distribu-
tions which belong to the ordinary Sobolev spaces in the
interior of X (outside some neighbourhood of Y) and near Y
to the classes indicated above (cf. [Rz. II]). Denoting
these spaces by‘gl(x) and §1'°(X) = L.S(Hl(X)). respective~
ly, the results in the general case have the same form as

above with the new spaces instead of the old ones,

~
The H spaces reflect a typical loss of regularity in normal
direction to Y, compaved with the parametrix and resolvent

constructions for operators with the transmission property.
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