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0. Introduction
The method of treating boundary value problems applied in
the paper of Boutet de Monvel L81] i8 formally analogous
to that for pseudo-differential operators on manifolds
without boundary^ The usual symbolic calculus is replaced
by a calculus for pairs ^^i^y). where 6 . . denotes the
interior and &y the so-called boundary symbols Certain
applications (e«g« the study of boundary problems with
discontinuous boundary conditions or the complex powers of
operators connected with boundary problems) lead in a
natural way to symbols which have not the transmission
property with respect to the boundary^ Among these symbols
for instance are those with non-integer orders• Thus one
can ask whether the transmission property is necessary for
the construction of an operator calculus with a correspond-
ing symbolic level (interior and boundary symbols)• A
theory of boundary problems for operators with general
symbols was developed by Vi^ik and Eskin (see Cag» [vi^L
[ E i ] ) , but this approach seems not to be available to
generate an algebra in connection with a symbolic calculus^
In [Rl] the authors give a theory of boundary problems
generalizing Boutet de Monvel's theory to the case of
symbols without the transmission property^ Let us denote by
AP the class of operators

/A+B+W K \ H^X^E) H^X.F)
^ -( ) : ® —> ® (0.1)

\ T Q/ H1^ ̂ ^(Y^) H^^^Y^)

described in fRi] (cf» also Section i below) and let Ol
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be the subclass of Boutet de Monvel consisting of matrices
of the sort (0^1 ) , where the left upper corner has the
form A+B, where A is a pseudo-differential operator of
order s-t on the manifold X with boundary Y and B is a
(singular) Green operator* E , F and O.G are vector bundles
on X and Y , respectively* The fibre dimensions of 3 or G
(or both) may vanish such that 'classical' boundary prob-
lems of the form

A+B+W \ H^X.F)
.8^ : H ° ( X . E ) -̂  ® (0.2)

T / H^-^CY.G)
are included as well as their parametrices (P+G+V,K) in
the elliptic case*
In the present note we sketch some results of fp2 ^ IIIon
the resolvent construction of elliptic boundary problems
in AO of the form (0<2) following a similar approach as
Seeley [ S l ] < However, here we have some extra difficulties,
E»g, the definition of general higher order operators on
manifolds with boundary requires appropriate order reduc-
ing operators (cf» Section 1)< In Section 2 we describe
these reducing objects in detail (they are obtained in a
similar way as the resolvents in [ s i ] ) , A second point is
that the parameter dependence of the symbols is more comp-
licated than usual. In our case a reasonable analogue of
the resolvent approximation of [si] is obtained (cf» Section
3)< We suppose here that the boundary problem satisfies a
so-called condition ( e h p ) , i.e. that on boundary symbolic
level there exists some elliptic homogeneous problem
approximating the given problem for each fixed ( x ' , l * ) on
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the cosphere bundle to the boundary. The precise defini-

tion will be given below, cf. also [R2^IJ. More general

cases will be treated in JR2 ^ Ilj. Our results are related to

to those of Grubb JG1J,[G2J in the special cases considered

there but the methods are different. They are also avail-

able to study operators of the form (O.I) depending on a

parameter in a more general way.

i. Boundary problems for operators without the transmission

property

In this section we introduce some definitions concerning

the class lv of boundary problems. We first define a

subclass of operators

H^Y,^) H^CY/aC)
€) ——^ © / (1.1)

H^Y,®^) H^CY,®^)

where

^ » H°OR^) (1.2)

denotes the space of square integrable functions on the

x half axis (R^ and H8^..) denote the Sobolev spaces with

values in ̂  and <C^, respectively» s 6 IR^ For convenience

we only study scalar operators and trivial bundles E,F,0,G;

the general case is an obvious generalization.

On c^f we have a dilation

U^ •< ^ ̂  ̂  (1.3)

defined by ( ̂  ^ K^ ss u^ ^ ^n^9 ^ ̂  ^ set

^ , ^
oi €^i ) k - 1 2^ ^^ K "• lI^t
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with fixed numbers j^.jg ^ 2^. By S^R""1.^^,^))

we denote the Hormander class S of operator-valued sym-

bols (operators in tf(<5L»^2))» 1 ^ IR« An element

01 (x* .^ ) € S^R"-1.^ (^1^2)). (x'.^') fc R^X R"-1.

is called positively homogeneous of degree m for (^,'1 ? 1,

•if
r t , / -Hv C\ /•>€), 0 \'1

/ » . , » \ w / X 1 . 1 t ' \ ( A \
t f l (^X^) c X [ 8l(x^) (1.4)

\ o 1/ \ o 1/

for \ ^ 1. 1 ^ 1 ^ 1. A symbol (̂  in S is called classical

( € S j) if it has an asymptotic expansion into homogene-

ous symbols of degree 1-j. j ^ 2^. The pseudo-differential

operator connected with 01 will be denoted by Op'(a )•

For given Ot 6 S we have a continuous map

^^ : "tomp^^l) ̂  H!^(Rn'1^2)- <1-5)

s € tR» Since Y is compact, we suppose once and for all

that all symbols we consider in local coordinates are

independent of x' for |x'| sufficiently large. In that

case the subscripts comp and loc can be dropped in (1^5),»

f
Per def, the operators in the class l0 on X « YxIR ,

-»1 fe 2^, are locally of the form

/ A 0\

5^ »[ ] + Op'(»i) , (1.6)
\ 0 O/

where A a r+0p(a)e+ is a pseudo-differential operator

defined by a symbol of a class to be described below,

Op(a)u » (27T)"" \. e^ a(x^) a (^ ) d^ (1.7)

and



- 7 -

e* : H^R"-1,^) --> H^R"-1.^).

r* ; H^R"-1,^) —. H^R^X)

/^>
(^ s H OR)) denotes the extension by zero and the restric-

tion to x^ » 0, respectively. ot(x',^ ') ^ S^QR""1.

^(^i»3t2^ ha8 th® forBI ffl ^ ^ ^^^ > where»=0

/ op(b) + ^op(ra) op(k) \
^(x t-^) a j 3 (x*.^) (1-8)

V op(t)j q^ /

are homogeneous of degree j in the sense (1*4) and the

entries in (i«8) are defined as follows*

^(^l-i € S1-^""1. ^C%.^)) (1.9)

has values in the space of Hilbert Schroidt operators in ct ^

op(k)^^ : (D^-^ ^ op(t)^i •. ^ -* C^ (1.10)

are arbitrary finite-dimensional operators, qi^^tx*,^*) :

C^-^ C^ is a pseudo-differential symbol in S^OR""1) •

The notations in (1.9), (1.10) indicate that these objects

can be described by functions b(x*,^* ,^ .x) on IR""" X R"" x

IR x IR and k(x'.£' .^). t(x'.^*,T) on IR"*"1^ IR"'"1 x IR.

respectively, of corresponding homogeneities in the variab-

les (^'.^.'c). (^**^) and (^',t), respectively (cf.[Rl],

[R2]), belonging to F^OR.,)), @ Fn(H°OR.)^ . '"n^"0^)^

and F (H°(R^)) (P., denotes the Fourier transform with

respect to x on IR ,̂ Finally Oop(m). a 0 for -j > 0 and
' w

^ opt"*)^ a8 (̂  op(n) (only occurring for 1 s 0) is given by

u ^ G3(^(^)x^)M"" l(m(x•.s)^(s)). (1.11)
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u € ^ a H°OR..). Here
00

MU(S) » ^(®) a \ t®""^^) dt
0

denotes the Mellin transform which is an isomorphism

M : H° (|R^) -> H° ( { Re S » Y2. \ ) ,

m(x* ,s ) 6 C (IR"71 x { Re s = */2\ ) is supposed to dec-

rease as | s t — ^ co on Re s s V2 (cf. [Rl]), oS €• C (IR ),

î  s l near the origin, LS » 0 outside [o,l], ^ ( j c ) ^

C^R""1). ^(^) > 0 for all ^ ^ IR""1. ^ ( ^ ) s 8 i ^ ' | for

1^' » ^ 1.

Next we define the symbols a(x,^) which are involved in

(1.6), (1.7). A function a(x^) ^ 0^(0 x IR") (U » U( ?; ̂  )

» { - 8 < x^^^ xiR""1, S . > - 0 , 0 < ^ ^ o o ) belongs to
f

nT (^ )' -1 e: Z^ (U is indicated as subscript if necee-

sary; ̂ (^ ) » ^utO^ )). if for all x ^ K C U

« ft . ^-Iftt
l^x^OLC^^I S C < ^ > / (1.12)

( <<^>^ 8S (1+ 1^' t2)^2) . '»?€ IR, with constants c » c(c<,

B,K), and if further there exists a sequence of functions

c^^(x.^) ^ C°°(U xiR"-1). t » ^ l .

j ^ 2^, j s? -1, where c^p is independent of '̂ , such

that for each M € 2 ^ / M ^ - - C

, ^\ ^ H E . -A? -(^)
( : D x { ^^ ( ^ ) - ^ C ^C X ^ ) ^> o . f ^ ^ c 1^ d-13)

' 4'"1 ld

for 1 ^ ? ^ » 1, ^ •—» ^oo with constants c = c(o<,B.K,«') ,
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X € K ^ ^'^ K' CC IR""1. This definition is motivated by

the following typical example* Let

\,A) =(10.')-^)'" , ̂ <p , (i.i4)
where we take the branch of the logarithm which is real

for positive arguments. Let further a.(x^) be in S^IR").

Then

a(x,y = a^(x.y \n,(^)
f

belongs to ^('lO ) when -1 a -(m+t) ^ 2^<» In particular

S^ (IR0) ^^(lO ) when -1 € 2^ Further examples and basic
^

properties of the class '0 (^0 ) are given in [R2»Il]» By
rs» P ft

nS" (l0 ) w® denote the subclass of those a € ^Q (l0 ) which

belong to S1 (U( 8 ̂  )) for soroe Sg, 0 < S? < i, •I e 2^^
Cv M ^^ p

Asymptotic expansions in r^ (4,0 ) are understood in the
p

^ (iQ ) reanner for o < x < 1 and in the S manner for

6 - < x,. < oo • This is no contradiction over S^ < x < ieL n A n
since an S asymptotic expansion implies that in the sense

of n^cioS.
With a € r^ Cl9 ) we '̂̂  connect a family of operators

op^aHx'.^) » ^(aHx1^^ : ^C->^ (l.i5)

which is defined by

i f ix^ 4. /s

op(a)(x^^)u « ( 2 3 ^ ^ A \ e n atx',0,^ ̂ ) ( e u ) (^)di?,
• -)

(1^15) is called the (complete) boundary symbol connected

with a^ We call a classical if op^(a) € S1 (IR"^1, ^(^/3t))^

With the objects just described we have locally defined
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the operator (1.6), and

^ s H^Y,^) -> H^Y/^) (1.16)

is continuous^ 8 € IR. The left upper corner in (1.16) is

an operator

H^^X) ^ H^^X). X a Y X IR^ '(1.17)

where H8'^) « H^Y,^).

l.,pftf±nit^p. Let d be defined by (1.6). Then a(x^)

is called the complete interior symbol and (op (a) © 0)

(x'f l ') -»• OlCx*,^) the complete boundary symbol of d4- .

The principal interior symbol c^(j4') °^ ^ ls defined

as the equivalence class of a modulo ^(iO ) » the

principal boundary symbol ^y^)^9!^) of ^ is defined

as the homogeneous principal part in the sense of (1.4)

of the complete boundary symbol.

If X is an arbitrary manifold with boundary Y we have to

define the class ̂  (-1 € Z ) as the set of operators

/ A °\
j4 - I ) + A1 (1^8)

0 0 /

where the pseudo-differential operator A is given in the
^ tusual way by local symbols a ̂  ̂  ('l0 ) an^ a partition

of unityf and

^ F 0 }
^ a [ O^(Si)

0 1 /
<» .where ĉ  € C (X) is a function which is 1 near Y and 0

outside some neighbourhood of Y.
Since near Y we have some non-standard convention about
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the interior symbols, the Sobolev spaces have to be modi-

fied near Y, too, when we describe the regularity proper-

ties of boundary problems with general symbols (cf» [R2,

Iljja The ma^or effects of course come from a neighbourhood

of Y» Thus for brevity we restrict the considerations

here and in Section 3 to the case of operators on X a Y x (R

and consider interior symbols which are independent of x •

Let H1^8^) be the space of those distributions u in '̂(IR")

for which

«^, • ^<^/<^.>^a)i^<- ,
Further let H1'"*®^^) be the space of restrictions to 1R"

of elements in H^^IR"), r,s € R* The spaces ^^(Yx IR^)

can be defined in a similar way*

The pseudo-differential operator over (R^ connected with

(1.14) defines an isomorphism

°^>^ : H^8^;) ^ H^^OR1;) (1.19)

for all r,s,m € IR»
./ve.s/t

_2,_i?e.finition. The class W (X), s,t ^ IR» -1 € 2 ,

X a Y x R . consists of those operators

^ T\ H ^*®(X.E) H^^-^CX^F)
® —> ($ (i,20)

K R / H^Y^) H'^^tY^G)

(r € 1R) which are locally of the form

A « ̂  ̂  ̂  (1.21)
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C H^0 ^r-l.o
with ^$4-^10 » (9r/, s ® —> ^ i and order reducingo o ^r ^r-j.

operators of the form

» ^°P^..t) ° ^J0^^^ 0
11 \ o op-Q^r1-8^^ o op'^')1)^

^r-1,0 ^r-l.t ^r.s ^r.O
L . € - » ® / A 9 : € > - » - ©
-l ^r-l ^r+a ^ Hr+t ^r£

In particular we have defined in this way the action of an

operator in IR" connected with an arbitrary eyrabol a .̂ S" ,

a a e-t. The Interior eyabol of ^ in thie case ie a^ »

\. a X • The question how this definition depends on
t (B —S

the choice of the order reducing symbols A ^ » \g is dis-

cussed in details in [R2, Il]»

If X is an arbitrary manifold with boundary Y the class
6 ^-

4fl * (X) is defined as the set of operators which are
~ .̂ ~ _'.'

locally equal ,̂ ̂  £, / where \5^. is of the forro (1.18)
• - •- o* p. 0 <^ «x

with interior symbol in (̂lO ) and ^ , ̂  are defined
/<» ."s»

by means of Op^(\^^) and Op^(\g) , respectively, where

\ is defined by (2.1) in Section 2.
IM

.^.i-
The definition of the class 'IV can be generalized

in an obvious way when the Sobolev spaces over Y are of

the form

^^,^W>

where 0 " ® O^, G • @ G^» This will be used in Section 3»
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2. Order Reducing operators on manifolds with boundary

In the previous section in Definition 2 we have used the

local order reducing operators (i,19)« The resolvent

construction in Section 3 requires certain global order

reducing operators depending on a parameter in a suitable

way* Let X be a closed compact manifold with boundary Y,

Let <^6 C00^). 0 ^ of, ^ 1, o( (x^) a 0 for x < £ . = 1

for x^ •> 1 »£ for some V2 > £ ?• 0. Consider the follow-

ing function in iR^ x |R

^(^) ^0-<^))
Vx^<[) «(^l)-^) C^+O ,(2.1)

^where m ^ IR is fixed, q ^ (C is^parameter with Re q > 0.
def

(^(^"»q) s ^i(^*.R® q) and ^( ^) is a function in

C^OR") which is strictly positive and ^i( ^,) » |>| for

|^|^ I* We then have a continuous map

°M^m)^ : H8(IRI.>) -* H®''"1 ;̂) (2.2)

for each s ^ IR« Given a smooth complex vector bundle E on
r1^ A.

X with the expressions \^ - ''"-r*? / T : ̂ ~ ^ ~* X we can

connect a global operator

S»(q) ! H8(X.E) ->. H^^CX^E) (2.3)

in the usual way. We suppose here without loss of general-

ity that the coordinate diffeomorphisras belonging to bound-

ary nsighbourhoods are independent of x • Locally the complete

symbol 1 of L (q) has an asymptotic expansion
oo

^ ^" {w'^ ^2<4)^0
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(1 « X ) defined in the following sense, t s i ^ - w
1X1 Ul f^^

belongs to ^ (jw ) and has an asymptotic expansion
r>^ rw ^^» / /^ \
^ ^ ^ 1^4 in the sense of the class "0 (u/ ^.Then we0 <"N̂  .-̂

set ^-,< ^ '£ -.1 ^ • T^e ^i^-iC5^'^1^) are tBin^e functions

with respect to ^ i cf» [Ei}»

1» Theoregi^ Let X be a smooth compact manifold with bound-

ary Y and E a smooth complex vector bundle over X» Then

the operator (2^3)» m,s ^ (R» defines an isomorphism for all

q 6 €i Re q ;> 0^ |ql ^ c with a constant c •

In [Bl] order reducing operators have been constructed for

m ^ 2 in the class 0\ • The operators (2<3) are different

from those of [Bl] also for m e 2?» since we have here not

homogeneous symbols near Y« Also the method for proving

the existence is different from that in [ Bij• In the proof

of Theorem 1 we proceed basically as in Seeley's resolvent

construction [SlJ by successive solving the equationsb-,,1.= 1-
î .p t», + £ oh ̂  k.̂ .j. ̂  e^.fc > o ,

p > 0, where the sum is taken for j < pi j + k + l^l a ^«

The reason for the applicability of this straightforward

method in the case of manifolds with boundary is that we

only deal with minus functions near Y, Thus we also have

the isomorphism (2<»3) for all s € 1R (not only for s > ^/2

as in [BiJ)^

2^ Theorem• There exists a pseudo-differential operator

B(o) with the principal symbol b such that for Re q > 0
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II B(q) L^(q) - I )|̂  ^ c/ql"1 ,

II ^(q) B(q) - I (|̂  ^ cjqF1

with a constant c only depending on S ; H . (!& denotes

the norm of operators in ^(H^X.E)).

3« Corollary. The operator (2.3) is invertible for

( q | > C Q with a constant c ?• 0 and for m > 0 we have

I S,'̂ ) «..,-r 5 S.rl1'!-"'''
for each r ^ R , 0 ^ r ^ r o , s € < R *

3. The resolvent of elliptic boundary problens under the

condition (ehp)

An operator ̂  a ^i^o^2 of th® cla88 l̂O ' ' (X) (cf,

Section 1, Definition 2) is called elliptic if (in local

coordinates) the interior symbol of ^ has an inverse
^ a ^

in the class ^(lO ) for I^J sufficiently large and

if the principal boundary symbol ^y^ K^'^*) i8 bi-

jective for 1 ^ * 1 ^ 1 .

In this section we consider the resolvents of elliptic

boundary problems of the class AD . They are obtained

again by an approximation argument and described on bound-

ary symbolic level.

For simplicity here we restrict the consideration to ope-

rators of the form

/ ^ \ H°(X)
^ ' 1 j : H^X) -. Q ^ (3.1)

\ T / ^ H^^-^^Y)
i»l

X as Y x tR^, m > 0, where T is a column of trace operators
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Tjf»»T and

A 9 A.L.. A. « A. + B, + W.— —0 (Q —0 0 0 0

A is of the class <P and A. is tho pseudo-differential—o o
operator, B the Green operator and W the Mellin operator

(cf. the left upper corner of (i«6))«

L denotee an operator of the eort mentioned in Section 2 ,

Theorem i for a fixed q a q , ( q | sufficiently large^

We aseume that the complete interior symbol a of ^ belongs
V l̂to S p in local coordinates and that the symbols of the

if'trace operators T^ are in S p near the boundary^ ^ 6 IR,
/s»

®- ̂  -^2 > 0^ i « l^^^,r< Let FC C be a closed cone con-

taining IR^ and consider the operator family

/ h \ / ^ - h \ H°(X)
A -1 - ? ""(X) -<- © , (3.2)

0 / V -r / »»T / r «. v 4/0eH""^^)
i»l

h 6 r. By r we denote the closed cone In the complex
/s»

q-plane defined by q 6 F <•> q" a h <c F ( |arg h | is
»Maesuned to be small enough for h € F ) • Let a be the homo-

geneous principal symbol of a of order a«
In Condition^

^x^X^ - h '• ^'^ • ̂  <3-3)
is invertible for all (x,^,q) € IR^x R" x F .

2« Condition* The operator
^\ H°((R.)

^(^K^-^;) - » H (IR+) -̂  @ (3-4); M ^IK^} —» y? iA»t
0 / ^
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is invertible for all (x*,t ' ,q) <: iR""- ^ iR""- x p,n-l ,,, ,-n-l

Remember that the operator (3.1) is given in the form

^ s ^oSa* por 8UC^ compositions we do not have a con-

venient symbolic calculus* Therefore we have to pass to

operators of order zero* In our case it is reasonable to

do that by means of the parameter depending order reduc-

ing operators of Section 2.

Set

/ (^- q"1) L^(q)\ H°(X)
^o(q) « ( / : H°(X) ^© (3,5)

v rL^ I ^"-^(Y)'
ial

/ I ^ 0\

N(q) m [ €{^ m } , <*(<!) s8 ^(q) ^o^^ ^ (3-6)
\ 0 'q r /

where »., ^ IR are certain fixed exponents* Formally q is

considered as an extra covariable and the symbolic calcu-

lus for operators of the form (3«5) refers to this para-

meter dependence* The details of such a symbolic calculus

are elaborated in [R2,II"j<

E«g« the complete symbol of the pseudo-differential part
of (^ - q") '--mC^) which we denote by a(x,t,q) satisfies

near Y the following estimates (cf, (1.12))

^ . f c for |B| a o.
|o D a(xA,q)|^ \ (3.7)

^ ' ^(qr1^1-1^ for |B (> 0

>) € lR» with constants c s c(o<»B»K)» x £ K, K compact,

\U\ ^ °o^ Outside some neighbourhood of Y in (3.7) we have

to replace ^^,'^by ^ ^ ^ .
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Moreover there ie a reasonable notion of classical symbols

(the homogeneity now refers to (^,q))and of asymptotic

expansions. The same is true for operator-valued symbols*

Since we assume that the interior eymbol is independent

of x^, everything reduces to the operator-valued case

(the boundary symbols) and for <$l(q) in particular we have

a homogeneous (in (^*.q)« cf, (i.4)) principal boundary

symbol

/&(x'^'.q) \ H°(iR^
fll(x',^.q) » \: H°(|R^) -». ® (3.8)

\op(t)(x*^.q); ^

(x* ,^) € IR""1^ IR"~1. t ^ l ^ l . ( q | ^ c ^ , q e r .

3, Condition (ehp). For a suitable choice of the numbers

BJ^ IR there exists an operator

/^(xS^.q) \ H°OR^)
(l*(x*.^.q) " ; H0^)-*. ®

\op(tr(x-^\q)/ c1'

q € P \ 0, which is bijective and homogeneous in the

sense
^ / ^X 0 \ .

^(x^'.Xq) » [ (iCx'^^q)^1. \>0.s \0 i / s x

(cf« (1<3)) satisfying

( eL(x*^'.q) - ^(x'^'.q)ll ~> 0

ae | q | - > < o ^ (x*,^)^^"'"1^^"''1 .

The existence of flip means roughly speaking that there is

an elliptic homogeneous problem (ehp) (the homogeneity refers

to the (q*x^) variables) approximating the given boundary

symbol for large (q( . The choice of the numbers m. in
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classical examples is discussed in (R2, ifl. Section 2.4,

4. Theorem. Under the conditions 1,2,3 the operator (3.2)
i'\<

is invertible for h € F , |h| «? c with a constant c > 0.

The inverse has the form

(5t -(^r1 » L^(q) ̂  (qF1 N (q) - L^(q)^^(qr1 ,

q « h, and ^(q)^ can be constructed on boundary symbolic

level*

Firet we obtain an operator family cB(q) by successive

solving the equations•&.<». - ^ ,- c o

A ^ /> ^
t^^+ 2 ̂ ^^^6 l-b-o /

1 > 0. with the SUB over j < 1. j + k +|«(a 1. Then <%(q)

" ^^(tl) ^ associated with the <^,^. 0 S j la K and a parti-al
tion of unity on Y.

5» Theorem• Under the conditions of Theorem 4 for each k ^ 2

there exists a K ^ 2 such that (P) (q) satisfies

W<%(q) ^(q) - Î  B\^^ ^ c(ql~1 (3.10)

lld(q) v%(q) - Ig ll^i+k ^ clq(-1 (3.11)

for every 1 d IR with a constant c a c. , .
1 2

Here 11 . |L .1 denotes the norm of operators
-l/l1 , ^ 1

H^Y.H0^)) -> H-'-^Y.H0^))

and

H1(Y,HO(IR^)) Hlt(Y.H^))

© ——^ ®

^ H1-111-^^2^) ^^^-^-^(Y)
ia0 ia0
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respectively, I< - are the identities in the corresponding

spaces. The invertibility of <$4(q) for large | q j then follows

by a Neumann series argument,

Set

rt'(q) a H(q) (^- (g"))

6, Corollary, For every I^IR, 0 ^ p a m,
i <i -in+p

l^(q) 4.((^) " O d q l )*

II |L /„• \ denotes the norm of operators H *°(X) @I k t/^iV ^ / ^

® H^^^^CY) -» H1*P(X) .
ial

7, Corollary, With $)*(q) « l-^(q) ^>(q), ^(q) as in

Theorem 5, we have

,, - ( , -i „ -1-n+p
II <& (q) - ^'(«) Bl.(Uk.p) " ̂ ^l )

0 ^ p ^ ra, 1 ^ IR,

Note that

^•(hW r1 « (£(h). K*(h)).

where ^(h) is the inverse of

^Iker T : ker T ̂  Ho(x)-

Usually in the resolvent construction one is roainly inter-

ested in ^(h)« The corresponding estimates follow immediate-

ly froa the above assertions by omitting the potential parts,

At the same time we also got growth estimates for K(h). the

potential part of the inverse of (3,2),

When X is an arbitrary compact manifold with boundary Y

the construction is similar but more technical. The formu-
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lation of the results refers to a modification of the Sobo-
lev spaces consisting roughly speaking of those distribu-
tions which belong to the ordinary Sobolev spaces in the
interior of X (outside some neighbourhood of Y) and near Y
to the classes indicated above (cf» [ R 2 , I l ] ) » Denoting
these spaces by ̂ (X) and ̂ ^(X) a ^(H^X)), respective-
ly» the results in the general case have the same form as
above with the new spaces instead of the old ones,

r̂The H spaces reflect a typical loss of regularity in normal
direction to Y , compared with the parametrix and resolvent
constructions for operators with the transmission property•

References
[Ri] S^ Rempel, B^-W^ Schuize

Parametrices and boundary symbolic calculus for ellip-
tic boundary problems without the transmission property•
Math^Nachr^ 105 (1982) (to appear)

[R2] S^ Rempel, B^-W^ Schuize
Complex powers for pseudo-differential boundary
problems I, II. Math«Nachr« (to appear)

[Bl^ L̂  Boutet de Monvel
Boundary problems for pseudo-differential operators.
Act a Math^ i26, ii-51 (1971)

[El] G^I. Eskin
Boundary problems for elliptic pseudo-differential
equations (Russ^) Moscow, Nauka 1973

[R3^| S» Rempel, B^-W, Schuize
Index theory of elliptic boundary problems^
Akademie-Verlag Berlin 1982

[si] R^ Seeley
Complex powers of an elliptic pseudo-differential
operator^Proc^Symp^Pure Math^ 10̂  288-307 (1967)



- 22 -

[S2] R, Seeley
The resolvent of an elliptic boundary problem*
Aiaer»0,Math, 91, 889-920 (1969)

[vi] M.I, Visik. G,I. Eskin
Convolution equations in bounded domains, Usp.Mat,
Nauk 2^, 3, 89-152 (1965)

[Gl] G. Grubb
On pseudo-differential boundary problems II, IIB,
IIC< Preprint Kobenhavns Univ* 1980

[G2] G. Grubb
Puissances fractionnaires des problemes aux limites
pseudo«differentiels elliptiques. Manuscript (1980)


