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UNIQUE CONTINUATION THEOREMS FOR SOLUTIONS

OF PARTIAL DIFFERENTIAL EQUATIONS AND INEQUALITIES

M. S. BAOUENDI E. C. ZACHMANOGLOU

In this paper we present a new general unique continuation theorem
for solutions of linear P . D . E . ' s with analytic coefficients. The
solutions are assumed to vanish of infinite order on manifolds of
codimension ^ 1 . Some new unique continuation results are also given
for certain hyperbolic equations (and inequalities) with nonanalytic
coefficients.

We give here only the main ideas of the proofs. The complete proofs
will appear in [ I ] ,

§ 1 . Unique continuation for PDE's with analytic coefficients.

Let ^1 be an open set of R" and P ( x , D ) be a linear partial
differential operator of order m with analytic coefficients in ^.
We denote by P the principal symbol of P and by 2(P) the
characteristic set of P contained in T*(^)\0, i . e .

2(P) = {(x.^); x e ̂  ^ €R"\{0}, P^(x^) = 0} .

If M and N are two differentiate manifolds contained in ^,

M <= N, and if u is a continuous function defined in N, we say that

u vanishes of infinite order on M if, for all a 6IR, the function
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x -> d ( x . M ) ° u ( x )

is bounded in any compact set of N. Here d ( x , M ) denotes the
distance of x from M.

We say that the manifold M is P-noncharacteristic if the normal
bundle of M (in T*(^)\0) does not intersect 2 ( P ) , i . e . for all
x € M and ^ €^{0} normal to M at x , Pm(x^) f 0.

We now are ready to state our first result.

Theorem 1 . 1 . Let M and N be two analytic manifolds in ^, M c: N ,
and assume that M j[s_ P-noncharacteri stic. There is a neighborhood
v of M I" N such that if u is a continuous function in ^
satisfying:

( i ) Pu = 0 in i^, and
( i i ) the restriction of u tô  N vanishes of infinite order

on. M'

then u must vanish in V .

Condition ( i i ) in Theorem 1 . 1 may be replaced by a weaker condition
which is easier to formulate in local coordinates (see [ 1 ] ) . In
particular, if M divides N into two sides ( i n which case
dim N = dim M + 1 ) , then it is enough to assume that the restriction
of u to N vanishes of infinite order on M from one side only.
When dim M = n - 1 , the result is Holmgren's uniqueness theorem for
continuous solutions.

Taking N = ̂  in Theorem 1 . 1 we obtain the following corollary.

Corollary 1 . 1 . Let M be an analytic manifold in ^ and assume that
M iŝ  P-noncharacteristic. There is a neighborhood V of M in ^
such that if u is a continuous function in Q. satisfying
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(i) Pu = 0 v[\_ ^, and

(ii) u vanishes of infinite order on M,

then u must vanish in V.

Idea of proof of Theorem 1 . 1

Since we are looking for a local result, we can assume that

(1.1) ^ = {x eiR"; 2: x2 < 2. 2 x2 < 1}
i=1 1 i=r+1 1

(1 .2) M = {x C ̂  x .̂ = 0 for r + 1 <, i ^ n}

(1 .3 ) N = {x e ^2; x. = 0 for r + p + 1 <. i ^ n}

with 0 < r < r + p ^ n .

We set for p e (0,1]

(1.4) ^ - { x e R"; 2; x2 < 2; Z x2 < p}
P i=i ^ i=r+l 1

We first state an auxiliary result which is a special case of

Theorem 1 . 1 .

Lemma 1 . 1 : Let. ^, M , N and, n be given by ( 1 . 1 ) , ( 1 . 2 ) , ( 1 . 3 ) and
( 1 . 4 ) respectively. There is p e ( 0 , 1 ] such that every u € C(^)

r 2satisfying ( i ) and ( i i ) of Theorem 1 . 1 and vanishing for 2 x^. ^ 1
must vanish in N n ̂  .

In order to show that Theorem 1 . 1 follows from Lemma 1 . 1 , we
consider the following change of variables x = 6 ( y ) defined by

x . = y, for 1 ^ i ̂  r
u*

x,. = ( 1 - S y^y, r + 1 ^ i n n ,1 k=1 k 1
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and the new partial differential operator Q defined by

(1 - ̂  ̂ (^Nx)^^^ Q ( y , D ^ ) u ( e ( y ) ) .

If u € C(^) and satisfies ( i ) and ( i i ) of Theorem 1 . 1 , one can
check that the function v defined by

r ,,
u ( e ( y ) ) for y € ̂  and 1 - 2 yj- > 0

v ( y ) = ^ k=1

0 for y ̂  ̂  and 1 - 2 y2 < 0k=1 k "

satisfies assumptions of Lemma 1 . 1 (for Q instead of P ) . Since M
is Q-noncharacteristic v must vanish in ^ for some p € ( 0 , 1 ]
and hence u = 0 in a neighborhood of 0 in N.

Idea of proof of Lemma 1 . 1 .
The proof of this lemma is based on Theorem 4.1 in [ 3 ] . We

prove that if g is an analytic function defined on M , and if u
satisfies assumptions of Lemma 1 . 1 , then the function

F ( t p . . . , t p ) = J g ( x p . . . , x ^ ) u ( x p . . . , x ^ , . t p . . . , t , 0 , . . . , 0 ) d x . j . . . dXy.

P ois analytic for 2 t. sufficiently small and vanishes of infinitei=1 1
order at 0; therefore F is identically zero. Using a density
argument, we conclude that u ( x ) = 0 in ^ U N for some p e ( 0 , 1 ] .

It should be noted that if u is assumed to be of class C"1 in
Theorem 1 . 1 then the proof can be based on the result of [ 4 ] .

§2. Unique continuation for second order hyperbolic equations and
inequalities.

It is well known from examples of Cohen and of P1is that
Theorem 1 cannot be generally true if the coefficients of P are
assumed to be C00 (even when N = Q and M is a hyperplane).
However it is known that, for second order elliptic equations with
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nonanalytic coefficients. Theorem 1 holds with N = ̂  and M a
point in S^. (See for example [ 2 ] , [5] and their references).

For hyperbolic (or ultrahyperbolic) second order equations with
nonanalytic coefficients we can obtain unique continuation results
from noncharacteristic manifolds. Here we restrict ourselves to

0equations with principal part the wave operator A - 3. (withX Ln ^A - 2 3 . , ) and the manifold M being a line segment of the t-axis.x 1 ^i
Actually the method of proof allows us to state our results for
inequalities.

For x e IP" we set r = ( 2 x . ) and x = r6 where 9 varies\i=1 1 /
over the unit sphere S , . For R > 0, let

D^ = { ( x . t ) eR^1; r + | t | < R} .

Theorem 2 . 1 . Let u € C^Dp) and assume that there exist positive
constants C, and C? such that

( 2 . 1 ) [A^u - 3JUJ ^ C^r^lgrad u[ + r " 2 } ^ ) in D^ , and

(2.2) j |gradQu(r6,1)1^9 ^ C^ f |u(r6,1)1^9

Vl Vl

for r + | t j < R. j[_f u and grad u vanish of infinite order on the

line segment {x = 0, |t| < R} then u must vanish in Dr>.—.———,——— ^

We have been unable to prove Theorem 2.1 without condition (2.2).

It should be noted that the class of functions satisfying condition

(2.2) includes: (a) Functions which have finite expansions with
0

respect to an orthonormat basis of spherical harmonics in L (S ,);

in particular, functions which depend only on r and t. (b) Functions

of the form u(x,t) = h(r,t)v(r9,t) where h e C2 for r + |t| ^ R

and v is analytic in r and t for r + |t| ^ R.
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Inequality ( 2 . 1 ) is satisfied for example by solutions of the
nonlinear equation

^ " ̂ u = ̂ ^"^ad u)

provided that

| F ( x , t , u , g r a d u ) | $ (^(r'^grad u | + r " 2 | u | )

in Dp, for some positive constant C . . In particular, inequality
( 2 . 1 ) is satisfied by solutions of the linear equation

( 2 . 3 ) A^u - 8^u + ̂  L(x,t,D^)u + ̂1̂ - u = 0

where L is a first order linear differential operator, the
coefficients of L and c being bounded functions in Do.K

When the tower order terms in(2.3)depend only on r and t
condition(2.2)can be dropped. We have

Theorem 2 . 2 . Let u 6 C^Dp) and satisfy

^ - ̂  + ̂ ̂  + ̂^ ̂  + clyl u = °

In Dp, where a , b , c are bounded functions for r + [ t [ < R . .If. u
and grad u vanish of infinite order on the line segment
{x = 0, | t | < R} , then u must vanish in Dn.

Idea of proof of Theorems 2.1 and 2 . 2 .
Theorem 2 . 1 is a consequence of the following weighted L

inequality:.
pFor every u € C (Dp) satisfying condition ( 2 . 2 ) and such that

u and its first and second order derivatives vanish of infinite
order on {x = 0, [ t | ^ R } , there is C > 0 such that, for alt
sufficiently large Y»
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f (r-^grad u| 2 + r^jul^r^dxdt ^ (- f |A,u - a^l^dxdt..» y j X t
"R "R

This inequality is proved by the method of multipliers applied to
equations with coefficients which are singular in r.

Theorem 2.2 is proved by expanding u in spherical harmonics
and applying Theorem 2 . 1 to each component.
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