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THE RIEMÀNN-ROCH THEOREM ON ALGEBRAIC CURVES

by Herbert SCHRÖDER

Abstract: We give an analytic proof of a Riemann-Roch type theorem on singular algebraic
curves. Formulated as an index theorem for the Cauchy-Riemann operator twisted by a holomorphic
vector bundie (over the regular part of the curve) we reduce at once to the case where the bundie
is trivial and of rank one. Then the Cauchy-Riemann operator 8 can be transformed into an
operator which near the singular set is a perturbation of a regular singular operator with operator
coefficients, and to which we can apply the methods of J. Briining and R.T. Seeley as developed
further in [B]. The treatment in this special case is joint work with J. Briining and N. Peyerimhoff,
and will only be sketched hère.

1. Introduction

The classical Riemann-Roch Theorem arose from trying to estimate the maximal
number of linear independent meromorphic functions on a compact Riemann surface S
which are subordinate to a given divisor D = Sm(p)p € Ho(S, Z).

Dénote by M(D) the space of meromorphic functions which have a pôle of order
^ m(p) at p if m(p) > 0, and vanish of order ^ -m(p) at p if m(p) ^ 0. By M'(D) we
dénote the space of meromorphic one-forms with similar behavior but onier of pôles
and zéros reversed. Then the Riemann-Roch theorem states that

dim M(D) - dim M'(JD) = x (5 ) + deg (D), (1.1)

where deg (D) = Em(p), and Avhere \ (S) is the arithmetic genus of 5 (which is half
its Euler characteristic).

Patching pôles and zéros in a trivial line bundle as prescribed by the divisor D one
obtains a holomorphic Une bundle [D] over 5 whose holomorphic sections correspond
to éléments of M(D), i.e. M(D) = ker BID]- d[D] acts Iocally as d/dz on the coordinate
function wit h respect to some frame. Similarly, M '(D) = ker d[D] where c^j is the
formai adjoint with respect to some Hermitean metric on [D] and the Kâhler metric
on 5. Then 8[D] has a unique closed extension (as an operator in the corresponding
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spaces of L2-sections) which, moreover, is Fredholm by ellipticity. In this setting (1.1)
is equivalent to

f
Js

(1.2)
s

where c\([£>]) € # 2 (S ,Z) is the first Chern class of [D], Poincaré dual to Z? by the
residue theorem.

Whereas (1.1) is usually stated and proved using sheaf cohomology, cf, e.g. [GH],
(1.2) can be proved in a purely analytic manner using the heat équation method, cf.
[K], Now it is easy enough to extend the sheaf theoretic version of the Riemann-Roch
theorem to include singular algebraic curves and divisors which are supported off the
singular locus. For the analytic version such an extension is not at all obvious since,
at first glance, there is no natural Fredholm operator available. This and more will be
supplied by our generalization of (1.2).

2. The twisted Cauchy-Riemann operator

Let C be an algebraic curve, i.e., a one-dimensional subvariety of CPN which we
assume to be irreducible. The desingularization (5, n) of C consists of a nonsingular
curve 5 and an holomorphic map ir : 5 —* CPN with n(S) = C and x : S\n~l(%) —>
C \ E biholomorphic. The singular locus E c C is a finite set consisting of singular
values of 7r, and of points p where Jt n~] (p) ^ 2 . Moreover, let E be a continuous vector
bundie of rank k over C\ holomorphic over C \ E, and equipped with an Hermitean
metric which is constant near the points of E. The metric on C \ E is induced by the
Fubini study metric of the ambient projective space. Then we consider

acting on compactly supported sections of the bundie È = £|CyE- We dénote by

AOji(E) the completion of fi^'CÊ), i = 0,1, with respect to the inner product coming
from the metrics.

Now we can state our main resuit.

THEOREM, — BE is closable as an operator with domain in A°>°(E) and range
in AOt*(E). There is a one-to-one correspondence between closed extensions of BE
and subspaces W of the finite-dimensional space WQ = Z>(d£imax)/I)(d£>in)» 9£,max

and ÖE,min denoting the maximal and the minimal extension, respectively. Each closed
extension BEW is o Fredholm operator with index

ind BE,\\> = ind 0E,min + dim W (2.1)

where

ind BE%m>n = * x(S) + / ci (È) (2.2)
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and

Here, the numbers n{q) are the multiplicities of the branches C(g), q G TT" 1^),
into which the curve décomposes near a singular point p G E. It is well-known that by
choosing a suitable holomorphic chart <p : U(q) —• D€ = {z G C | \z\ < e] of S at
q G îr"1^) one gets an n(g)-fold covering

whose coordinate functions Pj(z)9 j = 0, • • •, N in C P ^ are of the form
l , P ;(z) = 0 , 1 < j < ' - l
^n(9) (2.4)

Pj(r) a power series vanishing of order > n(g), j > t
i fp = [I : 0 :•••:<)] .

Example. — The cuspoidal curve C = {[wo : u>i : 102] € C P 2 | u>ou>2 = «>?}
has the singular locus E = {[1 : 0 : 0]} t and the desingularization (CP 1 , * ) with
TT : CP1 3 [ro : *i] » [2} : z*z\ : z |] G CP 2 .

There are two closed extensions of 8 with
ind dm\n = 1 and ind dmax = 2 .

3. Sketch of proof

We can think of E as given by an open covering {UQ)Q£A of C and a cocycle
igafi) of holomorphic maps

where each Ua contains at most one singular point, and UQ n Up n S = 0. Taking
trivializing maps

and the standard basis (e>)i<j<A- of Cfc, we obtain local frames
C° = (Cp = (^1(-,ci)) onl7tt

and continuous functions
C

which we assume to be smooth in UQ \ E, and constant near UQ n E. Now it is well-
known, cf. [GH] pp. 70ff, that the local expressions

(3.1)
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extend to a globally defined operator

Moreover, there is a unique connection V E on È compatible with the metric and
with the complex structure.

Using this connection we represent the first Chern class c\(È) by a closed
differential fonn with compact support in C \ E. With respect to the frame Ca we
get the connection form

of VE on UQ9 and since the connection form of the induced connection VA*g on AkÈ9

u>Q = ölog det/i",

is a globally defined one-form, and since

(cf. [GH] p. 414) we obtain

= ^(<fo° - Ö ° A CJQ)
2 TT

= ^-Bd log det ha.

In particular, CI (VE) = 0 near E, hence JC\^C\(VE) is well defined and does
not depend on the choice of the Hermitean metric provided the metric is constant near
E.

Next we choose a local parametrization

V> = TT o y"1 : Dl -> C{qY f ^"^O) = q € *-*(p),

of some branch C(q) of C\ where C(q)* = C(q) \ {p}. We may assume that C(q) C UQ

for some a and that fc"|c( } is given by a constant diagonal matrix

If we pull back the Fubini-Study metric on C(qY to D*, using (2.4) we obtain
the metric

g(z) = Re (h(z)dz ® dz),

where
Hz) = n{q)2\zf«'}-2 + O(\z\2nW).

Then we define unitary transformations

*f) o *"» € «S
3 2

: Q°0'\E\c{q).) 3dSQf~ A ^ 1 o ƒ o 0 6 ÎÎSI0(D; xC l ) ,
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which intertwine BE with

or with
= i3HX;C'x + # Coo O ic fc + «̂ lvEJ & •'C*^ i \^- i )

if we use polar coordinates (r, if) and x = rn(9).

Here Si and Si are operator-valued C°°-maps, B\ is a "small" perturbation of / ,
and Si a small perturbation of 0, cf. [BPS]. So is the essentially self-adjoint first order
differential operator

i 1
ti(q) 2

acting in L2(S]). So up to these perturbations we end up with a regular singular operator
as considered by J. Brüning and R.T. Seeley. We continue to work over a single branch
C(q) but note that finally one has to consider the union U of all such branches and add
up the various So's to get

( ^ - 5 ) actinsin © x2(5l)-
To prove the first part of the theorem one has to construct a parametrix. Fbr the

unperturbed operator

5b

a "boundary" parametrix can be defined using the parametrices for the ordinary
differential operators on the right-hand side

t(y)dy, s > —1/2
fo "*'

1 . .

Combined with an "interior" parametrix on C \ U which is guaranteed by ellipti-
city one obtains a global parametrix. It turns out that this gives also a parametrix
for the perturbed operator we started from. If ( -1 /2 ,1 /2) n spec SQ ^ 0 one has
several choices leading to different closed extensions, i.e. imposing different boundary
conditions. Moreover, one has

WbS 0 ker (5o -6 ) .
l-Ki/2

The index formula for ömin will be deduced by the heat équation method. On S
one has, putting D+ = d*B, D_ = öcK

ind B = dim ker D+ — dim ker D-

k e r (D+ " A> " d i m k « O>_ - A)], O 0

s
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while in our case we get an interior contribution

/ è \f
c\v i Jc\u

(T'C \U dénotes the holomoiphic tangent bundie over C \ U), and a boundary
contribution

OKSb) di k Sb) ] P dim ker (̂ o - s ) ,

cf. [BPS]. We get

c , (T'(C\ 10) = X e ( C \ U ) + ^ - T f K9ds
c\u ** Jaci)

by the GauB-Bonnet theorem (for surfaces with boundary). Hère Xe dénote s the
Euler characteristic, and K9 the geodesie curvature of the boundary component dC(q\
q e TT"1 (S). Since spec So = UçC 1 /"^) 2 - V2)» w e h a v e v(So) = 0 and counting
eigenvalues leads to a boundary contribution

indâm in= 2

4, The Riemann-Roch Theorem

In this final section we state our generalization of the Riemann-Roch theorem.

Starting from a divisor D with support in C \ E one defines a line bundie [D]
in the usual way, cf. [GH], pp. 133ff. Then c\([D]) is compactly supported and dual to
D9 i.e.

/ c,([Z)]) = degI>.
Jc\z

Just like in the theorem of Section 2 one gets several Riemann-Roch formulas
depending on the boundary conditions which can be imposed on the meromorphic
functions. We only consider the one that corresponds to the closure of
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By [B], the domain of ö[£>],min consists of functions whose transformations u
according to (3.2) satisfy the following conditions near E

& k! ^ (4.io)
(4.16)

= o(|x]og x|1/2), .<r->0. (4.1c)

THEOREM. — Let M(D) be the space of meromorphic functions specified in
Section 1 and obeying (4.1), and M'(D) the space of meromorphic one-forms which
are in th e domain ofd^D]min near E. Then we have

dim Jlƒ(£>) - dim M'(D) = *(S) + deg (D).

Références

[B] B R Ü N I N G J . — L2-index theorems on certain complete mam/o/dls, J. Differ. Geom., (toappear).

[BPS] B R Ü N I N G J . , P E Y E R I M H O F F N M S C H R Ö D E R H. — The o-operator on algebraic
curves, Preprint Nr. 196, Universilüt Augsburg, 1989.

[GH1 G R I F F I T I I S P . , H A R R I S J. — Principes of Algebraic Geometry, New York: J. Wiley &
Sons, 1978.

[KJ KOTAKE T. — An analytic proof of the classical Riemann-Roch theorem, Proc. Symp. Pure
Malh.f 16(1970), 137-146.

Herben SCHRÖDER
Institut für Mathematik
Universitüt Augsburg
Memminger Str. 6
D - 8900 Augsburg


