Institut Fourier — Université de Grenoble I

Actes du seminaire de

Théorie spectrale
et géometrie

Inkang K1M, Pierre PANSU & Xueyuan WAN

Signature, Toledo and eta invariants for surface group representations in
the real symplectic group

Volume 37 (2021-2022), p. 1-17.
https://doi.org/10.5802/tsg.381

© Les auteurs, 2021-2022.

L’acces aux articles du Séminaire de théorie spectrale et géométrie
(http://tsg.centre-mersenne.org/) implique I’accord avec les conditions
générales d’utilisation (http://tsg.centre-mersenne.org/legal /).

<
>

MERSENNE

Publication membre du Centre Mersenne
pour I’édition scientifique ouverte
www.centre-mersenne.org
e-ISSN : 2118-9242


https://doi.org/10.5802/tsg.381
http://tsg.centre-mersenne.org/
http://tsg.centre-mersenne.org/legal/
http://www.centre-mersenne.org/
http://www.centre-mersenne.org/

Séminaire de théorie spectrale et géométrie
GRENOBLE
Volume 37 (2021-2022) 1-17

SIGNATURE, TOLEDO AND ETA INVARIANTS FOR
SURFACE GROUP REPRESENTATIONS IN THE REAL
SYMPLECTIC GROUP

Inkang Kim, Pierre Pansu & Xueyuan Wan

ABSTRACT. — In this paper, by using the Atiyah—Patodi-Singer index theorem,
we obtain a formula for the signature of a flat symplectic vector bundle over a
surface with boundary, which is related to the Toledo invariant of a surface group
representation in the real symplectic group and p invariant on the boundary. As
an application, we obtain a Milnor-Wood type inequality for the signature. In
particular, we give a new proof of the Milnor-Wood inequality for the Toledo
invariant in the case of closed surfaces and obtain some modified inequalities for
surfaces with boundary.

Introduction

Let ¥ be a closed surface, and consider a surface group representation
p:m(X) = Sp(E, Q) into the real symplectic group Sp(E, 2), where (E, §2)
is a symplectic vector space. Let (€,2) denote the flat symplectic vector
bundle over X associated to the representation p. There is a canonical
quadratic form [ Q(-U ) on the cohomology H' (X, £). Meyer’s signature
formula [26, § 4.1, p. 19] implies that the signature of the quadratic form
is given by 4[5, ¢1(£€,9), where ¢1(€,9Q) denotes the first Chern class of
the symplectic vector bundle (€,), which can be expressed in terms of
Toledo invariant, see e.g. [16, Appendix A]. For the case of manifolds with

Keywords: Signature, Toledo invariant, surface group representation, real symplectic
group, eta invariant, Rho invariant.

2020 Mathematics Subject Classification: 14J60, 58J20, 58J28.

Acknowledgements: Research by Inkang Kim is partially supported by Grant
NRF2019R1A2C1083865 and KIAS Individual Grant (MG031408), and Xueyuan Wan
is sponsored by the National Key R&D Program of China (Grant No. 2024YFA1013200)
and the Natural Science Foundation of Chongqing, China (Grant No. CSTB2024NSCQ-
LZX0040, CSTB2023NSCQ-LZX0042).



2 INKANG KIM, PIERRE PANSU & XUEYUAN WAN

boundary, Atiyah, Patodi and Singer introduced 7 invariant and obtained
an index theorem, which is known as Atiyah-Patodi-Singer index theorem,
see [2, Theorem 3.10]. For a surface 3 with boundary 9%, one can consider
a unitary representation of the fundamental group p : 7 (X) — U(n),
which gives a flat Hermitian vector bundle over . Similarly, one can also
define a quadratic form on the relative cohomology with coefficients in
the flat bundle. From [3, Theorem 2.2, 2.4], the signature of the quadratic
form is exactly the n invariant (or p invariant). Inspired by these results,
in this paper, by using the Atiyah—Patodi-Singer index theorem, we will
consider the signature of the flat symplectic vector bundle associated to a
representation p : m (X) — Sp(E, Q) for the surface ¥ with boundary.

Let ¥ be a connected oriented surface with smooth boundary 9%, and
gs be a Riemannian metric on ¥. Suppose that on the collar neighbor-
hood 9% x [0,1] C ¥ of 9%, the metric has a product form. Let p :
m1(X) — Sp(E, Q) be a surface group representation, which gives a flat
symplectic vector bundle (£,)) over X, see Section 1.2. Consider the im-
age of twisted singular cohomology in the absolute cohomology Ht (3,8 =
Im(H(X, 0%, €) — HY(X, £)), and the canonical quadratic form Qg(-,-) =
J5Q(-U-) on H!(%, ), which is non-degenerate. We denote by sign(&, )
the signature of the quadratic form. For any J € J(&, ), the set of compat-
ible complex structures, the operator Ay = J % is a C-linear formally self-
adjoint elliptic first order differential operator in the space A%(9%, Ec|ox),
see Proposition 1.1. Hence it has a discrete spectrum with real eigenval-
ues, and the 7 invariant n(Ay) is well-defined, see Section 1.1.3. Let V be
any peripheral connection on (£,9,J), and let ¢1(&,9Q,J) denote the first
Chern class of the flat symplectic vector bundle in the de Rham cohomology
with compact support, which is defined as the first Chern class associated
to the peripheral connection V. By using the Atiyah—Patodi—Singer index
theorem [2, Theorem 3.10], we obtain

THEOREM 0.1. — The signature of the flat symplectic vector bundle
(€,9) is
(0.1) sign(€, ) = 4/ a(€,9,J) +n(Ag).
b

For the case of closed surfaces, the above theorem was obtained by
Meyer [26, § 4.1, p. 19], and by Lusztig [24, § 2] considering the signa-
ture of a flat U(p, ¢)-Hermitian vector bundle. For the case of surfaces with
boundary, and a surface group representation in U(p, ¢), the above theorem
was proved by Atiyah [1, (3.1)] under the assumption that the representa-
tion on each component of the boundary is elliptic. By using the formula
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SIGNATURE, TOLEDO AND ETA INVARIANTS FOR SURFACE GROUP 3

of signature for elliptic case, Atiyah [1, Theorem 2.13] proved for general
case that the signature can be expressed as another kind of formula in
terms of the relative Chern class of a certain line bundle, see [1, § 3] for
the proof. In our paper [18], we counsider the signature, Toledo invariant,
p invariant and Milnor-Wood type inequality associated with the surface
group representations in the U(p, ¢)-group.

Next, we will show that the first term 4 [j, ¢1(€,9,J) is related to the
Toledo invariant T(X, p). For a closed surface 3, the Toledo invariant was
defined in [8, 29] by considering a surface group representation p : 71 (3) —
PSU(1,n) of its fundamental group in the group of motions of complex
hyperbolic n-space. In [6], Burger, lozzi and Wienhard extended the defi-
nition of the Toledo invariant to surfaces with boundary and obtained the
Milnor-Wood inequality | T(X, p)| < rank(2")|x(X)| by using the meth-
ods of bounded cohomology. More precisely, consider a representation p :
71(X) — G into a Lie group G which is of type (RH), so that the associated
symmetric space 2" = G/K is a Hermitian symmetric space of noncompact
type. Let wg denote the (unique) Kéhler form such that the minimal holo-
morphic sectional curvature of the associated Hermitian metric is —1. The
Kihler form wy gives a bounded Kihler class k% € Hib(G,R). Consider
the pullback in bounded cohomology, p; (Hg) € HE (m1(2),R) = HZ(Z, R).
The canonical map jox. : HE (X, 95, R) — HZ (X, R) is an isomorphism, and
the Toledo invariant is defined as

T(3,p) = <J§21PZ (E%) 2, 8E]> )

where j s pi (k&) is considered as an ordinary relative class and [, 9Y]
is the relative fundamental class. If 9% = (), then the Toledo invariant is
given by T(X, p) = fz ffwa, where f : Y — 2 denotes any p-equivariant
smooth map. For a manifold with cusps, there are also several equivalent
definitions of the volume invariant, which is a natural generalization of
Toledo invariant for higher dimensional manifolds, see e.g. [9, 11, 19, 20, 22].

In our case, G = Sp(E, ) and K is the maximal compact subgroup of G,
which is isomorphic to the unitary group. Then the associated symmetric
space & = G/K can be identified with the bounded symmetric domain
DLH of type III, where dim £ = 2n. It is also isomorphic to the space
J(E,Q) of all compatible complex structures on (E,). Let wpm denote
the Kéhler form with holomorphic sectional curvature in [—1, —1/n], see
Appendix A. For any J € J(&,€Q), J is equivalent to a p-equivariant map
J:¥ D The form j*lenn is a p-equivariant form on ¥ and descends
to a form on Y. For each L € G, there exist a L-invariant 1-form « with
da = wpm. Let x; € [0,1] be a smooth cut-off function which is equal
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4 INKANG KIM, PIERRE PANSU & XUEYUAN WAN

to 1 near the boundary component ¢; and vanishes outside a small collar
neighborhood of ¢;. Then one can define the following de Rham cohomology
class with compact support

[P*WD}}I} = [E*WDL}I —d (i XJ*O@)
N i=1

where «; is a p(¢;)-invariant 1-form with da; = wpur, ¢ is the number
of components of 9X. Following [22, Proposition-definition 4.1], the class
[P*WDQI]C is independent of J and depends only on the conjugacy class of
p. The p invariant is defined by

1~ [~
p0%) =13 [ Frataa)

which is a natural generalization of Atiyah—Patodi—Singer p invariant for
unitary representations. Let J,(&,€2) denote the space of compatible com-
plex structures J, which is the pullback of a compatible complex struc-

)

c

ture on &|gx when restricted to a small collar neighborhood of 93. If
J € J,(€,Q), then the form J*wpm has compact support on %, := X\0X.

THEOREM 0.2. — For any J € J,(€,Q), the Toledo invariant T(%, p)
satisfies

1 . 1 < ~.
02) T(,p) = %/2 E wDEIL:Q/Ecl(E,Q,J)— %;/J .
Hence the signature can be given by the following formula:
(0.3) sign(€,Q) =2T(X, p) + p(9%).

There is a bound for the Toledo invariant, which is known as Milnor—
Wood inequality [27, 31]. It can be thought of as an obstruction for a circle
bundle to admit a flat structure, see also [12, 14]. This inequality and the
maximal representations were widely studied, see e.g. [5, 6, 8, 10, 13, 22,
23, 29, 30]. Here we will deduce a Milnor-Wood type inequality for the
signature by using the formula (0.3).

THEOREM 0.3. — The signature satisfies the following Milnor—Wood
type inequality:
|sign(€,Q)] < dim E - |x(X2)|.

In particular, if 3 is closed, then sign(&, Q) = 2 T (X, p) and we obtain the
Milnor—-Wood inequality for the Toledo invariant in the case of the surface
group representations in the real symplectic group.

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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COROLLARY 0.4 (Turaev [30]). — The Toledo invariant satisfies
dim F
['T(E, p)l < —5—Ix(E)l.

For the case of dim F = 2, Sp(F, Q) = SL(2,R), we obtain the following
modified Milnor-Wood inequalities (0.4).

PROPOSITION 0.5. — For any representation p : w1 (X) — SL(2,R), one
has

O
04) -1y Y B
p(cy) is elliptic
0
<IEp<kelvi- Y (1-%),
p(ck) is elliptic

where 0;, € (0,m) such that [R(0y)] is conjugate to [p(ck)] € PSL(2,R) =
SL(2,R)/{+£I}, and [e] denotes the class in

cosf —sin Hk)

PSL(2,R), B(0) = (Sin 0, cosby

1. Some backgrounds
1.1. Symplectic vector bundle and n invariant over a circle

In this section, we will consider the flat symplectic vector bundle £ as-
sociated with a representation p of the fundamental group of the circle S*
into the real symplectic group Sp(F,?), and define a first order elliptic
self-adjoint differential operator Ay, and we will recall the definition of n
invariant n(Ay) for the operator, one can refer to [2, 28] for the 1 invariant.

1.1.1. Symplectic vector bundle

Let (E,Q) be a real symplectic vector space, where Q) is a symplectic
form. For any symplectic linear transformation L € Sp(FE, ), consider a
representation p(vyy) = L, where 7y denotes the generator of 71 (S'), which
is given by yo(7) = €™®,0 < x < 27. Then the representation defines a flat
vector bundle

E=RX,E=(RxE)/~

VOLUME 37 (2021-2022)



6 INKANG KIM, PIERRE PANSU & XUEYUAN WAN

over St, where (z1,e1) ~ (72, e2) if 2o = 21 +27k,k € Z and e = L™ (ey).
Each global section of £ is equivalent to a map s : R — F satisfies the p-
equivariant condition s(x + 27) = L™1s(z).

A complex structure on a real vector space E is an automorphism J :
E — E such that J? = — Id. A complex structure .JJ on a real symplectic
vector space (E, Q) is called compatible with Q (or Q-compatible) if Q(-, J-)
defines a positive definite inner product. We denote by J(FE, ) the space
of all Q-compatible complex structures on (E,€). In particular, one has
J(E,Q) C Sp(E, Q).

Denote by J(€,Q) = 5 X, J (E, ) the space of all p-equivariant complex
structures in J(F, ). For any symplectic transformation L € Sp(FE, Q)
which can be written as L = & exp(27B), where B € sp(E,Q), i.e. BTQ +
QB = 0, we can find a canonical complex structure J € J(&,Q) for any
given J € J(E,Q). In fact, for any J € J(F,Q), we define

J(x) = exp(—zB)Jexp(zB) € J(E,Q),

which satisfies J(x +27) = L=*J(z)L and thus gives a complex structure J
on the flat vector bundle €. Hence J € J(€,2). But in general, L cannot
be written as L = +exp(27B) except for Sp(2,R), hence one needs to
choose another complex structure on €.

There exists a canonical flat connection d on &, which is induced from the
trivial vector bundle R x E — R. The holonomy representation of the flat
connection d is just the representation p. Denote by A°(S!, £) the space of
all smooth sections of £, which can be identified with the space A°(R, E)~
of all p-equivariant smooth maps s : R — E. There is a standard L?-metric
on the space A°(S1,£) = A°(R, E) using the inner product (-,J-) and
the metric dz ® dz on S*, ie. [q Q(,J-)dx.

1.1.2. First order differential operator

Let (E,Q) be a real symplectic vector space. By C-linear extension, {2
is also a symplectic form on the complex vector space E¢ = F ® C. For
any L € Sp(F,Q), it can be viewed as an element in Sp(E¢, 2) by C-linear
extension. Since

5C25®C:RXpEC7

so the space A%(S*, &c) of all smooth sections of Ec can be identified with
the space A°(R, Ec)¥ of all smooth p-equivariant maps from R to E¢. For
any J € J(€,9), we can also extend it to a C-linear transformation of E¢.

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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Consider the following C-linear first order differential operator

d
1.1 Ay =J—
(11) J Jdm
which acts on the space A°(R, Ec)® = A°(St, &c). Denote
(12) H(61,62) = 29(61,.]62).

for any ej,es € Ecls, € [0,27]. One can check that H is a Hermitian
metric on &, the Hermitian inner product is denoted by

(e1,€2) == Hey, &2).
The global L2-inner product on A°(S*, &c) is defined as

(1.3) ) :[gl(~,-)dx:2/31 Q(, J)da.

PROPOSITION 1.1. — Ay is a C-linear formally self-adjoint elliptic first
order differential operator in the space A°(S1, &c).

Proof. — 1t is obvious that Ay is C-linear, first order and elliptic, so we
just need to prove Aj is formally self-adjoint. For any s1,s2 € A°(S!, &),
one has

d d
(Agsi,s2) — (s1,Ags2) = 2/S1 (Q (dx81,82> +Q (31, dx52>) dx
:2/ d(Q(s1,53)) = 0,
Sl

which completes the proof. O

Remark 1.2. — The operator Ay has a natural extension in the Hilbert
space L2(S1,&c), we also denote it by Aj, see e.g. [21, Definition 7.1 in
Appendix]. From Proposition 1.1, Ay is formally self-adjoint and elliptic, so
Ay is self-adjoint in the Hilbert space L?(S%, &c), see e.g. [21, Theorem 7.2
in Appendix].

1.1.3. n invariant

For every elliptic self-adjoint differential operator A, which acts on a Her-
mitian vector bundle over a closed manifold, the operator A has a discrete
spectrum with real eigenvalues. Let A; run over the eigenvalues of A, then
the n function of A is defined as

sign A;
na(s) = 3 ZEL

o T

VOLUME 37 (2021-2022)
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where s € C. The n function admits a meromorphic continuation to the
whole complex plane and is holomorphic at s = 0. The special value 4 (0) is
then called the 7 invariant of the operator A, and we denote the 7 invariant
by

(1.4) n(4) = 04 (0).

Applying this general notion to the operator Ay, Ay has discrete spectrum

consisting of real eigenvalues A of finite multiplicity, and the n invariant
n(Ayz) of Ay is defined by (1.4).

Example 1.3. — For any representation
P 7T1(Sl) — Sp(ZaR) = SL(QvR)7

and the operator

d
A =32
J dz’

where J := exp(—xB)Jexp(xB), and L = +exp(27nB) € Sp(2,R) denotes
the image of the generator of 71 (S1), the n invariant 7(Az) can be explicitly
calculated. See [18, Appendix].

1.2. Signature of flat symplectic vector bundles

In this section, we will define the signature of a flat symplectic vector
bundle, and show it can be expressed as the difference of two L2-indices.

Let X be a connected oriented surface with smooth boundary 9%, each
component of JY is homeomorphic to S1, let ¢ : 03 — ¥ denote the natural
inclusion. Let (E, ) be a real symplectic vector space, and p : 71 (%) —
Sp(E, Q) be a representation from the fundamental group 71 (X) of ¥ into
the real symplectic group Sp(FE, ). The representation p gives a flat vector
bundle £ = & X, E over ¥. Any element of A*(X,£) can be viewed as a p-
equivariant element in A*(E, R)® E, where p-equivariant means (y~1)*w ®
p(M)v = w @ for w € A*(X,R) and v € E. There exists a canonical flat
connection d on the flat bundle £, which is defined by d(w ® v) := dw @ v.
One can also refer to [4, Section 1.1] for the representations, flat bundles
and the canonical flat connection.

1.2.1. Definition of signature

Let H*(3, E) (resp. H*(X, 0%, £)) denote the (resp. relative) twisted sin-
gular cohomology, we refer to [7, Chapter 5] for the definitions. Set

HY(%,&) == Im (H'(%,0%, &) — HY(%,€)) .

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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There exists a natural quadratic form

Qr:H'(Z,&) x H(Z,) = R

wwmm=/9@wm»

P

By the same argument as in [2, p. 65], the form Qg is non-degenerate due to
Poincaré duality. Moreover, Qg is symmetric, i.e. Qr([a], [b]) = Qr([b], [a])-
If HY(,E) = s+ @& A~ such that Qg is positive definite on # and
negative definite on 52~ then the signature of (£,) is defined as the
signature of the symmetric bilinear form Qg, that is,

sign(&,9Q) = sign(Qr) = dim "+ — dim 57~

By C-linear extension, € can be viewed as a symplectic form on Ec. For
this symplectic vector bundle (&, 2), we obtain a complex quadratic form

Qc : HY(Z, &) x HY(Z, &) — C

%@HW=/WMUW,

P

where HY(S, &) = Im(HY(S,0%, &) — HY(,&)). For any [d],[b] €
ﬁl(E,&c), one has Qc([a],[b]) = Qc([b], [a]), which means Q¢ is a Her-
mitian form. Naturally, one can define the signature sign(&c, Q) of (Ec, ).
We now prove that the two signatures sign(€, Q) and sign(&c, §2) are equal.

PROPOSITION 1.4. — sign(&c, ) = sign(&g, ).

Proof. — Since H(,&) = s+ & #~ and HY(Z, &) = HY(,€) ® C,
SO

HY(X, &) = A @ A,
where %’@E = #* ®C, and dim¢ jﬁci = dimpg 47*. Hence

sign(&c, Q) = dim¢ %‘fg —dimg¢ J;
= dimR%Jr —dimRJf7
= sign(&r, Q).

The proof is complete. O

VOLUME 37 (2021-2022)
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2. Sketch of proofs

Now we briefly explain the proof of the above results. All the details
appear in [17, 18]. By complexification, we consider the complex vector
bundle & = £ ® C which is equipped with the symplectic form 2. The
real quadratic from Qg can be extended to a non-degenerate quadratic
form Qc(-,-) = [5Q(-U-) on H!(X,&c). We denote by sign(&c, ) the
signature of the quadratic form on ﬁl(E,S@)7 which equals sign(€, Q) for
the real symplectic vector bundle (£,Q). Let gs be a Riemannian metric
on ¥ which has the product form gs = du? + gss on 9% x [0, 1]. For any
complex structure J € J (&, ), one can define the Hermitian inner product
(-,-) = 29(-,J°) and the global L%-inner product (,-). The operator *J
satisfies (*J)? = Id when acting on the space A'T*Y ® Ec. Let AT denote
the +1-eigenspaces of *J, and denote by 7+ = HET*J CAIT'Y @ & —
AT the natural projections. Set d* = 7% o d, where d is the canonical
flat connection on the space A*(X,&c). The operators d* have the form
d* = O':t(% + Af), where oF : & — AT are bundle isomorphisms, and
Af = + Ay are the first order elliptic formally self-adjoint operators on the
boundary. Let & = ¥ U ((—o0, 0] x 9%) be the complete manifold obtained
form ¥ by gluing the negative half-cylinder (—oo, 0] x 9% to the boundary
of X. The vector bundle &, the complex structure J and the canonical
flat connection d can be extended naturally to $. Denote by *(i&c)
the space of harmonic L2-forms on 3, which is isomorphic to ﬁ*(E,S@).
Moreover, it is the direct sum of the two subspaces Ker(d*)* N L? (f), A1)
and Ker(d™)* N L2 (f], A7), which correspond to the positive and negative
definite subspaces of quadratic form Q¢ respectively. The signature is then
given by

sign(€,9Q) = L? Index(d™) — L? Index(d"),

where L2 Index(d*) denote the L2-indices of the operators d*. Let Py de-
note the orthogonal projections of L?(9%, £¢) onto the subspace spanned by
all eigenfunctions of A} with eigenvalues A > 0, and A°(X, Ec; Py) be the
subspace of A%(X, £c) consisting of all sections ¢ which satisfy the bound-
ary conditions Py (i|ss) = 0. Denote by dz : A%(X, Ec; Py) — A°(X, AF)
the restriction of d*. The L?-index of d* can be expressed as the sum
of Index(dp) and he(AT), where hoo(AT) denote the dimension of the
subspace of Ker 0* A5 (0%)~! consisting of limiting values of extended L2
sections a of AT satisfying (d*)*a = 0. Hence

sign(&, Q) = Index (dp) — Index (df5) + hoo (A7) — hoo(AT).

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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By the Atiyah-Patodi-Singer index theorem [2, Theorem 3.10], dlf are
Fredholm operators and

A:t dim K Ai
Index(dfg):/zai(z)dug_ﬁ( J)+21m er ;

where fz a4 (2)dp, are the Atiyah-Singer integral. Hence

sign(&, Q) :/Zoz,(z)dug—/zour(z)clug—i—hcx,(/\_)—hoC (AT)+n(Ag).

Following [2] we consider the double ¥ Uys ¥ of ¥, and consider the Zo-
graded vector bundle F = FT @& F~ over the double ¥ Ups; X, where
F+ =&z and F~ = A~. Then the Atiyah-Singer integral can be given by

— 1 —tD?
/Ea,(z)d/ig = th_I)%/EStr <z ’e ’z> dpg,

where D is a Dirac operator on F. For any flat symplectic vector bun-
dle (£,) with J € J(€,Q), we define the peripheral connection to be
a connection which commutes with J, preserves the symplectic form, and
depends only = on a small collar neighborhood of 9%. For each peripheral
connection, there is a natural Dirac operator D7 on F, which is associated
with a Clifford connection V¥. The Duhamel’s formula gives

z> dpig.

By the local index theorem, see e.g. [25, Theorem 8.34], we obtain

dim F
x(2).

2
lim [ Str <z ‘e_tD2‘ z> dpg = lim [ Str <z ‘e‘t(DF)
t—0 » t—0 )

lim Str<z‘e_t(DF)2‘z>d,ug=2/01(5,Q,J)+
t—0 Js, 5

Similarly, we can calculate the term fz a4 (2)dpg. Following a similar ar-
gument in [2], we obtain hoo (A7) = heo(AT). Combining with the above
equalities, Theorem 0.1 is proved.

For the trivial symplectic vector bundle (F, ) = D' x(R?", Q) over the
bounded symmetric domain DLH of type III, there is a canonical complex
structure Jp on F. Moreover, we can define a complex connection VI on
(F,J ) such that the first Chern form of the connection is ﬁwDLn. For
any representation p : m(X) — Sp(E,Q) and any J € J,(€,Q), we get
a p-equivariant map J: = DLH by using the identification J(FE, ) =
D;H, which is also equivalent to the smooth map J : ¥ — ¥ X, DLH.
For the vector bundle F, = 5 x, F over 5 X, DLH7 the identification
(E,Q) = (R?",Q) induces a complex linear symplectic isomorphism be-
tween (J*F),,J*Jp ,J*Q) and (&,J,9), where J*Q denotes the induced
symplectic form on F),. The connection V¥ induces a natural connection

VOLUME 37 (2021-2022)



12 INKANG KIM, PIERRE PANSU & XUEYUAN WAN

Ve on F,, and by pullback, the connection J*V¥» can be proved to be a

peripheral connection. On the other hand, the invariant Kéhler form wpm

IIT

is also well-defined on ¥ X, D,,", which is just the curvature of the con-

n
nection VF» up to a factor. The pullback 2-form J *WDL“ is a p-equivariant
2-form on §~3, so it descends to a 2-form on X, which is just J*WD}LIL Note
that ¢1(€,9,J) is independent of the peripheral connection, thus

1 N*
2‘/201(8,9,.])— %/EJ WDEI.

By considering the specific correspondence between the bounded group
cohomology and de Rham cohomolgy, we obtain

1 [~ 1 & [~
T(Z,p):%/EJ*WDLH*§Z/ I ai,
i=1v¢

and Theorem 0.2 is proved.
The signature also can be given by

+sign(€,9Q) = —dim E - x(¥) — dim H°(9%, €)
+2dim H(%, €) — 2dime Ker (4F) 12 (£,47).
Since dim H%(0X, ) > qdim HY(%, €) and so if ¢ > 2, we conclude
sign(&,0)] < dim Blx(2)].

For a general ¢ > 1, and for any representation p : 71(2) — Sp(F,2), by
a small perturbation with the representation being fixed on the boundary,
we obtain a smooth family {p¢}.~o such that the associated signature is
invariant and p. — p as € — 0. Moreover dim H%(X, £.) = 0 for any € > 0.
Therefore, Theorem 0.3 is proved.

We also consider the case of n = 1, i.e. p : m(¥) — SL(2,R). In
this case, each element L has the form L = +exp(2nB) for some B €
5[(2,R), we can define a canonical compatible complex structure by J(z) =
exp(—xB)J exp(zB) for each boundary. Then 7 invariant of Ay and p
invariant can be calculated explicitly, see the [18, Appendix]. By revers-
ing the maximal even representations on boundary which are conjugate
to the rotation R(#),60 € (m,2m) or are parabolic with eigenvalues only 1,
we obtain a new representation p; with the same Toledo invariant, i.e.
T(3, p) = T(3, p1). By using (0.3) and Theorem 0.3 to p;, Proposition 0.5
is proved.
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Appendix A.

In this section, we will calculate the curvature of the bounded symmetric
domain of type III.
Denote by

D= {W egl(n,C): W=W",I,-WW >0}
the Siegel’s generalized upper half-plane, see [15, Chapter VIII, § 7]. Then

wpm = ~2i0dlogdet (I = TWW) = Shypdw® A d’

is a Kéhler form on D;H. The Hermitian metric is denoted by h = h jdw®*®
dw®, and the holomorphic sectional curvature is
) = 2R(V,V.V.V) _ 2R3,V °VPVVE
1 —\2

for any V = V52 and R, 5.5 = —0:07h,; + HP90,haq0zh,p. Since wpm is
invariant under the group Aut(DLH) of holomorphic automorphisms, so we
just need to calculate the holomorphic sectional curvature of the Bergman
metric wpur at W= 0. If H is a Hermitian matrix, then

ddlogdet H = Tr (H '00H) — Tr (H '0H NH™'0H).

Denote 1h ,— = (I = WW); 00 + (I = WW) h (1 = WW); ' Warm Wan.
Then

wpm = % ST Moy + Mz + e + ypaze) AWab A dWeq
a<bc<d
i -
5 D (haee + hvaze) AWa A A,

a<b,c

) .
+ 5 Z (haaa + haa%) dWaa A dWCd

c<d,a

1 — g I
+ §haaEdWaa A dch = § Z HabadWab A dch7
a<bc<d
where Haba = (haba + hbaa + hab% + hba%)(l — %(5(117)(1 — %6cd)~ At the
point W = 0, one has
1
Zhaba = (;ac(;bda ahabcd = Oa

VOLUME 37 (2021-2022)
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and
1 82 habcd
4 OWiOW,g

1 1
frng (5ap5mq + 5aq6mp) (5mk56l + 5ml50k) 6bd <]. - 2(;pq> <]_ — 25kl)

1
+ (6ap6mq + 6aq5mp) (5dk5ml + 5d15mk) 61)0 (1 - 75pq)(1 - 6kl> .

The curvature is
Rab@kzm == 6$H5;/d
kl Pq
= _8( (6apOimq + OagOmp) (Gmkbe + Omidek) Oba
+ (GapOmg + SaqOmp) (Omrdar + Omidak) be
+ (8bpOmq + SbgOmp) (Gmider + Omider) daa

5bp5mq + 5bq6mp) (5mk5dl + 5ml6dk) 5ac>

() )00 1)

where a < b,c < d,k <1I,p < ¢q. Since
H(0) = H = (0)dWap @ dWeq
a<bc<d
= (Z 2dWa, @ dWay, + Z AWaa ® dW,m>
a<b

where H_,—(0) = 8(dacbd + dpcdaa)(1 — %5@)(1 — %6Cd). So the inverse

matrix is
— 1
HCdab(O) — g(éacébd + 6b06ad)'
Then the Ricci curvature is

Rklﬁ _ HcdabR

abedklpg
8 Z ababklpg +7 Z Raaaaklpq
a<b
n
=—(n+1) Z (0apOmq + Sagmp)
a=1

1 1
(6mk5al + 5ml(5ak) (]- - 25;;(1) (1 - 25kl>
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1 1
—2(n+ 1) (8p10gk + dpidqr) (1 — 25pq) (1 — 25kl>

= 4 —— Hyipg-
Thus the first Chern form satisfies
) — it n+1 on +11
%Rklﬁdel VAN deq = 27T 1 Hk‘lpqukl A\ deq 2 or S-WpI-

Now we calculate the holomorphic sectional curvature. Note that

Z Rab@klﬁdel NdWpg @ dWap N dW g

b,
1,

N //\
//\ //\

d
q

= — 85Haba R dWap N dWeq
a<b,c<d

== Y 00h= @ dWap N dWeg
a,b,c,d

= > BRyymaumg@Wi A dWhg @ dWap A dWeg,
a,b,c,d,k,l,p,q

where éab@klm = 74(5bd5ck6ap5ql + Obg0calprdar). For any (1,0)-type tan-
gent vector V = (V%) a < b, at 0. We also denote by V the matrix
associated with the vector (V“b) by setting V¢ = V%@ Then

aby7cd kY pq
Rabcdklpqv Vedvrv

Z R yeanipg Wikt A AWpq @ AWap NdWeq | (V AV @V AV)

> Ry @i A dWpg @ dWap A dWea | (VAV @V AV)
a,b,c,d,k,l,p,q

V@ VedyHRIRPT = —§Ty ( (VV) 2) )

= Rabcdklpq

and |[V[I? =42, ., [V®? + X, [Vee?) = 4Tr(VV). Thus the holo-
morphic sectional curvature is

T ((VV)*)
K(V) = _W e [-1,-1/n],

and K(V) = —1/n iff V(det V)~/" is a unitary group.
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