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SHADOW LEMMA ON THE PRODUCT OF
HADAMARD MANIFOLDS AND APPLICATIONS

Francgoise Dal’Bo & Inkang Kim

ABSTRACT. — In this paper we analyze the limit set of nonelementary sub-
groups acting by isometries on the product of two pinched Hadamard manifolds.
Following M. Burger’s and P. Albuquerque’s works, we study the properties of
Patterson-Sullivan’s measures on the limit sets of graph groups associated to con-
vex cocompact groups.

Introduction

Let X1, X5 be two pinched Hadamard manifolds. In this paper we are
interested in the Riemannian product Y = X3 x X5 . The geometric bound-
ary of Y, denoted 9Y, is identified whith 0X; x 0X2x]0, c0[U0X;1 U 0X5.
Consider a subgroup I' C I(Y'), denote L(I') its limit set, Lreg(I') = L(I')N
0X1 x 0X3x]0,00[ and F(T') the projection of Lreg(I') into 0X; x 0Xs.

Following the path of Y. Benoist, M. Burger and Y. Guivarc’h ([2], [4],
[11]), one proves, in the section 2, the following results. (see also [17]) :

PROPOSITION 2.3. — Let I' be a subgroup (not necessary discrete) of
I(Y') such that the projections of ' into I(X;) and I(Xs) are strongly
nonelementary. If Lyeg(T') # ¢ then F(I') is a minimal closed non empty
I'- invariant subset of 0X1 x 0X5 and Lyeg(I') = F/(I') x P(T") where P(I") C
10, oo].

PROPOSITION 2.4. — Let T’ be a subgroup of I (X1) x I (X3) such that
the projections of T' into I't(X7) and I (X5) are strongly nonelementary
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106 FRANCOISE DAL’BO & INKANG KIM

and do not contain elliptic isometries then Lreg(T') # ¢,

PT) = {ﬁgg; /(y1,72) €T and is hyperbolic} N]0, oo

and P(T") is an interval.

Let I'y, T’z be two isomorphic subgroups of I(X;) and I(X2) . Consider
an isomorphism p between I'; and I'p, and denote I', the graph group

I(Y) defined by I'y = {(y1, p(71))/m € I'1}.

PROPOSITION 2.8. — Let I' be a subgroup of I'*(X;) x I't(Xs3) acting
freely on Y. If L(T') = Lreg(T) then T is a graph group I', and p preserves
the type of isometries.

In the section 3, one considers only infinite discrete subgroups of I(Y).
One says that a measure p on 9Y is a (3, p)-conformal measure, for 3 > 0
and p € [0,00], if the support of p is included in 0X; x 90X x {p} if
p €]0,00[, in 0X; if p = 0o and in 0X3 if p = 0 and if, for any Borel subset
B C 9Y, one has:

VyeT, u(v(B /Iv )P du(€)

(see section 3 for definition of |y/(£)]).
Adapting the works of M. Burger [4] and P. Albuquerque [1], one proves
the following results.

THEOREM 3.2 (Shadow Lemma). — Let I' be an infinite discrete sub-
group of I(Y'). Suppose that L(T") is not included in a small cell defined
by {&1} x 0Xa2 x [0,00] U X, x {&} x [0,00]. If pu is a (8, p)- conformal
measure then there exists dy > 0 such that for every r > dy, there exists
¢(r) = 1 such that

_L a7 (v(0))
c(r)
1(S(0, B(7(0),7))) < ¢(r)ePHOm (O for every v € T

(see section 3 for the definitions).

Using this theorem, one generalizes a result due to M. Burger [4], P.
Albuquerque [1] and J-F Quint [19] in the case where X; and X, are
symmetric spaces of Rank 1.

COROLLARY 3.4 AND 3.5. — Let I', be a graph group associated to
isomorphic nonelementary convex cocompact subgroups I'y, Ty of I (X;)
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SHADOW LEMMA ON THE PRODUCT OF HADAMARD MANIFOLDS 107

and I'T(Xy), without elliptic elements. If o is a Patterson-Sullivan measure
associated to I', then there exists an unique A\ € P(T',) such that the
support of o is F(T',) x A.

Using Patterson-Sullivan’s measures, we construct measures on

F\Tle xT! X,
invariant by the Weyl chamber flow.

Acknowledgements. — The authors deeply thank the members of In-
stitut Fourier, Seoul National University, and Institut Mathematique de
Rennes, where the part of this work was carried out.

1. Preliminaries on pinched Hadamard manifolds

The goal of this section is to recall well known notions and results which
will be used in the next sections. Let X be a simply connected, negatively
curved Riemannian manifold. Such a manifold is called a Hadamard man-
ifold. Let K be the sectionnal curvature of X. One supposes that there
exist @ > 0 and b > 0 such that —b?> < K < —a?. In this case, X is called
a pinched Hadamard manifold. In this paper one always normalizes K by
sup K = —1. Denote 0X the geometric boundary of X and I(X) the
group of isometries. The action of I(X) on X induces an action on 90X
by homeomorphism. Let I*(X) be the subgroup of orientation preserving
isometries ; g € IT(X) is elliptic if it fixes at least one point in X . If ¢
is not elliptic then ¢ fixes exactly 1 or 2 points in dX. In the first case g
is parabolic, in the second one, g is hyperbolic. In both cases, (¢™(z))n>1
and (¢~ "(x))n>1 converge, the limits do not depend on = € X and belong
to 0X. Set gt = lim,, . og"(z) and g~ = ngrfoog*”(m). The isometry g

is parabolic if and only if g = g~. Define the length of g € I(X) by
g) = 1é1)f( d(x,g(x)). If g is hyperbolic £(g) = d(z,9(z)) for any z in the
T

geodesic (g7 g™), if g is parabolic or elliptic £(g) = 0.
LEmMA 1.1 ([9]). — Fix 0 € X. Let g € I'T(X).
(1) If g is hyperbolic, there exists K1 > 0 such that :
Vn € Z, nlt(g) < d(0,9"(0)) < K1 + |n|t(g)
(2) If g is parabolic, there exists Ko > 0 such that:
Vn € Z,d(0,9"(0)) < K2Log(|n| + 1).

VOLUME 25 (2006-2007)



108 FRANCOISE DAL’BO & INKANG KIM

The first inequality is obvious, the second one is proved in [9] and uses
the fact that the curvature is pinched (see also [12]).

Take £ € X and z,y € X. Consider a geodesic ray r(t) with extremity &.
The limit of d(z,r(t)) — d(y,r(t)) when t — +o00, exists, and it does not
depend on the origin of r and is denoted by Bg(z,y). Fix an origine 0 € X
and consider the map D : X x 0X — RT defined by D(&,€) = 0 and, for
€ #n, by D(&,n) = e 1/2Be(0:2)45,(0.2)) | where 2 is any point in (£7).
For g € I(X), set |¢'(&)| = eBe(0,971(0) | f g is hyperbolic or parabolic,
remark that |¢/(g%)| = eT49),

THEOREM 1.2 ([3]). — The map D is a distance (called Gromov-Bour-
don distance) on 0X satisfying:

(1) There exist C > 1 and t > 1 such that for any £, n € 0X

éfdm,(fn)) < D(&, ) < Ct—0-En)
(2) For any g € I(X) and §,n € 0X :
D(g(&),9(m) = 19" €)I"|g' (m)['/2D(&, ).
Let us prove now two lemmas which will be used in the next section.
LEMMA 1.3. — Let (gn)n>1 be a sequence of I(X). Suppose that

(gn(o))n21 and (g;I(O))n>1

converge respectively to £ € 90X and &' € 0X. Then for any x € XUJX —
{¢'}, one has lif}rl gn(x) = &. Moreover if g, are hyperbolic or parabolic

then lim g =¢ and lim g, =¢.
n—-+o00 n—-+o00

Proof. — Since d(gn(0), gn(x)) = d(0,z) for any z € X, lir+n gn(x) =&

Let 7, 7" in 9X — {¢'}, using the theorem 1.2 (1), one obtains
lim D(g.(n), gn(n')) = 0.
n——+4oo

Take x € (nn’), since liIJIrl gn(z) = £ then 1irJIrl gn(n) = &. Suppose now
n—-—+0o0 n—-—+0oo

that g, is hyperbolic or parabolic, then, according to the theorem 1.2 (2),

one has :

D(gn(n),9,5) = |g(n)|"/?e~ /2@ D(n, g}
hence D(gn(n), g;7) < lg.(m|'/2. Since £ ¢, lim _B,(0,9,"(0)) = —o0

and hence lirf g, = lif}rl gn(n) = £ The same argument holds for g, .
a
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LEMMA 1.4 ([6]). — Let g and h be hyperbolic isometries
(1) If {g",9~ } N{hT,h™} = ¢ then there exist N > 0 and d > 0 such
that for any n,m € 7 :
[6(g" RN — Infe(g™) — [mle(h™)| < d
(2) If gt = h* then for any n,m € Z* :
U(g"h™) = |nt(g) + mi(h)|.

Proof. —
(1) It is proved in [6] (Lemma 4.1).
(2) One has g"h™(g%) = gt and |(g"h™) (g7)| = e (D) =m")  hence
gh is hyperbolic and ¢(¢g"h™) = nl(g) + mL(h).
t

2. Limit sets of groups acting on X; x X

The results proved in this section are inspired by [2], [4] and [5].

For i = 1,2, let X; be a pinched Hadamard manifold. Denote ¥ = X; X
X the Riemannian product of X; and X5. Fix an origine 0 = (01,02) € Y.
Let ¢ be the bijection from the unitary tangent bundle, 7)Y, of Y at 0,
into Ty X1 x T, X2x]0, 00[UTp, X1 U Ty, X5 defined by

U U Ui
1T 1U2]]” U]

oAU, U) = ( ) it 04|02 £ 0

and by ¢(Uy,Us) = U; if ||U;|| = 1. The map ¢ induces a one-to-one
correspondance between the geometric boundary, dY, of Y and 0X; x
0X2x]0,00[U0X U dX5. The regular (resp. singular) boundary of Y, de-

noted 9Yreg(resp. aysing) is identified with
3X1 X 8X2 ><]07 oo[(resp. 8X1 U 6X2)

A sequence Yn = (Yn,,Yn,) of Y converges to § = (£1,&2,p) € OYreg if

lim y,, =& and lim M

= ) and converges to S 8X resp.
n—-—+o0o n—-+o0o d(02ayn2) p g f 1 ( p

. . _ . _ . d(olaynl) _
0X,) if nl{g—looy”l = & (resp. nll)rfooynz = &) and ”EIEOOW =

(resp. 0). An element g € I(X;) x I(X3) is called hyperbolic if g1 and go
are hyperbolic. The following lemma is a consequence of the lemma 1.1.

VOLUME 25 (2006-2007)



110 FRANCOISE DAL’BO & INKANG KIM

LEMMA 2.1. — Let g = (g1, 92) € I(X1) x I(X2).

| _ o + Ug1)
If g is hyperbolic then HEIEOOQ (0) = <g 192 g(g2)>'

If g; is hyperbolic and the other factor is parabolic then

lim ¢"(0) =g; € ing-

n—-+4oo

If T is a subgroup of I(X;) x I(X3) denote, for i = 1,2,T'; the projec-
tion of I' into I(X;). One says that I'; is strongly nonelementary if T'; is

nonelementary (i.e L(I';) is infinite) and if T'; has no global fixed point in
L(T;).

LEMMA 2.2. — Let T be a subgroup of I(X1) x I(X5) such that T’y and
Iy are strongly nonelementary. Take & = (£1,&2) € L(I'1) x L(T'2), for any

(m,m2) € L(T'1) x L(Ty) there exists v = (y1,72) € T such that v;(&;) # n;
fori=1,2.

Proof. — Suppose & = n; and & # 1o. Since I'; and I's are strongly
nonelementary there exist v = (vy1,72) and v/ = (v1,7%) in ' such that
Y1(&1) # &1,72(62) # &2 and 73(E2) # mo. I 72(&2) # m2 or 1(&1) # &1 then
~ or v is the one that we searched for , otherwise v+’ satisfies the required
property. Suppose now & = 71 and & = 12, consider v = (v1,72) € I such
that v1(&1) # &1 If 12(&) # & the lemma is proved, otherwise we are in
the previous situation. O

Let g = (g1,92) € I(X1)xI(X3) and & € 9Y. The action of I(X1)x1(X3)

on 9Y is given by g(§) = (91(£1), 92(&2), p) if § = (&1, &2, p) € OYreg and by

g(&) =gi(&)itE=¢ € aYsmg Consider a subgroup I' C I(X7) x I(Xs),

in general its limit set, L(I') = I'(0) N 9Y’, is not minimal. Set Lreg(I") =
L(I') N 0Yreg, if Lreg(I") # ¢ denote F(I') the projection of Lreg(T") into
0X1 x 0X5 and P(T) its projection into ]0, co[. The following propositions

are already proved in the case where X; and X, are symmetric spaces [2],
[4], [11] or if T' is a graph group associated to Schottky groups [4], [5]).

PROPOSITION 2.3. — Let I" be a subgroup of I(X1)xI(X3) such that T’y
and T'y are strongly nonelementary. If Lyeg(I') # ¢ then F(T') is a minimal
closed invariant subset of X1 x 0X» and Lreg(I') = F(I') x P(T).

Proof. — Consider £ = (£1,&2) and n = (m1,72) in F(I") and let us prove
that £ € T'p C F(T). Let v, = (Yn,»Vn,) be a sequence of I' such that ~,(0)
converges to a point (£, p) € Lreg(I'). One can suppose that for i = 1,2 the
sequence 'y;il (0;) converges to a point & € 0X;. If n; # & for i = 1,2, then,
according to the lemma 1.3, ngrfmvni (n;) = & and hence nli)r_{loovn(n) =¢£.

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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Otherwise, applying the lemma 2.2, one obtains v = (y1,72) € I such that
~i(n:i) # & for i = 1,2 hence 1ilf Yoy(n) = £ In conclusion, F(T) is
minimal.
Take p € P(T') and let us prove that for any n € F(T'), (,p) € L(T'). Since
p € P(T'), there exist (7,)n>1 in I' and £ € F(I') such that 1iIJ1;1 vn(0) =
n—-+0oo

(&,p). Using the fact that F(T') is minimal and that v(&, p) = (v(£),p) one
obtains that (n,p) € L(T). O

PROPOSITION 2.4. — Let T' be a subgroup of I™(X;) x I™(X3) such
that T'y and T's are strongly nonelementary and do not contain elliptic
isometries, then Lreg(T') # ¢,

P() = {i&i/(%’%) el and is hyperbolic} NJ]0, oo

and P(T") is an interval.

Proof. — Let us first prove that I' contains hyperbolic isometries. Take
v = (71,72) € I, according to the lemma 2.2 there exists g = (g1,92) € T’
such that g1(v;") # v, and go(75) # 75 . Using the dynamics of parabolic
and hyperbolic isometries ([10] section 8, theorems 16 and 17), one obtains
that for some N, M € Z the isometry gﬂiNgfl%M is hyperbolic for i = 1, 2.
One deduces from the lemma 2.1 that Lreg(I") # ¢.

Denote I = {ﬁm; /(71,72) €T and is hyperbolic} NJ0, ool.

Let us prove that P(T") = I. According to the lemma 2.1, it is enough to
prove that P(I') C I.

d(o 0
Let p € P(T') and vy, = (Vs Ynp) € I' such that lim (0, 7, (01)) =p

n—+00d(02,Vn, (02))
One can suppose that lirf Ty = 51'+ and lirf T, = & fori=1,2. Using

the lemma 2.2, one obtains g = (g1, g2) € I' such that g;(&) # & . Accord-
ing to the lemma 1.3, liI}_l (9ivm,)T = gi(&") and lirf (givn;)” =&,
hence since g; (5:r ) # &, for n large enough, g;v,, is hyperbolic, moreover
there exists K > 0 such that d(0;, ((¢ivn,)” (9ivn:) 7)) < K for any n > 0.
Let zn, € ((givn,)”~ (givn;)T) one has £(g;vn,) = d(2n;, §i¥n, (2n;)) hence

g(gifym) < d(oivgi'yni (01)) < 2K + z(gi’Yni)'
Since lirf d(04, givn, (0;)) = +00, one deduces from the previous inequal-
n—-1+0oo

ity that p = lim Ug1ym,)

. In conclusion P(T") C 1.
n—>+oo€(92’yn2) ( )

VOLUME 25 (2006-2007)



112 FRANCOISE DAL’BO & INKANG KIM

Let us prove that I is an interval. Take ¢ = 291 and ¢/ = ) gy 7,
£(v2) £(73)

Suppose £ < ¢ and let us prove that [¢,¢'] C I. Since T'; is strongly nonele-
mentary there exists h = (hy, h2) € T such that

{P (v D) ()} T = ¢
Set g = hyh~!. Remark that ¢(g;) = £(;). One can suppose that {g; , g5 }N
{72*,7;7} = ¢ or that g5 = 7;+ by taking ¢! if necessary. Applying the
lemma 1.4, there exist N > 1 and d > 0 such that for any n,m € Z :

[(gN " N™) = Inle(g) — Imle(v™)| < d
for ¢ = 1,2. One deduces from this inequality that
g™ NmE)  nle(n) + [mlé()

lim ; = .
koo L(gR N Inll(v2) + [ml€(v3)
. oy, «
In conclusion, % € I for any g € Q% hence [¢,0'] C I. O

Let us introduce a family of subgroups of I (X;) x I'T(X3) called graph
groups. Fix a subgroup I'y C IT(X;) and a faithful representation p :
I'y — I'"(X3). The graph group denoted by I', associated to p is defined

by T'y = {(71,p(71))/71 € T1}.

Remark 2.5. — 1In the particular case where I'y and T's = p(T';) are
convex-co compact,(i.e., the closure of the set of closed geodesics in 1, \*? is
compact) p induces an homeomorphism ¢ between L(T'1) and L(p(T1)([T7),

and F(T,) = {(¢, () /€ € L(T'1)}.

Fix a system of generators S; = {s1,---,s,} of I'; and put Sp =
{p(s1),- -+, p(sn)}. Since I'; is convex cocompact, there is a quasi-isometry
between (I';, | |5,) and (I';(0;), d) ([Bo]). This property implies that L(T',) =
Lreg(rp).

COROLLARY 2.6. — Let ', be a graph group of I'*(Y') associated to
p: 1 — T's. Suppose that I'y, T's are strongly nonelementary subgroups of
I'(X,) and I't(X5) without elliptic elements and that L(T',) = Lyeg(T,).
Then there exists k > 0 such that ¢(v1) = k€(p(vy)) for any v, € Ty if and
only if L(I',) is minimal.

Proof. — According to the proposition 2.4, one has

L(T,) =F(T,) x { fon) /7 €Ty and is hyperbolic} .

t(p(m))
Since F(T',) is minimal and T',(F(T',) x {p}) = F(T',) x {p} then L(T',)
is minimal if and only if L(T'y) = F(T',) x {k}. O
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Suppose that X; and X5 are symmetric spaces of rank 1 and I'1, " are
Zariski dense. If p preserves the length then, according to the corollary
2.6, one has L(I'y)) = F(T',) x {1}. This property implies, according to a
result proved in [2] (theorem 1.2) that I', is not Zariski dense. Applying a
criterion proved in [7],[8], one obtains the following already known result :

COROLLARY 2.7 ([7]). — Suppose that X; and X, are symmetric spaces
of rank 1 and I'y, 'y are Zariski dense. If p preserves the length then X, and
X are isometric and I'1, T'y are conjugate by an isometry. See [14, 13, 15, 16]
for similar results.

The following result is partially proved in [5].

PROPOSITION 2.8. — Let ' be a subgroup of I't(X;) x I't(X3) acting
freely on Y. If L(T') = Lyreg(T") then I is a graph group I, and p preserves
the type of isometries .

Proof. — Let us prove that for i = 1,2 the projection ¢; : I' — I't(X})
is injective. Suppose that v = (Id,~2) € T, since I' acts freely, v2 is not
elliptic, hence 4™(0) converges to a point in aYSing which contradicts the
fact that L(T") maysmg = ¢. In conclusion ¢; and go are injective and hence
g2 © qfl is an isomorphism. This proves that I' =I'gq o qfl. Using the fact
that L(T') = Lreg(T") and the lemma 1.1, one obtains that q20q; * preserves

the type of isometries. O

3. Shadow lemma for (3, p)-conformal measures

In this section one adapts the work of P. Albuquerque [1] and of M.
Burger [4], replacing the symmetric space by the product of pinched Hada-
mard manifolds Y = X; x X5.

Set 0X1 x 0X3 x {00} = 0X; and 0X; x 0X3y x {0} = 0X3, using
this notation, one identifies Y with 90X x 0X5 x [0, 00] (see section 2).
For p € [0, ], denote 9Y,, = 0X; x Xy x {p}. Let & = (&,&2,p) € OY
and aj,as > 0 such that a? + a3 = 1 and p = o for z = (z1,22) and
y = (y1,y2) in Y, set Be(x,y) = a1Be, (x1,y1) + a2Be, (x2,y2). If r(t) is a
geodesic ray with extremity & then Be(z,y) = tligrnood(x,r(t)) —d(y,r(t))
([B-G-9]). Fix an origin 0 = (01,02) € Y. For g € I(Y), denote |¢'(§)| =
ePe(0:9-100) " One says that a subgroup I' C I(Y) is discrete if it acts
properly discontinuously on Y.

VOLUME 25 (2006-2007)



114 FRANCOISE DAL’BO & INKANG KIM

DEFINITION 3.1. — Let I" be an infinite discrete subgroup of I1(Y') and
B>0,p € [0,00]. A B-conformal measure p on 9Y is a finite Borel measure
such that for any Borel subset B C 9Y one has :

vW/eIx;mv<B>>=:/;|v%£n5du<s>

A (B, p)- conformal measure is a 3- conformal measure whose support is
included in 0Yp.

Denote P(s) its Poincaré series Y e 5407(9)) and §(T) the critical ex-
yel’

ponent of P(s). Since the curvature of X is bounded from the below, §(T") is

finite, suppose §(I') > 0, let h: RT™ — R be a suitable function such that

Q(s) = X h(d(0,7(0)))e *07O) diverges at s = §(T") [18]. For s > §(T),
yel’

one defines a measure :
;Fh(d(07’7(0)))6_Sd(077(0))D'}/(0)
s __ Y

T X h(d(0,7(0)))e =00
yel’

where D,y denotes the Dirac mass at v(0).

A Patterson-Sullivan measure, o, is a weak limit as s — §(T"). The sup-
port of ¢ is included in L(T") and o satisfies the following §(T")-conformal
property [1] :Vy € T', VB Borel subset of X :

aww»:mewmw@.

Let g be the map from 9Y onto [0, 0o] defined by q(n1,72,p) = p. Dis-
integrating o along the fibers of ¢ one obtains for some p € [0, 0], such
that 0(9Y,) # 0, a (§(T), p)-conformal measure 0, ([A]). Let x = (z1,22) €
Y — {0} with 21 # 01 and x5 # 0q, there exists a unique Weyl chamber
W =101,&1) x [02,&2) centered at 0 passing through z. The projection of
in the direction p € [0, 00|, denoted 7P (z), is by definition the orthogonal
projection of z into the geodesic ray [0, (£1,£2,p)). Put p = Z—; with a; > 0
and a? + a3 = 1. If 1 = 01 or x5 = 0 then 7P(z) depends on the choice
of W, but d(0,7P(x)) = a1d(01,21) + a2d(02,x2) is well defined. Denote
B(z,r) the ball centered at x with radius r > 0 ; for A C Y, the Shadow,
S(x,A), of A relative to z, is defined by S(z, A) = {£ € 9Y/£ belongs to
the boundary of a Weyl chamber centered at z meeting A}.

THEOREM 3.2 (Shadow lemma). — Let I' be an infinite discrete sub-
group of I(Y). Suppose that L(T') is not included in a small cell defined
by {&1} x 0Xa x [0,00] U X, x {&} x [0,00]. If pu is a (8, p)- conformal
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measure then there exists dy > 0 such that for every r > dy, there exists
¢(r) = 1 such that:

SO < u(S(0. B3 (0).1) < efr)e MO0

for all v € T.

Proof. — Let us equip X7 x X5 with the product distance associated
to the Gromov-Bourdon distance introduced in section 1 on each factor
and with a standard metric with length 1 on [0, co]. O

Step 1. — There exist 0 < ¢ < p(dY) and g9 > 0 such that for any
measurable set F' contained in a eg-neighborhood of a small cell, u(F) < g.

Proof. — Let d = sup {u(small cell)}. Since a sequence of small cells has
an accumulation point, in Hausdorff topology, which is itself a small cell,
d is realized and d < pu(9Y) because the support of u is not included in
W, one has ¢ > d. Suppose that there exist a

sequence of reals (e,,),>1 with lirJrrl en = 0 and a sequence (F},),=1 of
n—-—+0oo

a small cell. Set ¢ =

measurable sets in JY included in a &,-neighborhood of some small cell
such that u(F,) > ¢. One can suppose that F,, converges, in Hausdorff
topology, to a small cell S satisfying p(S) > ¢ > d. This contradicts the
definition of d. O

Step 2. — For all ¢ > 0 there exists ¢y > 0 such that for any ¢ > ¢
and x = (x1,z2) the set 0Y, — S(z, B(0,c)) N 0Y,, is contained in a e-
neighborhood of a small cell.

Proof. — Fix € > 0, since X; are pinched Hadamard manifolds, there
exists ¢ > 0 such that 0X; — S(x;, B(0;, ¢)) is included in a e-neighborhood
of some n; € X;, for each z; € X;. One has S(z, B(01,c) x B(02,¢)) C
S(x, B(0,v/2¢)) hence

dY, — S(z, B(0,v2¢)) N dY, C 8Y, — S(x, B(01,c)xB(0s,c)) N Y.

Let (&1, &2, p) belong to the previous set, then [z1, &) X [x2,£2)NB(01, ¢) X
B(02,¢) = ¢ and hence & ¢ S(z1,B(01,¢)) or & ¢ S(z2, B(02,¢)). In
conclusion, if ¢ > ¢y then there exists (71,72) € X1 x 9 > X5 such that

dY, — S(x, B(0,V2¢)) NY, C B(n,e) x 0Xa x {p}UIX; x B(na,¢) x {p}

which is included in a e-neighborhood of {n; } x X2 x [0, 00]UdX71 X {n2} x
[0, 0.
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Step 3. — Let ¢ > 0, for all v € T' and £ € 9Y such that £ €
S(0, B(v(0),¢)) NJY, one has
| = B¢ (0,7(0)) + d(0,7"((0))] < 6.
O

Proof. — Let v = (y1,72) € T, suppose 7(0) # 0 and consider a Weyl
chamber W centered at 0 passing through v(0). Take {’ € OW N JY,, one
has Be(0,(0)) = d(0,77((0)).

Choose now ¢ € S(0,B(v(0),c)) N 9Y,, there exists a Weyl chamber
W’ centered at 0 such that [0,£) € W' and W' N B(y(0),c) # ¢. Let
= (x1,22) € W N B(v(0),c). One has

| = Be(0,7(0)) + Be(0,z)| = [Be(2,7(0))] < d(x,7(0)) < e

To prove the required inequality it is enough to show that | — B¢ (0, z) +
Be(0,7(0))| < 5c. Set € = (&1,&2,p) and L; = [0,£)), one has W' = Ly x Lo.
Remark that W/ N B(v1(01),¢) x B(y2(02),¢) # ¢ hence L; N B(v;(0;),c¢) #
¢. Take y; € L; such that d(0;,y;) = d(0;,7:(0;)), one has B¢ (0,7(0)) =
Be(0,y) hence

| = Be(0,2) + Ber(0,7(0))] = [Be (2, y)| < d(z,y).

Moreover using the fact that L; N B(~;(0;),¢) # ¢ we get d(0;,v;) < 3¢
by the triangle inequality. This proves that d(z,y) < 5c.

End of the proof of the theorem 3.2. — Pick ¢y, &g in steps 1 and 2.
Then for ¢ > ¢y and for all v € T" one has :

pu(0Yy) = u(S(y~1(0), B(0,0))) = p(dY,) — g > 0.
Moreover S(y~1(0), B(0,¢)) = v~1(S(0, B(v(0),¢)) hence

p(S(v1(0), B(0, ) = / BBOAO) dpu(e) > u(dY,) — g.
S(0,B(v(0),c)

By step 3 we get
u(S(0, B(1(0), ¢)) = (u(9Y,) — q)Ci(e)e 74O (OD

and
(S0, B(7(0),¢)) < u(dY,)Ca(c)e P40 (0D,

For p € [0,00] and 7 > 0 set :
By(0,7) ={y € Y = {0}/d(0,7"(y)) <r}.
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COROLLARY 3.3. — Let I be an infinite discrete subgroup of I(Y'). Sup-
pose that L(T') is not included in a small cell. If p is a (8, p)- conformal
measure with p €]0, oo then there exists ¢ > 0 such that for any £ > 0 :

{7(0)/7 € T,7(0) € B,(0,0)}] < cte™.

Proof. — Since p # 0 and p # oo the ball B,(0,¢) is compact, hence
there exists C; > 0 such that for any Weyl chamber W centered at 0 and
for any ¢ > 0 the set {y € W — {0}/¢ < d(0,7P(y)) < £ + 1} is covered by
C1{ balls of radius 1. Using the fact that is discrete, for ¢ > 0 one obtains
Cy > 0 such that for any ¢ > 0 and any Weyl chamber W centered at 0
one has :

[{y € T/ < d(0,77(¥(0)) < £+ 1,W N B(v(0),c)) # ¢} < Cal.
Therefore any § € 0Yreg belongs to at most Caf shadows of balls B(v(0),c)
for such 4’s. Thus there exists C5 > 0 such that
> (50, B(7(0),¢)) < Cslp(0Yy).
{ver/e<d(0,77(v(0)))<e+1}

Applying the theorem 3.2, one obtains for ¢ > d a constant C4 > 0 such
that :

|{y € T'/€ < d(0,7P(7(0))) < £+ 1}e P* < Cyt.
Finally there exists C5 > 0 such that :
[{~(0)/7 € I',7(0) € B,(0,0)}]

-1
<D HyeT/n<d(0,77(v(0)) < n+ 1}
n=0

-1
< Cy Z ne’™ < Csle™.

n=0
U

Let T be a subgroup of I(Y) satisfying the hypothesis of corollary 3.3.
One defines the Poincaré series relative to p € [0, o0] by :

P,(s) = Z e~ 340,77 (7(0))
yel

Denote 6,(I") the critical exponent of P,(s). Since

d(0,7"(7(0))) < d(0,~(0)),
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one has §,(T) > §(T). Write p = ¢ with a®> +b* =1, if p # 0 and p # oo
then

5,(0) = Inf< s/ Z e~ 5(ad(01,71(01)+bd(02,72(02))) 5o
520 (71:72)€T

Let A = (i;) c Ra_/ > e~ ®1d(01,71(01)=22d(02,72(02))) ~ 55\
(v1,72)€T
By Hélder inequality, A is convex. Since A is convex and 6,(I") > §(T),

there exists at most one ¢ € [0,00] such that §,(I') = &(I'). Suppose
Jp(I') < oo and consider a Patterson-Sullivan measure ¢ on 9Y. Since
o(9Y) # 0, disintegrating o along [0, 0] we get a 0(I')-conformal mea-
sure o, supported by 0Y,, such that 0,(0Y") # 0. Since

Logl'0N B,(0, R
0p(T") = limsup o9 n(0, )|,
R— 400 R

if p# 0 and p # oo, according to the corollary 3.3, one has §,(I") < §(I).
Moreover 6,(I') > ('), hence 6,(I') = 6(I'). This proves the following
corollary :

COROLLARY 3.4. — Let T be an infinite discrete subgroup of I(Y'). Sup-
pose that L(T) is not included in a small cell. If for some

p €]0, 00[, 3, (V) # 0
then 6,(I") = §(T") and such p is unique.

Remark 3.5. — In the particular case where I' = T', and I'y and p(T';)
are convex cocompact, L(T',) = Lreg(I'y) (Remark 2.5) and hence, there
exists a unique pg € P(T") such that o = oy,
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