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MILN0R-W00D INEQUALITY FOR CRYSTALLOGRAPHIC GROUPS

Hiroyuki MINAKAWA

0. Introduction

Let H2 be the hyperbolic plane and Isom+/f2 the isometry group of if2. A 2-
dimensional crystallographic gToup F is a cocompact discrete subgroup of Isom+ H2. As
an abstract group, F is isomorphic to a unique group of the form

c?' = 1 (*= l , - - - , n ) f

ci •••c„[ai,6i]---[an ,6n] = 1)

with$ > 0,Pi > 2and x(r(5ï Pi,--^Pn)) < O.Herex(F($ :pi , - - - ,Pn)) = 2 - 2 $ -
Sr=i(P» " l)/pi is the rational Euler characteristic of the group F(^;pi, • • - ,p n ) .

Let Gr be the group of ail orientation preserving diffeomorphisms of class Cr (r =
0,1, • • -, oo). For any homomorphism </> > F —> Gr

t V acts on the trivial S 1 bundle
H2 x S1 through <f>. So we can construct a foliated Seifert bundle E+ = H2 x 5 1 /Y ->
/ / 2 / r = S5(5 = genus of r).Wedefine the Euler numbereu(<j!>) of<£by

eu{4>) = the Euler number of Seifert bundle E$ —¥ E 5

= eu(Et-+Xg).

If T is a surface group, then we have the Milnor-Wood inequality

Moreover, if fa : T —> G°(i = 1,2) both have the maximal Euler number eu{<j>{) =
eu(<f>2) = ±x(r),then<^i issemi-conjugatettxfo.

In this paper, we shall consider a generalization of the Milnor-Wood inequality for
homomorphisms from crystallographic groups to G0, and we also prove that there exists
a semi-conjugacy phenomenone in the case that the homomorphism has the maximal
Euler number.

The author would like to thank V Sergiescu for his usefull comments.
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1. Homological définition of Euler number

In this section, we give a homological définition of Euler number eu{<j>) first.
Let T = T{g\ pi, • • •, pn) be a crystallographic group. F contains a finite index

subgroup F5< which is isomorphic to the fundamental group of a closed surface E5». So
we have lhat Ihe inclusion i : F5* —• F induces an isomorphism

Since given présentation of F5» determins an orientation of the closed surface Y,g*, then
thereexists the fundamental class [F5<] € H2(Tg*\Z) S H 2 (S f f 0- w e use the notation
[F5* ] Q which is the image of [Tg> ] by Bockstein homomorphism

Now we define the fundamental class [F] of F by

We can check easily that this définition does not depend on the choice of the finite index
subgroup Egt.

2. Cohomological définition of the Euler number

Given a surface group F5 and a homomorphism <f> : Tg -> G0, Euler number
eu(<p) is equal to the pairing

et£(^) = <^e f [rj>.

Hère, e e H2 (G0 ; Z) dénotes the universal Euler class. The symbol eç dénotes the ratio-
nal universal Euler class which is the image of c by Bockstein homomorphism
H2{G°;Z)-+H2(G°;Q).

PROPOSITION 2.1. — For any homomorphism <j> : F -* G0, we have the for-
mula

In order to prove thés proposition, we need the following lemma.

LEMMA 2:2. — Letiti : Mi -> E,(i = 1,2) beSeifert fibrations. Assume that
thereexistmapsh : Mx —> M2 and h : £1 -* E2 such that^oh = hoTti,degree{h) — k
and degree(ft|reguier fiber) = l. Then we have e{Mx -» Ei) = (k/l)eu(M2 -> £2).

Proof of Proposition 2.1 We take a finite index subgoup Tg* of F which is iso-
morphic to 7Ti(Eg*). We put that A; = index(F; F5»)- S o there exist continuous maps
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h : E<t>Oi -> E 0 and h : Eff< -¥ E 5 such that n0oh = ho ;r0ot, degree(/i) = *: and
degree(/i|r€gUiar fiber) = l.Byusing the lemma above, we have

eu(<f>) = e
= c
= eu((j>oi)/k

The same technique as in the proof of Proposition 2.1 gives us a generalization of
the Milnor-Wood inequality for homomorphisms from crystallographic groups to G°.

THEOREM 2.3. — Let T bea crystallographic group. For any homomorphism
4> : T -> G°, we have the following inequality

\eu(<f>)\ < |x (r) | .

Proof. We use the same notations as in the proof of Proposition 2.1. Then we have

= \eu{<t>oi)/k\ < \X{rg.)\/k =

The last equality follows from the définition of the rational Euler characteristic x(r)(see
18]). D

3. Semi-conjugacy in maximal Euler numbers

Let T be a crystallographic group and T\H2a unit tagent bundie of the hyperbolic
plane H2S acts on 7\ H2

1 since T acts on H2 isometrically. So we can construct a Seifert
bundie E(T) = T\H2 /F -f H2/T = E 5 whose tatal holonomy homomorphism is the
identity map <Êr : T 4 T C P5I(2,i2).Weknowthat eu(<f>r) = x^-TtafbUowmg
theorem is a generalization of a theorem of S.Matsumoto to crystallographic groups. In
16], he proved this theorem for surface groups.

THEOREM 3.1. — LetT beasabove.Forgivenhomomorphism<f> :T -> G°,
there exist a continuous degree onemap h : S1 —¥ S1 such that

foranyy € I\

By [5], it suffices to show that
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for any 7 € A which is a generating System of I\ Hère p{ƒ) € 5 1 is rotation number of
ƒ e G°.In order to show this, we need the following formula which is called Milnor's
algorism.

LEMMA 3.2. — For any homomorphism <f> : F(s;pi, ••-,?„) -> G° wecan

calculate the Euler number eu(<j>) as foUows. We choose any lifts 4>{ai), <i>(bi), <t>{ci) €
G0. Then,thenumber

] o . . . o [<t>(ag),<f>(bs)] o

does not depend on the choice of lifts. This number is equaltoeu(<t>).

Where, p ( ƒ ) is the traslation number of ƒ. We can prove the following lemma by Lemma
3.2with[l],[4]and[7].

LEMMA 3.3. — For any homomorphism <t> : r($;pi, • • -,pn) -> G0, wehave
thaï
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