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GENERIC RESULT FOR THE EXISTENCE OF A FREE SEMI-GROUP
Pierre-Alain CHERIX

Abstract

Tbe main resuit of this note is the following: for a finitely présentée! group T =
(X : R), the semi-group generated by X is generically free (in the sensé of Gromov).
And so we get the genene value of the spectral radius of hx. the transition operator
ass oei a tedwith the simple ran dom walk on the directed Cayl ey graph of T : r(hx) =

î

1. Introduction

Let F be a finitely generated group. Fix a finite, not necessarily symmetrie gen-
erating subset X, and let S = X U X'1 be the symmetrization of X. WithX and S are
classically associated the usual Cayley graph G(T, S), but also the Cayley digraph (or di-
rected graph) G(I\X); in the latter the set ofverticesisT and, for any7 € Tands € X,
an oriented edge is drawn from 7 to 75.

We consider the normalized adjacency operators , or transition operators, hx

and hs'f these are operators of norm at most 1 on l2 (T), defined by:

We dénote by # E the number of éléments in the set E. The motivation for this paper
came from the following resuit due to de la Harpe, Robertson and Valette [8] which says
that

The author was supported by grant 20-40.405.94 of the Swiss National Fund for Scientific Research.



124 R-A. CHERDC

THEOREM 1.1. — Assume#X > 2. Seta{X) = limsup \\ hk
x \\\lk, where

hx isnowviewedas thenormalizedcharacteristic fonction ofX andhk
x dénotes thek^

convolution powerofhx. Then

< r(hx)

with •jgx = <T(X) ifand onlyifX générâtes a free semi-group, anda(X) = r(hx) if
either X is symmetrie or T is hyperbolic in the sense ofGromov (but not in gênerai).

In a joint paper with A. Valette [4], we looked at some conséquences of such kind
of results (relating group theory and harmonie analysis) for one-relator groups. In par-
ticular, we got the following statistical resuit. For présentations F = (X : r) with a fixed
number of generators #X and one relation r, the ratio

#{presentation rwith r(hx) = ( # X ) ~ 1 / 2 and \r\ = N}
#{présentation rwith \r\ = N}

tends (exponentially fast) to 1 when N tends to +oo. This means that "most" présenta-
tions F = (X : r) give r(hx) = À^ (w^c^ implies inparticular that the semi-group
generated by X in T is free). This is exactly the sense of genericity introduced by Gromov
([6],0.2(A))landstudiedfurtherbyChampetier [2].

The main tooi in the proof of the preceding result is small cancellation theory,
which is frequent with one-relator groups. Unfortunately, small cancellation is not fre-
quent in the genera! case of finitely presented group.

The main result of this note is :

THEOREM 1.2.— For finite présentations, (X,R), the property
p(hx) — -jjjrx is generic in the sense of Gromov.

I thank C. Champetier and A. Valette for many useful discutions and for proof
reading the article.

2. Some définitions and notations

For r a word in F* (the free group generated by X), we will dénote by |r| its word
length. It is always possible to write r as an alternating product of words with positive
exponants (i.e. r = u}*lvfl •• -u?^1, where theu^'s are positive words in X).We dénote
by n+(r) (resp. n . (r)) the number of generators appearing in rwith a positive exponent
+ 1 . (resp. with a négative exponent -1 ) .

If r is beginning by a positive word (r = u ;^ 1 ^ 1 • • -u?*1), then we get
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+ n-{r) = \r\

When r begins by a négative word, we juste interchange the odd and even summations
in the preceding formulas.

DÉFINITION 2.1. — For a fixed e > 0, a word r £ Fx is e-balanced if the
décomposition ofr in an alternating product of positive words (r = u ; * 1 ^ 1 • • -u;JnJ
has the foUowingproperty : foraïîitujx issuch that |u>j| < «|r|.

This implies in particular, that the number of changes of sign is greater or equal
to l/€.

We say that a présentation (X, R) is c-balanced if every r in R* is «-balanced
(where R* is the set of ail cyclic permutations ofr or r"1 for ail relations r € R).

DÉFINITION 2.2. — A wordr e Fx has the property Es for 6 > 0, if for ail
subwordsu ofr oflength \u\ > |r|/4 wehave,

or 1

DÉFINITION 2.3. — If P is a property of words inFx, we say that P isgeneric
il

# { r € Fx | rcyclicallyreduced, \r\ = n,r withP} _
# ^ e F ^ | rçycucallyreduced, \r\ = n} " '

Set#X = kand#R= n, and dénote byPr(k,m\, • •• ,m n ) the set deüned by

{{X,R) | # X = fc,R = {rX)--- , r n } , jr-jj = nu,ricyclicallyreduced}.

A property P offinitely presented groups is generic if

For a word u; € Fx representing the identity in T = (X, R), we recall that A
is a Van Kampen diagram of u;, if A is a 2-complex for which the 1-skeleton is a planar
graph, each edge of that graph being labelled by a element of X or X" 1 such that when
we read the labelling of every 2-cell of the complex, we get a word in R* and such that
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the labelling of the border of the complex A is the word u. For more details about Van
Kampen diagram, see the appendix on srnall cancellation of [5] or [3],

We dénote by 7(A) (resp. E(A) and #(A)) the number of internai edges of A
(resp. the number of external edges of A and the total number of edges of A).

DÉFINITION 2.4. — The combinatorial area of a diagram A is the number of
2-celis and we say thaï A is a reduced diagram ofu> ifit has the minimal combinatorial
area among all diagrams representing u;.

Foreveryu; G F* representing the identity in T = (X,R)t the existence of such
a reduced diagram of u is proved in [3].

DÉFINITION 2.5. — A ünite présentation (X, R) satisües a 6-condition, iffor
aüxedO < 9 < 1 and for all reduced diagrams A, we getl(A) < 0(#A).

In [10], Ol'shanskii proved that for every fixed 6 > 0, the property of satisfying a
0-condition is genene.

3. The proof of theorem 1.2

We begin with some lemmas.

LEMMA 3.1. — Fora üxedTUQ in N,mo > 3, set

(where [ x J is the intégral part ofthereal number x). There exist constants A, C > 0,
C < 1 dependingonmo such thata(n) < ACm°n forallninNandC becomessmaller
whenmo decreases. Furthermore, ifn0 = 0(mod m0), thenû(7io/mo) = /3(no) and
for all i = 0, • • • , m0 - 2 :

PROOF OF 3.1 We want to estimate a(n + 1) - a(n) :
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a(n + 1) - a(n)

- Y* 1 ( (n + 1)mo \ _ y^ 1 ( mo" \
Z^t 2(n + 1 )mo v i ) *—* 2 m ° n V t /
i=0 v ' t=0 x /

( v mo—2 • v mo / \

mon A V^ f mon \ ^ ( rn0 \
n+l J 2^ \ n-l J 2-s \ j ){mon)\

mo-2 /

V 1*-* 1
/=o V

V^ ( rnO \
/ _j \ j }

J=l+2 V y_

mo-2

mo-2 \ 1r l ( ( ' ^ O " " l ) w + I / / ) | /

/ I
/ J

The dominating terms of the fraction are of the same degré equal to m0 - 1. So
that fraction tends to a négative constant when n -> oo.

By Stirling*s formula, we see that there exists a positive constant À such that

| o ( n + i) _ a{n)\ < , whereC = < 1.
2(m0 - l)(mo-i)

By the central-limit theorem, there exists a constant A > 0 such that |a(n)| < ACm°n.

It is easy to see that C is decreasing when m0 is increasing.

To finish the proof, we just need to see by direct computation that for ail n0 =
0(modm0) and ail i between0 and m0 - 2,/3(no + i) > /3(n0 + t + 1). D

LEMMA 3.2. — Let \X\ > 2 and S > 8 beüxed, the property E& is genene.

PROOF OF 3.2 We dénote B(n) = # { r € Fx \\r\ = n, r cyclically reduced},
A{n) = # { r G B{n) \ \r\ = n, rwith£5} and C(n) = B{n) - A(n). C(n) can be
described as

C{n) = #{r € B(n) |3usubwordofr, with|u| > |r|/4

.(u) 6}

(1) We want to estimate the number of u of length / such that £±£4 > 1 + S

Dénote h = n+ (u), we have n_ (u) = / - h. j ^ > 1 + S is equivalent to /i > ^f/. So
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we can make exactly ( , j fc/lfc/~'1 words of length lessorequalto Zout of the alphabet

X U X~l having exactly h letters with an exponant +1. Thus

#{«€ F* ||tt|</,u reduced, j | j ^ < £ ( j ) *'

ifnot

By the same way, we estimate the number of words u of length / such that
> 1 + 6. We dénote

0(1) = #{u e Fx | ureduced, |u| = /,
n+(u)

so we have

0V) < 2

(2) We want to estimate the number of words r of length n in B(n) such that r
contains a sub word of length / > n/4 which does not satisfy ^ fW < 1 + <5 or ^"|^| <
1 + 5. There are (n - / +1) places in r where the subword u can begin. Thus we can write
r as r = ri ur2 and as r is reduced, rx and r2 are reduced too.We have also | r! | + |r21 =
n-/ .That implies#{r t} < 2k{2k - l)!1*-'"1. Sowecansay

C(n) < 53
J=ln/4J

'""K(/) / 7 \

(A; - l/2)n-'-2ifc22n-'(n - / + 1)2 ] £ ( . J ife'

(A:-l/2)n-'-2 ifc2 + '2n-'(n-/
/=ln/4J i=0

We can estimate C(n)/B(n),
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C(n) /=|n/4j
B ( ) ~

As 7(/) is almost equal to L ̂ J ^ J, we have / - 7(/) ^ l j+î J• By lenuna 3.1
with m0 = 2 + 8, we have

'~E (l)-^
whereC=( 2 ( m o _ 1 ) ? m " o . l W m o ) .

We deduce

n—ln/4moJmo ^ —,. ^ W/moJmo "IQ —

So as the sumation ̂ r=-l'/4moJmo ( ^ J ^So" (»~ L '/">o J m0 + 1 +

( \ ln/4mojmo Cfn^

jtifî) decreases exponentially, ^ ^
goes to 0 when n goes to +oof if we have kEf/2 < 1- F o r * > 2, to get fc5//2 < 1» w e

have to take C < 3/4and we have to choose m0 such that
trio n 7 c

2(m0 - l)(»o-D/mo

By a direct computation, we see that, as m0 = S + 2, for S = 8, L ̂  J= ^ and that
- 0.69. D

LEMMA 3.3. — ForaUfixede > 0, theproperty ofbeing e-balanced is generic.
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PROOF OF 3.3 Let #X = k. Dénote C(N) the number of cyclically reduced
words in F*. First we see that C(N) is greater or equal to the number of words of length
N in F(X) with the last letter is not the inverse of the first, i.e.

(1) C(N) > 2k{2k - l)N'2(2k - 2).

We can now estimate B(N) the number of "bad" présentations, i.e the number of pré-
sentations (X : r) such there exists r' e R*> i.e. r' a cyclic conjugate of r, begining
with a positive word which has a length bigger than tN. As there is not more than 2N
éléments in R*, we have

N

B{N)<2N

where C{N, l) is the number of cyclically reduced word of length N begining by a posi-
tive word of length / exactly. So we have :

N

(2) B{N)<2N

Dividing (2) by (1), We estimate the ration of non €-balanced présentations over the
number of présentations :

B(N) JV(2fc-l)2 A , ,

N{2k - l)

As k > 2, this expression goes exponentially to 0 when N -> +oo. D

This proof appears in [4] for e = 1/4.

LEMMA 3.4. — Let (X, R) be a finite présentation satisfying a 6-condition
(with 0 < 1/199; then for all reduced diagrams A, there exists at least one r,- in R*
which is a border of a ceü of A and which has at least ^ ofits éléments on the border
of the diagram dA.

It follows that for all non trivial wordu ofFx which maps on the identity inT =
(X, R), there exists at least one rinRm which has at least ^ ofits éléments in u.

PROOF OF 3.4 The 0-condition tells that for every reduced diagram A, I(A) <
0 # A and by définition # A = E{A) + I(A). We deduce I(A) < j^E{A). It is
enough to look at diagrams with a connectée! interior. In fact, if the reduced diagram A
does not have a connected interior, each of its parts with a connected interior define a
other reduced diagram (relatively to an other word), so the inequality holds for every part
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of A with a connectée! interior and we conclude by saying that increasing the number of
external edges does not change the inequality.

We define the following notation : for a cell fi of the diagram, we dénote Int(ft)
(resp. Ext (fi)) the number of edges of ƒ, which are internai to the diagram (resp. which
are on the border of the diagram). We dénote also # ( ƒ,) the total number of edges of the
cell fi.

To obtain a contradiction, we suppose that all the cells of one diagram A have
more than 1% of their edges inside the diagram ( i.e. for ail ƒ,, we have lOOInt(fi) >
#(/ i ) ) . It is clear that E (A) = £ i Ext{fi) and that / (A) = | £ . Int{fi)t because
every internai edge belongs exactly to two cells of the diagram and every extemal edge
belongs exactly to one cell of the diagram . So we get :

#(A) = \ Y, intUi)+E Ext(iï = E #(/<) - \ E Intw-
i i i i

If for ail ƒ,, we have

100/ni(/,-) > #(ƒ,-)

then 100 £ƒ„*(ƒ<) > £ # ( ƒ , ) = #(A) + i

> # (A)

199/(A) > # (A) .

For this diagram, ƒ (A) > ^ #(A) . This contradicts the ô-condition for 8 = 1/199. D

LEMMA 3.5. — Fore > 0 smallenough, ifr ise-balancedandhaspropertyE&
withS = 8,jïr = s t l •••$»,,., with$ii G 5 = XuX'1 ,theneveryorderedsubsequence
(j/i » • • * i yi) ofthe ordered séquence (sil, • • • , 5j |r| ) such that l > j ^ \r\ has at least 3
changes ofsign.

PROOFOF3.5 Set|r| = n,n+(r) = /,thusn_(r) = n - / a n d / > n-/,wehave
/ > n/2. As r has property Es, we have

n 1 + 6

So there are at least 5+?n négative terms in r.

Let r be a product of 3 words r = rir2rz with |rj| > |r|/4. As r has property E&>
every subworduoflengthbigger than |r|/4 is such that eitherl < ^ | ^ | < l + <5,either

So we can suppose that for i = 1,2,3, we have either 1 < £f|%} < 1 + tf^
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As S = 8, we can assume that rx is such that

f < n+(n) < £
ft < n.(n) < f

So we can say that n+ (rx) > -^ and n_ (rx) > ^ . By analogous arguments, we have

Dénote by (yx, • • • , ym i ) the subsequence of (yi,••• , y/) corresponding to the
éléments of r2 f by (ym i+i, • • • , Vm2) the subsequence of (yi, • • • , yi) corresponding
to the éléments of r2 and by (ym2+ii • • * i yi) the subsequence of (yi, • • •, yi) cor-
responding to the éléments of r3. As at worse 1% of all éléments of r disappear in
(ï/i , • • • » yi) - the séquence (yi, • • • , ym i ) contains at worse 4% less than ri (simüary for
(ymi+i,--- ,ym2), (ym2+ii'"- i y/) with respect r2, r3). And as each r< contain at least
10%oftermsofbothsign,wegetn-((yi,--- ,y m i ) ) > Oand n+((yi, • • • ,ym , ) ) > 0.
By the same arguments (y m ,+ i , - - - ,S/m2) and (y m a +i , - - ' i ï/i) contain terms of both
signs. We conclude that the three ordered subsequences (yi, •• • , y m i ) ,
(ym ,+i , • • • ,2/m2) and (ym2+i, • ••,!//) of (yu • • • ,yz) each contain at least one change
of sign.

Thus (yi, * • •, y/) at least contains three. D

With these lemmas we can prove the following proposition

PROPOSITION 3.6. — LetT S (X,R) bea finiteprésentation such thatT has
a 0-condition, with 6 < 1/199, and such that everyr € R is t-balanced and has the
property Es (with e relatively small compared to the minimal length of the relations and
S > Bh then X générâtes a free semi-group in T.

PROOF OF 3.6 We dénote by N the normal subgroup generated by R in F* and
let o; be a non trivial element of N; Choose A a reduced diagram for w (i.e. ÔA = w).
As the présentation {X, R) satisfies a 0-condition with 0 less than 199, by lemma 3.4, the
diagram A contains a cell for which the border is a r € R and such that r has 99% of its
generators on the border d A of A. As r is c-balanced and has the property E$, by lemma
3.5, the ordered séquence (yi, • • • , y/) defined byrHu? contains at least 3 changes of
sign. So LJ contains at least 3 too. For two positive words u\, U2 in F* » wiu^"1 is a word
with only one change of sign, so it does not belong to TV, which implies that that the
image of UILJ^1 in T is not trivial, and so u>\ is different of w2 in T. We conclude that the
semi-group generated by X in T is free. D

PROOF OF THEOREM 1.2 We just need to remark that the intersection of afinite
number of genene properties is always genene and to appeal to lemmas 3.2, 3.3 and
orshanskii's result which asserts that for every fixed 0 > 0, the 0-condition is genene
(see [10]). We conclude with the proposition 3.6 and the theorem 1.1, hyperbolicity
being genene because it follows from a 0-condition (it was independentely proved by
Ol'shanskii [10] and Champetier [2]). •

So we have proved that for finitely presented groups (X, R), the existence of free
semi-group generated by X is very frequent, but it could be interesting to see if it easy
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to décide whether a particular présentation (X, R) has such a property or not, just by
looking at the set of relations R. In that direction, it could be interesting to be able to
read the ^-condition on R. That would unable us to get more than asymptotic results.
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