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Regularity of weak KAM solutions and Mané’s Conjecture

L. Rifford*

Abstract

We provide a crash course in weak KAM theory and review recent results concerning
the existence and uniqueness of weak KAM solutions and their link with the so-called Mafié
conjecture.

1 Introduction

In the present paper, (M, g) will be a smooth connected compact Riemannian manifold without
boundary of dimension n > 2, and H : T*M — R a C* Tonelli Hamiltonian (with k > 2),
that is, a Hamiltonian of class C* satisfying the two following properties (|| - || denotes the dual
norm on T*M):

(H1) Superlinear growth: For every K > 0, there is a finite constant C*(K) such that

H(z,p) > K|lp||l. + C*(K)  V(z,p) € T"M.

(H2) Uniform convezity: For every (x,p) € T*M, the second derivative along the fibers

%2;;1 (z,p) is positive definite.

The Mané critical value of H can be defined as follows.

Definition 1.1. We call critical value of H, denoted by c[H], the infimum of the values ¢ € R
for which there exists a function v : M — R of class C' satisfying

H(z,du(z)) <c Vze M.
Remark 1.2. We can check easily that c[H| satisfies the following inequalities

min {H(z,0)} < c[H] < max {H(z,0)}

The study of solutions of the critical Hamilton-Jacobi equation,
H(z,du(z)) = c[H] Vo e M, (1.1)

is the core of Fathi’'s weak KAM theory developed in [9, 10, 11, 12, 13]. The aim of the
present paper is to recall briefly the construction of Fathi’s weak KAM solutions and to address
uniqueness and regularity issues for the critical Hamilton-Jacobi equation.

*Université de Nice-Sophia Antipolis, Labo. J.-A. Dieudonné, UMR CNRS 6621, Parc Valrose, 06108 Nice
Cedex 02, France & Institut Universitaire de France (ludovic.rifford@math.cnrs.fr)
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2 Critical subsolutions

A priori, the infimum in Definition 1.1 is not necessarily attained. For this reason, we introduce
the notion of critical subsolutions. We recall that by Rademacher’s theorem, Lipschitz functions
are differentiable almost everywhere.

Definition 2.1. A function u : M — R is called a critical subsolution for H if it is Lipschitz
and satisfies

H(z,du(z)) < c[H] a.e. x € M. (2.1)
Let us denote by (C°(M;R), || - [|o) the Banach space of continuous functions on M equipped
with the supremum norm.

Proposition 2.2. The set SS[H] of critical subsolutions is a nonempty, compact and convex
subset of CY(M;R).

Proof. Pick a sequence of C! functions {u} associated with a sequence of real numbers {cy}
converging to c¢[H] such that

H(z,dug(z)) < cx VY € M, Vk.

Thanks to the superlinear growth hypothesis (H1), the sequence {uy} is uniformly Lipschitz.
Then by compactness, we may assume that it converges uniformly to some Lipschitz function
u : M — R. The fact that u is a critical subsolution follows easily from the following lemma
whose proof is left to the reader.

Lemma 2.3. Let {uy} be a sequence of C1 functions on M which converges uniformly to some
Lipschitz function v : M — R. Assume that u is differentiable at x € M. Then there is a
sequence xy, — x such that dug(xg) — du(z).

Thus we proved that SS[H] is nonempty. By (H1), any critical subsolution is Lipschitz on
M (with universal Lipschitz constant). From the Arzela-Ascoli Theorem, the compactness of
SS[H] follows easily. Finally, the convexity of SS[H] is straightforward from the convexity of
H in the p variable (H2). O

The Lagrangian L : TM — R associated with H by Legendre-Fenchel duality is defined by

L(z,v) := pénTi}%{<p,U> — H(m,p)}.

Thanks to (H1)-(H2), it can be shown (see [4, 13]) that L is a C* Tonelli Lagrangian, that is it
is C* and satisfies the two following properties (|| - || denotes the norm on T'M):

(L1) Superlinear growth: For every K > 0, there is a finite constant C(K) such that
L(z,v) > K|v|ls + C(K) Y (z,v) € TM.

8%L
) 81}2

(L2) Uniform convezity: For every (z,v) € TM (z,v) is positive definite.

Note that the Fenchel inequality
(p,v) < L(z,v) + H(z,p) (2.2)
holds for any z € M and v € T, M,p € T M with equality if and only if (in local coordinates)

OH oL
v = a—p(m,p)@p— %(x,v). (2.3)

The Legendre-Fenchel duality allows us to characterize the critical subsolutions in a variational
way.

XXVII-2
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Proposition 2.4. A function u: M — R is a critical subsolution (for H) if and only if

b
u(y(0) —u(v(a)) < / L(7(s),4(s)) ds + c[H] (b — a), (2.4)

for any Lipschitz curve v : [a,b] — M.

Proof. Let u: M — R be a critical subsolution. If u is of class C*!, then we can write for any
Lipschitz curve 7 : [a,b] — M (remember (2.2)),

b
u() ~u(r@) = [ ()50 ds

IN

/Lh®ﬁ@D%+/EWW%%W@D%

a

b
< [ L0 de+ el (- a)

If u is not C', then by convolution we can approximate it by a smooth function u¢ : M — R
satisfying

H(z,du(x)) < c[H]+ € Vo e M.
Then we can apply the previous argument to u© and let € tend to 0.

Assume now that a function u : M — R satisfies (2.4) for any Lipschitz curve v : [a, b] — M.
Let z,y € M be fixed. Denote by d the Riemannian distance associated with g on M x M and
let « : [0,d(z,y)] = M be a unit speed geodesic joining x to y in time d(z,y). By assumption
on u, one has

d(z,y)
u(y) — u(z) < /0 L(a(s), &(s)) ds + c[H]d(z, y).
Setting
S(1) := max{L(z,w) | (z,w) € TM, ||w||. < 1},

we infer that
u(y) —u(z) < (S(1) +c[H])) d(z,y)  Vz,ye M,

which shows that w is Lipschitz on M. Let © € M be such that u is differentiable at x and
let ((-),p()) : [0,€] = T*M be a local solution of the Hamiltonian system associated with H,
which reads in local coordinates,

{40 = om0
pt) = —%E(x(t),p(t),

such that (x(0),p(0)) = (x, du(z)). By assumption, we have for every ¢ € (0, €|,

u(z(t)) — u(z(0

t

) %/O L(x(s), &(s)) ds + c[H].
Since u is differentiable at « = x(0) and #(0) satisfies (remember (2.3))
H(z,du(z)) = (du(z), #(0)) — L(z,%(0)),

letting ¢ tends to 0 yields H(z,du(z)) < c[H]. O
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3 The Fathi weak KAM Theorem

Following [13], the Lax-Oleinik semigroup {7;}+>0 associated with L is defined as
{Ti}s0 CY(M;R) — C°(M;R)

where for every t > 0 and for any u € CO(M;R), Tiu = T;(u) is given by
0

Tiu(z) := inf {u(v(—t)) —|—/

—t

L(v(s),%(s)) ds} Vo € M, (3.1)

where the infimum is taken among the Lipschitz curves v : [—t,0] — M such that v(0) = z. If
for every t > 0, we define the function h; : M x M — R by

Y

hy(x,y) = inf {/Ot L(7(s),4(s)) ds} o,y € M, (3.2)

where the infimum is taken on the set of Lipschitz curves « : [0,t] — M which satisfy v(0) = z
and y(t) =y, then Tyu can also be written as (for ¢ > 0)

Tiu(z) == Zlél{/[{u(z) + ht(z,x)} Ve e M. (3.3)

In Appendix A, we recall that, under the present hypotheses, the infimum in the definition of
h; is always attained and that each function h; is indeed Lipschitz on M x M. This shows that
T; is well-defined for all ¢ > 0 and that the infimum in (3.1) is always attained. By the way,
we note that by Proposition 2.2, if u : M — R is a critical subsolution then there holds for any
t>0,

u(z) —u(z) < he(z,z) + c[H]t  Vx,ze€ M. (3.4)

In fact, {7;}+>0 enjoys the properties of a continuous nonexpansive semigroup.
Proposition 3.1. The following properties hold:

(i) To = Id and Tiyp = Ti o Ty, for any t,t' > 0.

(ii) For everyt >0, || Tiu — Tev|| o, < |lu — v|joo for any u,v € C°(M;R).

(iii) For every u € CO(M;R), the mapping t € [0,00) — Tyu is continuous.

(iv) The set SS[H] is invariant with respect to {T;}.
Proof. Let t,t' > 0 and u € C°(M;R) be fixed. We have for every x € M,

Tivou(z) = yi&{[{u(y) + ht+t/(y;x)} = yiél]f\;[{u(y) + Zlg]& {he(y,2) + ht(z,x)}}
= y,izIéfM{u(y) + b (y, 2) + ha(2, x)}
)

= inf {Tou(=) + ho(z,2) f = T [Tou] (2).
This proves (i). The proof of (ii) is easy. Let u,v € C°(M;R), z € M and t > 0 be fixed.

There is z € M such that Tzu(z) = u(z) + hi(z,2). Moreover we have necessarily Tv(z) <
v(z) + hi(z, ). We deduce that

Tev(x) — Tru(z) <o(2) —u(z) < v — vl

XXVII+4
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Exchanging the roles of v and v yields the result. To prove (iii) we first assume that v : M — R
is K-Lipschitz on M. By (L1), there is C(K) € R such that

L(z,v) > K|jv||» + C(K) Y (z,v) € TM.

Then for every ¢ > 0 and any Lipschitz curve 7 : [—t,0] = M, we have

0 0
/ L(v(s),%(s)) ds > K/_tH"y(s)Hv(s) ds+ C(K)t > Kd(v(—t),7(0)) + C(K)t,

—t

which implies
0

uG-0) + [ L6636 ds > u(2(0) + COE

—t
We deduce that Tyu > v+ C(K)t. On the other hand, we have easily for any ¢ > 0,

Tiu(z) < u(x) + he(z,2) < tL(x,0) Vo e M.
We infer that T;u — u as ¢ — 0. Note that for any ¢,¢ > 0, by (i)-(ii) above, one has
170w = Teullo < [|Tie g =l

This shows that ¢ € [0, 00) — Tu is continuous. If u is merely continuous, then for every e > 0,
there is a Lipschitz function v : M — R such that ||v —u|| < e. By the above argument together
with (ii), we deduce easily that ||T;u — u|| < 3e for ¢ > 0 small enough. We deduce easily that
t € [0,00) — Tyu is continuous.

It remains to prove (iv). We need to show that given u in SS[H|, T;u satisfies the char-
acterization given in Proposition 2.4 for any ¢t > 0. Let ¢ > 0 be fixed, we observe that it is
sufficient to prove (2.4) for any Lipschitz curve v : [a,b] — M with b — a < ¢/2. Let 7 be such
a curve. There is z € M such that

Teu(y(a)) = u(z) + hi(2,7(a)).

Then we have for any y € M,

Teu(y(0) = Teu(v(@)) < uly) + he(y, (b)) — he (2,7 )
< u(y) —u(2) + he—g- a)(y (@) + hy—a (v(a), (b)) = he(2,7(a)).
Let a : [0,4] — M be a Lipschitz curve with a(0) = z,a(t) = v(a) and hi(z,v(a)) =
fot L(a(s),d(s)) ds. Applying the previous inequality Wlth = a(b — a) and using that
u(y) —u(z) < hp—alz,y)  and  he(2,7(a)) = ho—a(2,9) + hiep-a) (¥, 7(a)),
yields the result. O

As shown by Fathi [13], the existence of weak KAM solutions can be obtained as a conse-
quence of a fixed point theorem for continuous semigroups acting on compact convex sets (see
Theorem B.1).

Theorem 3.2. There exists a critical subsolution u: M — R such that
Tiu=u—c[H|t vt > 0. (3.5)

Such a function is called a weak KAM solution or a critical solution (for H ).
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Proof. Let E be the normed space obtained as the quotient of C(M;R) by constant functions
equipped with the norm
[l = inf {u+a} Vi) € B

Since Ti(u + a) = Tyu + a for any a € R, the maps 7; pass to the quotient. Then the family
{T¢}+>0 defines a continuous nonexpansive semigroup which preserves the compact set

K = {[u] lu€ SS(H)}.
Thus by Theorem B.1, there is a family {c;};>0 of real numbers and u € SS(H) such that
Tiu=u+c  Vt>0.

By Proposition 3.1 (i) and (iii), the mapping ¢ — ¢; satisfies the semigroup property and is
continuous. Then there is ¢ € R such that ¢; = tc for all t > 0. We need to show that ¢ = —c[H].
On the one hand, since w is a critical subsolution, remembering (3.4) we check easily that

Tiu>u—c[H|t vt > 0.
Which shows that ¢ > —c[H]. On the other hand, Tzu > u + ¢;(Vt > 0) implies that for any
Lipschitz curve v : [a,b] — M, we have

b

u(y(b)) = u(v(a)) < hp—a(v(a),7(b)) —ct < / L(v(s),7(s)) ds — ct.

a

Proceeding as in the proof of Proposition 2.4, this shows that H(z,du(z)) < —c almost ev-
erywhere. Regularizing u by convolution, we deduce that for every ¢ > 0 there is a smooth
function u¢ : M — R such that H(z,du(x)) < —c+ € for all x € M. By definition 1.1, this
shows that —c > ¢[H] & ¢ < —c[H]. O

Remark 3.3. The ezistence of weak KAM solutions can also be shown by proving that for any
subsolution u € SS(H), the function Tiu+c[H|t converges uniformly ast tends to oo to a weak
KAM solution, see [13].

Remark 3.4. It can be shown easily that u: M — R is a weak KAM solution (for H) if and
only if it is a viscosity of the Hamilton-Jacobi equation (1.1). We refer the reader to [13, 24]
for further details on weak KAM solutions from the viscosity viewpoint.

Remark 3.5. Roughly speaking, in the classical KAM theory, weak KAM solutions are smooth
and the graphs of its differentials are indeed invariant tori, see [3].

The following result provides several characterizations of weak KAM solutions.
Proposition 3.6. Let u € C°(M;R), the following properties are equivalent:
(i) u is a weak KAM solution.
(i) Tew =u — c[H]|t, for all t > 0.

(iii) uw € SS(H) and for every x € M, there exists a Lipschitz curve 7, : (—00,0] = M with
v:(0) = x such that

b
W) = u(a(@) = [ L(n() 50 ds +elHI6-a)  Va<b<o. (30

(iv) uw € SS(H) and for every smooth function ¢ : M — R with ¢ < u and all x € M,
¢(z) =u(zr) = H(z,do(z)) > c[H]. (3.7)
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Moreover, the curve appearing in (iii) is necessary of class C? and solution to the Euler-
Lagrange equation.

Remark 3.7. Actually, assertion (iv) states that u is a viscosity solution of (1.1). It is also
equivalent to the following:

(iv)’ For every smooth function ¢ : M — R with ¢ < w and all x € M, ¢(z) = u(z) =
H(z,d¢(x)) = c[H].

Proof. (i) = (i) is obvious. Let us show that (i) = (iii). Let u € C°(M;R) satisfying (3.5)
be fixed. Given a Lipschitz curve 7 : [a,b] = M we have

u(y(b)) — ¢[H] (b — a) = Tr—au(y(b)) <u(y(a)) + / L(v(s),74(s)) ds,

which by Proposition 2.4 shows that « is a critical subsolution. Let © € M be fixed, let us
construct 7y,. Since the infimum in the definition of h;(x, y) is always attained, for every positive
integrer k, there is a curve 7y : [—k,0] — M with v(0) = « such that

Tru(w) = u(ve(=k)) + b (ve(—k), z) = u(ve(—k)) +/ L(vi(s),¥k(s)) ds.

—k

Since Tru(z) = u(x) — c[H] k and v € SS(H), we deduce that

b
u(vk(b)) — u(yk(a) = / L(vk(s), k(s)) ds + c[H] (b — a) Ya < b e [-k,0].

By Theorem A.1, the curves v are uniformly Lipschitz. Then we conclude easily by the Arzela-
Ascoli Theorem. (iii) = (i) is easy. Let us show that (iii) < (iv). Let ¢ : M — R be a smooth
function such that ¢ < w and let z € M with u(xz) = ¢(x) be fixed. By (iii), there is a Lipschitz
curve v, : (—00,0] = M with «(0) = x satisfying (3.6). Then

xTr) — T 0
(x) ¢t(7 (1) %/_th(S)’%(S)) ds+c[H]  Vt>0.

Taking the limit as ¢ — 0 and using Legendre-Fenchel duality, yields H(z,d¢(x)) > c[H].
This shows that (iii) = (iv). Assume now that (iv) holds and prove (iii) for some = € M. It is
sufficient to show how to construct a curve -, satisfying (3.6) on a small interval [—¢, 0]. Taking
a local chart around z if necessary, we may assume that we work in R”. Let a € (0,1] and
N € N* be fixed and u,, : R™ — R be the function defined by

1
Uo (') = yienﬂgn{u(y) + ﬁky - 33’|2} vz' € R™.

Note that since u is Lipschitz, for any o € (0,1] small enough, for every z’ close to x the
infimum in the above formula is attained for some y close to z’. Let y,(z) € R™ be such that

() = u(ya(x)) + Tiz’ya(x) _ a:|2

and set

Y —ya(ﬂ;‘).

Palx) := 3

Note that by construction

u(y) 2wy (@) + pale)y — va(@) — 5y - @’ vy R
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This means that the right hand side in the above inequality is a smoooth support function from
below for u at y,(z). Then by (iv), we can pick v,(z) € R™ such that

(Pa (@), Va(2)) = L(ya(), va(2)) = H (Ya(2), pa(z)) > c[H].

Then setting @1 := & — {vq () implies

Ua(T1) —un(z) < u(ya(x)) + Tiﬁya(x) _ $1|2 _ u(ya(x)) _

N

1
< (pa(w), 1 —2) + ﬁhl *$|

IN
|
h
—~
<
Q
&
\'@
Q
8
~
~
I
L
=
_|_
[\
()
2
(V)
Q
—~
B
e

which can be written as
1
e (z1) < ug(z) — NL(ya(x),va(x)) — —c[H]+ W|U‘1(x)
Repeating this construction yields finite sequences

{‘TO =T, T1y.-- 7xN}7 {yoz(xO)v s ayoz(xN)}a {pa(l’o), cee 7poz(xN)}a {’Ua(zo), s ,’UQ(SCN)}
such that for alli=1,..., N,

o) < 1o (0 ; e vale)| - et +; ale@If] 69

Since u is Lipschitz, the pq(x;),ve(x;)’s are bounded and the paths zsn(-) : [-1,0] — R”
defined by

N (t) =z — (t —i/N)ve(z;) vt e (-i/N,—(i—1)/N],¥i=1,...,N,

are uniformly Lipschitz and satisfies x5 n(—i/N) = z; for any ¢ = 0,...,N. Then by (3.8),
letting 0 | 0 and N 1 oo, we infer that there is a Lipschitz curve z(-) : [-1,0] — R™ with
2(0) = z and satisfying

0

u(z(—t)) < ulz) — / L(z(s),4(s)) ds — c[H]t vt € [0, 1].

—t
We conclude easily by the fact that u € SS(H). O

Remark 3.8. The proof of (it) = (iii) shows that if some continuous function v : M — R
satisfies
Tiv=v—ct Vvt >0,

for some constant ¢ € R, then ¢ = ¢[H| and v is a weak KAM solution. As a matter of fact,
by the above argument, v is Lipschitz and satisfies H(x,dv(x)) < ¢ for almost every x € M.
Which means that ¢ > c[H]. Moreover, for every x € M, there is a curve oy : (—o0,0] = M
with a;(0) = z such that

b
v(ag (b)) —v(az(a)) = / L(ag(s), dg(s)) ds +c(b—a) VYa < b<0.

Taking a critical subsolution u yields for any t > 0,

u(z) — u(og(—t)) < / L(ag(s), 6u(s)) ds + c[H]t = v(z) — v(az(—t)) + (c[H] — o) t.

—t

Letting t tend to oo gives the result.
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Example 3.9 (Mechanical Lagrangians). Consider a Tonelli Hamiltonian H : T*M — R of
the form kinetic energy plus potential,

1 *
H(z,p) = 5lplz + V(@) V(w,p) € T"M,

where V : M — R is a function of class C?>. We check easily that

el H) = max {V(2)}

As a matter of fact, one has H(z,0) < maxV which yields c[H] < 0. In addition, ifu: M — R
is a C' function then for every x € M with V(z) = maxV, one has H(z,du(z)) > maxV,
which shows that c[H] > maxV. We can also observe that any constant function is a critical
subsolution for H.

Example 3.10 (Maii¢’s Lagrangians). Let X be a vector field of class C* (with k > 2) on M.
The Marié Lagrangian Lx : TM — R associated with X is the C* Tonelli Lagrangian defined
as

1
L(z,v) = §Hv — X(x)||i V(x,v) € TM.

The Hamiltonian Hx associated to Lx by Legendre-Fenchel duality is given by
1 *
Hx(e,p) = b2 + (. X () Vla,p) € T*M.

By Remark 1.2, ¢c[H] = 0. In fact, constant functions are weak KAM solution.

4 The Peierls barrier

The Peierls barrier h : M x M — R is defined by
h(z,y) := alin_&g{ht(x,y) + c[H]t} Yo,y € M.

The following result is crucial.

Proposition 4.1. Letu: M — R be a weak KAM solution. For every x € M and every curve
Yz i (—00,0] = M with v,(0) = x satisfying (3.6), any a-limit point z of ., that is any

z € ﬂ Yo ((—00,1])

t<0
satisfies h(z,z) = 0.

Proof. Let z be an a-limit point of 7,. There is a increasing sequence of times {t;} tending
to oo such that z = limg_00 25 With zg := v, (—tx). Since h(z,z) > 0 by (3.4), we need to
construct a sequence of Lipschitz curves 7y : [0, Tx] — M such that

T

lim L(vi(s),(s)) ds + c[H] Ty, = 0.

k—o0 Jq

For that we simply concatenate the restriction of -y, to [—tx, 0] with some unit speed geodesic
joining z to z,. The continuity of u together with (3.6) yields the result. O
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We can check easily that h satisfies for any x,y,z € M and any t > 0,
B(,2) < h(z,y) + ha(y,2) + clH]t and  h(z,2) < hy(o,y) + c[H]E+ h(y,2). (A1)

Then from the above proposition we deduce that h(x,y) is well-defined for all z,y € M and
satisfies the triangle inequality

h(z,z) < h(z,y) + h(y, 2) Va,y,z € M. (4.2)
Remembering (3.4), we also notice that for every u € SS(H), we have
u(y) —u(z) < h(z,y) Va,y € M, (4.3)
which implies that
h(z,z), h(z,y) + h(y,z) >0 Yo,y € M. (4.4)

The Peierls barrier can indeed be used to construct weak KAM solutions.

Proposition 4.2. For every x € M, the "pointed” Peierls barrier hy : M — R defined by
he(y) == h(z,y) Yy € M.

is a weak KAM solution.

Proof. Let v : [a,b] = M be a Lipschitz curve (with b —a > 0), by (4.1) we have

h(x, (b)) h(z,7(a)) + ho—a(v(a),7(0)) + c[H] (b - a)
b
h(x,’y(a)) + / L(v(s),"y(s)) ds + c[H] (b — a),

which shows by Proposition 2.4 that h, is a critical subsolution.

IN

IN

Lemma 4.3. For everyy € M, there exists a Lipschitz curve 7y, : (—o0,0] — M with v,(0) =y
satisfying

b
o (3 (1) — o (3 () = / L(w(s),4y()) ds+ clH](b—a) Ya<b<0.  (45)
Moreover, the curve v, is of class C* and solution to the Euler-Lagrange equation.

Proof of Lemma 4.5. Let y € M be fixed. By definition of h(z,y), there is a sequence of times
{tx} tending to oo and a sequence of curves 7y : [0,tx] — M with 7,(0) = 2,7k (tx) = y such

that
tr

h(z,y) = klifolo hi, (2, y) + c[H]tp = lim L(vk(s),3x(s)) ds + c[H] ty.

k—oo Jo
Foe each t > 0, one has for k large enough(with ¢ > t)

b (x,y) = hey—e(z, vt — 1) + he (v (te — t), )

= hy—t(z, (e — t)) +/ L(vk(s),k(s)) ds.

te—t

By Theorem A.1, the curves 7, are uniformly Lipschitz. Then by the Arzela-Ascoli Theorem,
taking a subsequence if necessary, we may assume that there is a Lipschitz curve 7, : (—o0, 0] —
M with ~,(0) = y such that

h(z,y) > h(mgyy(—t)) + /_tL('Vy(S)f'Yy(S)) ds + c[H]t vt > 0.

We conclude easily by the fact that h, € SS(H). O

Proposition 3.6 concludes the proof. O
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5 The projected Aubry set and the Aubry set

Definition 5.1. We call projected Aubry set the nonempty compact subset of M defined by
A(H) = {g; € M|h(z,z) = o}.

The fact that A(H) is nonempty follows from Proposition 4.1 while the compactness is a
consequence of the Lipschitz regularity of h (which is itself a consequence of Proposition A.3).
Proposition 4.1 shows indeed that A(H) plays the role of a boundary at infinity. As shown
below, the points of the projected Aubry set are the only points where all critical subsolutions
are differentiable.

Proposition 5.2. The following properties hold:
(i) For every x € A(H), there is a C? curve v, : R — A(H) with v,(0) = x which is solution
to the Fuler-Lagrange equation and such that

¢
B, (1)) = / L(ve(s),4(s)) ds + c[H t = —h(na(t),2) Vi €R. (5.1)

0
(i1) For every x € A(H), there is P(x) € T M with H(x, P(x)) = c[H] such that any critical
subsolution w is differentiable at x and satisfies du(z) = P(z) = 2 (z,4,(0)).

(i1i) For every x € A(H) and every u € SS(H), we have

b
u(72(0)) — u(7z(a)) = / L(v2(8),42(s)) ds + c[H] (b — a) Ya <beR. (5.2)
Moreover, any Lipschitz curve «y : [a,b] = M with 0 € [a,b], v(0) = = and u(y(b)) —
u(y(a)) = f:L('y(s),"y(s)) ds + c[H] (b — a) satisfies y(t) = vz (t), for any t € [a,b].

(iv) For every x ¢ A(H), there is a critical subsolution w which is smooth in an open neigh-
borhood V,. of x and such that H(x,du(x)) < c[H] for any ' € V,.

Proof. Assertion (i) follows by the same arguments as the ones given in the proof of Lemma
4.5. Let us prove (ii) and fix a critical subsolution w. Then we have for any ¢t > 0

w(ra(t)) — ulz) < /0 L(va(s), 4 (s)) ds + c[H] ¢

and  u(z) — u(72(t)) < h(ya(t), ).
By (5.1) (summing both inequalities), we infer that

u(72(t)) —u(z) = /0 L(v2(s),%x(s)) ds + c[H]t ¥Vt >0, (5.3)

Repeating the same argument for negative times, we get
0
u(z) —u(ye(—t)) = / L(v2(s), A2(s)) ds + c[H] t vt > 0. (5.4)

—t

Let us now show that we can put a C? support function for the graph of u at x from above and
from below. Taking a local chart in a neighborhood of x, we may assume that there is € > 0
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such that the restriction of v to the interval [—e, €] is valued in R™. For every z’ close to x, we
define a C? curve oy : [0,¢] — M steering v, (—¢) to 2’ by

Qg (s) =vu(—€e+s)+ z (2 — ) Vs € [0, €.

By (5.4) and (2.4), we deduce that

€ 0
u(x') < u(x) —|—/ L(ag(s), car(s)) ds — / L(72(),¥a(s)) ds.
0 —€
Which shows that we can put from above a function of class C? on the graph of u at . Now
for every a’ close to z, we can define a C? curve 83, : [0,¢] — M steering 2’ to 7, () by
€—s

Bar(8) = (2" — ) + 72(5) Vs € [0, ¢].

€

By (5.3) and (2.4), we deduce that we can put from below a function of class C? on the graph
of w at x. Thus w is differentiable at x. The restriction of +y, to the interval [0, ] minimizes the
quantity

u(+(0) + / "L(7(5).4(s)) ds

among the Lipschitz curves « : [0,€] — M such that y(e) = v,(€). Since u is differentiable at
x = 7,(0), by Proposition A.4, we deduce that

du(x) = Z—i(m,‘yz(O)) =: P(x).

This concludes the proof of assertion (ii). Assertion (iii) is an easy consequence of (5.3)-(5.4)
and Cauchy-Lipschitz’s theorem. Let us now prove (iv). Fix « ¢ A(H) and define the ”pointed”
Mané potential v : M — R by

v(y) = %gg{ht(r,y) + c[H] t} Yy € M.
The function v is well-defined (v < h,, and one has (3.4)) and satisfies
v(z) —v(y) < hi(y, z) + c[H]t Ve > 0.

Then proceeding as in the proof of Proposition 4.2, we deduce that v € SS(H). Let y # =
be fixed. Either there is ¢ such that v(y) = hg(x,y) + c[H]t or we have v(y) = h(z,y). In
both cases, proceeding as in the proof of Lemma 4.5, we can show that there is ¢, > 0 and a
Lipschitz curve v, : (—¢,,0] = M with 7,(0) = y such that

v('yy(b)) - U('yy(a)) = / L(Wy(s),"yy(s)) ds + c[H|(b— a) Ya<be (—ey,O].

By the argument given in the proof of Proposition 3.6 (iii) = (iv), we deduce that for every
smooth function ¢ : M — R with ¢ < v and all y € M \ {z},

oly) =vly) = H(y,doly)) > c[H].

We claim that the above property cannot be satisfied for y = x. If not, from Proposition 3.6
this means that v is a weak KAM solution. Then there is a Lipschitz curve 7, : (—o0,0] = M
with v(0) = x satisfying (3.6). We check easily that v(z) = 0. Then we get
0
—o(ya(—t)) = / L(v(5) 4u(s)) ds + c[H]t V>0,

—t
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Fix t > 0 and € > 0 small. By definition of v(v,(—t)) there is tc > 0 and a Lipschitz curve
Ve : [0,t] = M with v.(0) = x,ve(te) = vz(—t) such that

/O " L(e(s),4e(s)) ds + clH] t. < v(7a(—1)) + <.

Then the concatenation of v, with +, restricted to [—t, 0] yields
hivi(@, @) + c[H] (te + 1) < e

Thus letting ¢ tend to oo and € tend to zero implies h(z,x) = 0, which gives a contradiction.
So we deduce the existence of a smooth function ¢ : M — R with ¢ < v and such that

¢(z) =v(z) and H(z,dg(z)) < c[H].

Changing ¢ is necessary we may assume that there are e > 0 and an open neighborhood € of
x such that the following properties are satisfied:

B(y) > v(y) —eVy € Q,
(y) = v(y) — eVy € 9N
P(y) <v(y) —eVy e M\ Q
H(y,do(y)) < c[H] Yy € Q.

Then we define u : M — R as
u(y) := max{v(y), o(y) + 6} Yy € M.

By construction, u satisfies the properties of assertion (iv). O

Definition 5.3. We call Aubry set the subset of T*M defined by
A(H) := {(z,P(z)) € T*M |z € A(H)} .
The following result is due to Mather [20, 21].

Theorem 5.4. The set /{(H) s a nonempty compact subset of T* M which is invariant under
the Hamiltonian flow. Moreover it is a Lipschitz graph over A(H).

Proof. Let u € SS(H) be fixed. By Proposition 5.2 (ii), u is differentiable at each point z of
A(H) and satisfies du(x) = P(z). In fact, in the proof we saw that for each x € A(H), we can
put a C? support function for the graph of u at  from above and from below. The Lipschitz
regularity of the mapping « € A(H) — P(x) is a easy consequence of the following lemma
taken from [13] and whose proof is given in Section C.

Lemma 5.5. Let B be a open unit ball in R™, f: B — R be a continuous function, K > 0 and
E C B be such that for every x € E, there is p, € (R™)* veryfing

f(y) = f(x) — Py — 2)| < Ky — z|? Yy € B.

Then u is differentiable on E, du(z) = p, Vo € E, and the mapping
. 1
x € E with |z| < 3+ du(z)

is 6 K -Lipschitz.
The remaining part follows from Proposition 5.2 (i)-(ii) and Remark A.2 O
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Example 5.6 (Mechanical Lagrangians). Consider an mechanical Hamiltonian H : T*M — R
of the form given in Example 3.9. The Aubry set consists in a set of equilibria:

A(H) = {(x,O) \V(z) = maXV}.

Example 5.7 (Mafié’s Lagrangians). Let X be a vector field of class C* (with k > 2) on M
and Hx : T*M — R be the Hamiltonian associated to the Mané Lagrangian Lx : TM — R
given in Example 3.10. it can be shown that the projected Aubry set of Hx contains the set of
recurrent points of the flow of X. The Aubry set is given by

A(H) = {(x,O) |z € A(H)}.

Its orbits are orbits of X lifted in T*M, that is have the form (x(-),p(-))) with z(-) = X (z(-))
and p(-) = 0.

Let uw € SS(H) be fixed. By Proposition 5.2, the set of critical subsolutions which coincide
with v on A(H) is convex, compact, and is invariant with respect to the critical Lax-Oleinik
semigroup. Then the same proof as for Theorem 3.2 gives.

Proposition 5.8. For every u € SS(H), there exists a weak KAM solution v such that v =u
on A(H).

We mention that there is a comparison theory for weak KAM solutions. Fathi proves in [13]
that if two weak KAM solutions can be compared on the projected Aubry set, then they can
be compared globally.

6 The uniqueness issue

Of course if a given function u is a weak KAM solution for H, then for every constant a € R
the function u + a is weak KAM solution. We shall say that (1.1) has a unique solution if for
every pair u, v of weak KAM solutions , the function v — v is constant.

Theorem 6.1. Let H : T*M — R be a C* Tonelli Hamiltonian with k > 2 such that (1.1) has
a unique solution. Then A(H) is connected.

Proof. We argue by contradiction and assume that A(H) is not connected. From Proposition
5.8, it is sufficient to construct two critical subsolutions u,v : M — such that the restriction of
v —u to A(H) is not constant. Since A(H) is not connected, there are two disjoint compact
sets A1, As C A(H) such that A; U Ay = A(H). Let Q1,02 C M be two disjoint open sets
containing respectively A; and As, by Proposition 5.2 (iv), for every « € M\ (21 UQy) there is
a critical subsolution u, : M — R which is smooth in an open neighborhood V, and such that
H(z,du,(z")) < c[H] for any a’ € V,. Note that taking V, smaller if necessary we may assume
that V, N A(H) = 0. By compactness, there are x1,...,zy in M \ (Q1 UQs) such that

M\(QlLJQQ)C U Va,.

By (H2), the function v : M — R defined by

Ug, (T) + -+ Ugy (T)
N

u(z) = Vo e M,

is a critical subsolution. In addition, by construction there is € > 0 such that

H(z,du(z)) < c[H] —e€ a.e. x € M\ (21 UQy).
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Then by regularizing u in a neighborhood of M \ (21 U Qs), we can assume that u is a critical
subsolution which is smooth in an open neighborhood V of M \ (€1 U Q) and satisfies

H(z,du(z)) < c[H] — ¢ Vo e M\ (91 U Q).

By Proposition 5.8, there is a critical solution @ which coincides with v on A(H). For every
x € M\ (21 USy) and every -y, given by Proposition 3.6 (iii), we have

0
ﬂ(a:)—a(%(—t)):/ L(va(s), 4 (s)) ds + c[H] ¢ V£ >0

—t

and

0
u(z) — u(ye(—t)) < / L(v2(8),%2(s)) ds + (c[H] — €)t V¢ > 0 such that v, ([—¢,0]) C V.
—t

Since u € SS(H) and (u — @) (v,(—t)) tends to zero as ¢ tends to oo (by Proposition 4.1), we
infer that u < @ on M \ (21 U Q). Let o > 0 be such that u + o < @ on M \ (€7 U ), the
function v : M — R defined by

| a(z) it x € Qq,
o) = { max{a(z), u(z) + a/2} otherwise,

is a critical subsolution such that the the restriction of v — u to A(H) is not constant. O

Remark 6.2. In the above proof, we constructed a critical subsolution which is strict on a
compact subset of M \ A(H). In fact, as shown by Bernard [2] (thanks to a seminal result by
Fathi and Siconolfi [15]), there is a critical subsolution u of class CY'! such that H(x,du(z)) <
c[H] on M\ A(H). In particular, the infimum in the definition of c[H] is attained for a function
of class C11. We refer the reader to [24] fur further details.

Thanks to a Sard-type result proven in [14], the converse result holds in low dimension.

Theorem 6.3. Let H : T*M — R be a C* Tonelli Hamiltonian with k > 2 and k > 4 if
dim M > 3. Assume that A(H) is connected. Then (1.1) has a unique solution.

Proof. Let u,v : M — R be two weak KAM solutions. As shown in [14], under the present
assumptions, the function (u —v)| 4 satisfies Sard’s Theorem, that is (u —v)(A(H)) has zero
Lebesgue measure. Since A(H) is connected, its image has to be an interval. Consequently, it
is a singleton. Furthermore, thanks to a comparison theorem by Fathi [13, Theorem 8.5.5], if
two weak KAM solutions coincide on A(H) then they coincide on all M. O

Example 6.4 (Mechanical Lagrangians). In [22] Mather provides examples of potentials V :
M — R of class C* such that the projected Aubry set of the Hamiltonian given in Example 3.9
s connected but without uniqueness. No smooth or analytic counterexamples to Theorem 6.3
are known.

Example 6.5 (Mané’s Lagrangians). In [14], we show that (at least in low dimension) the
uniqueness property for Mané Lagrangians is related to chain-recurrent properties of the flow
of X.

Following Mafé [19], given a Tonelli Hamiltonian H : T*M — R of class C* (with k > 2)
and a potential V : M — R of class C* (with k& > 2), we define the Hamiltonian Hy : T*M — R
by

Hy(z,p):=H(z,p)+V(z)  V(z,p) €T M.
Denote by C*¥(M) the set of C* potentials on M equipped with the C* topology. Generically
on the potential, we have uniqueness. The following result is due to Mané [19].

Theorem 6.6. Let H : T*M — R be a C* Tonelli Hamiltonian (with k > 2). There is a
residual subset (i.e., a countable intersection of open and dense subsets) G in C*(M) such that
for every V€ G, the critical Hamilton-Jacobi associated with Hy has a unique solution.
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7 Regularity of weak KAM solutions

The following is proven in [23]. We refer to the reader to [4, 23, 24] for the definition of
semiconcave functions.

Theorem 7.1. Let u : M — R be a weak KAM solution. Then u is semiconcave on M and
Chl on an open dense subset O of M.

loc

Since weak KAM solutions u are Lipschitz, the limiting differential of v at = defined by
du*(z) = {limdu(xk) | 2, — z,u diff at xk},

is always a nonempty compact subset of T M. In [23], we show that there is a one-to-one
correspondence between the set of limiting differentials at « and the set of curves 7, : (—o0, 0] —
M with v,(0) = z and such that

b
u(72(b)) — u(vz(a)) = / L(v2(8),%2(s)) ds + c[H] (b — a) Ya < b <0.

a

In fact (by the same arguments as in the proof of Proposition 5.2 (i)), u can be shown to be
C! at every v, (—t) with t > 0. Since 7,(—t) tends to the projected Aubry set as t tends to co
(by Proposition 4.1), regularity properties for weak KAM solutions in a neighborhood of A(H)
imply more regularity for u globally (in the spirit of classical results for Dirichlet-type problems

[5, 18, 23]). Some properties on the behavior of the Hamiltonian flow in a neighborhood of A(H)
may also bring regularity properties. This is the purpose of the following result by Bernard [1].

Theorem 7.2. Let H be an Hamiltonian whose the Aubry set is an hyperbolic periodic orbit.
Then there is a unique weak KAM solution. Moreover it is C* in a neighborhood of A(H).

We refer the reader to [1] for the proof which is based on the fact (thanks to Proposition
4.1) every limiting subdifferential has to be in the unstable manifold of the periodic orbit.

8 The Mané conjecture

The Maifié conjecture in C* topology (with k > 2) can be stated as follows.

Conjecture 8.1 (Mané’s Conjecture). For every Tonelli Hamiltonian H : T*M — R of class
CF (with k > 2), there is a residual subset (i.e., a countable intersection of open and dense
subsets) G of C*(M) such that, for every V € G, the Aubry set A(Hy) of the Hamiltonian Hy
1s either an equilibrium point or a periodic orbit.

A natural way to attack the Mané Conjecture in any dimension would be to prove first a
density result, then a stability result. Namely, given an Hamiltonian of class C* satisfying (H1)
and (H2), first one could show that the set of potentials V' € C*(M) such that A(Hy) is either
a hyperbolic equilibrium point or a hyperbolic periodic orbit is dense, and then prove that the
latter property is open in C* topology. The stability part is indeed contained in results obtained
by Contreras and Iturriaga in [8], so we can consider that the Mafnié Conjecture reduces to the
density part.

Conjecture 8.2 (Mané’s density Conjecture). For every Tonelli Hamiltonian H : T*M — R
of class C* (with k > 2) there exists a dense set D in C*(M) such that, for every V € D, the
Aubry set of Hy is either an equilibrium point or a periodic orbit.
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In a series of papers in collaboration with Figalli [16, 17], we made progress toward a proof
of the Mané Conjecture in C? topology. Our approach is based on a combination of techniques
coming from finite dimensional control theory and Hamilton-Jacobi theory, together with some
of the ideas which were used to prove C!-closing lemmas for dynamical systems. The following
result is a weak form of some of the results that we obtained in [16, 17].

Theorem 8.3. Let H : T*M — R be a Tonelli Hamiltonian of class C* with k > 4, and fix
e > 0. Assume that there is a critical subsolution which is of class C*t1. Then there exists a
potential V : M — R of class C*~1, with |V||c2 < €, such that c[Hy] = c[H] and the Aubry
set of Hy is either an equilibrium point or a periodic orbit.

This result together with stability results by Contreras and Iturriaga [8] shows that we
can more or less consider that the Mané Conjecture for Hamiltonians of class at least C* is
equivalent to the:

Conjecture 8.4 (Maiié regularity Conjecture). For every Tonelli Hamiltonian H : T*M — R
of class C*, with k > 4, there is a set D C C*(M) which is dense in C*(M) (with respect to
the C? topology) such that the following holds: For every V' € D, the Hamiltonian Hy admits
a critical subsolution of class C®.

A Reminders in calculus of variations

Let L : TM — R be a C* Tonelli Lagrangian (with k > 2), that is a Lagrangian of class C*
satisfying the two following properties:

(L1) Superlinear growth: For every K > 0, there is a finite constant C(K) such that
L(z,v) > K|v|l, + C(K) Y (z,v) € TM.
(L2) Uniform convezity: For every (x,v) € T M, the second derivative along the fibers g%(m, v)
is positive definite.

The purpose of the present section is to recall basic facts on minimizing problems associated
with Tonelli Lagrangians. Given ¢ > 0 we study the minimal action problem in time ¢, that is
we study the function h; : M x M — R defined by

Y

t
hi(z,y) := inf {/ L(v(s),%(s)) ds} Yo,y e M, (A1)
0
where the infimum is taken on the set of Lipschitz curves « : [0,¢] — M which satisfy v(0) = =
and v(t) = y.
Theorem A.1. For any x,y € M and t > 0, there exists a Lipschitz curve v : [0,t] — M with
~¥(0) =z and v(t) = y such that

t
la) = [ L(O):3() ds. (A2)
0
The curve 7 is indeed of class C? and satisfies the Euler-Lagrange equation
d [OL . oL .
% |5 66| =S 06 veeba (A3)

Moreover, there is a continuous increasing function 6 : (0,00) — (0,00) depending only on L
such that

[5() oy <O/ Vs € [0,4]. (A.4)
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Remark A.2. If H : T*M — R denotes the C* Tonelli Hamiltonian associated with L by
Legendre duality, then for any curve v : [0,t] — M satisfying the Euler-Lagrange equation
(A.3), the curve (z(-),p(+)) : [0,t] = T*M defined by

(w(6):p(6) = (40 GE (30 ) wse ol

is a trajectory of the Hamiltonian system associated with H .

Proof. Let x,y € M and t > 0 be fixed. Set

hy(z,y) == inf {/0 L(v(s),5(s)) ds|v € AC([0,t], M),~(0) = x,y(t) = y} :

where AC(]0,t], M) signifies the class of absolutely continuous functions mapping [0,¢] to M.
Tonelli’s celebrated theorem asserts that under the present hypotheses, the infimum in the
above formula is attained, namely there is an absolutely continuous curve « : [0,¢] — M with
~v(0) = z and v(t) = y such that

o) = [ LG)5(5) ds

Since the Lagrangian is autonomous (it does not depend on time), it can be shown that ~ is
indeed Lipschitz, see [6]. In particular, this shows that h:(z,y) = ht(z,y). Then the duBois-
Reymond Theorem asserts that v satisfies an integral Euler equation. From the latter equation
and the uniform convexity of L in the fibers, it can be shown that 7 has indeed the same
regularity as L. We refer the reader to the textbook [7] for the proofs of these facts. In
conclusion, we infer that the infimum in (A.1) is attained by a curve v which is at least C? and
satisfies the Euler-Lagrange equation (A.3). It remains to show the existence of a continuous
increasing function satisfying (A.4).

Denote by d the Riemannian distance associated with g on M x M. Let « : [0,d(x,y)] = M
be a unit speed geodesic joining z to y in time d(x,y). There holds

(o) < [ aloda, )0, () )0, 0) 1) ds.
Set for any R > 0,
S(R) = max{L(z,w) | (z,w) € TM, |ju|. < R}.
Then one has
hi(z,y) < tS(d(z,y)/t) < tS(diam(M)/t). (A.5)

Let C(1) € R be the constant given by (L1), that is such that L(z,v) > |jv|lz + C(1) for any
(x,v) € TM. From (A.2) and (A.5), we infer that there is § € [0, t] such that

||y(5)||7(§ < S(diam(M)/t) — C(1). (A.6)
By Remark A.2, the curve (z(:),p(-)) : [0,] — T*M defined by

(w(6)p(6) = (100 5 693 ) v e o

is a trajectory of the Hamiltonian system associated with H. Then since H is constant along
(z(-),p(-)), by (A.6) we infer that for all s € [0, ],

H(z(s),p(s)) = H(z(5),p(5)) < S5* (51(S(diam(M)/t) — C(1))),
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where for any R > 0, S*(R) and S;(R) are given by
S*(R) := max{ H(z,p)| (,p) € T M, |Ip|.. < R},

and

7(2’7”)

ov
By superlinear growth of H, there is C*(1) € R such that H(x,p) > ||p|l. + C*(1) for any
(x,p) € T*M. Then we get

()|l (s) < S* (S1(S(diam(M)/t) — C(1))) —C*(1) Vs € [0,].

Since §(s) = %—g(x(s),p(s)) for all s € [0,¢], setting

Si(R) := max{

‘8L

| (z,w) € TM, ||w]|, < R}.

z

s1(1) = max { |52 .

HAMGTWLPLSR}

yields
15y < S5 (57 (51 (S(diam(a) /1) — C(1)) ~ C* (1)) Vs € [0.4]

We leave the reader to construct the continuous increasing function 6 satisfying (A.4). O
Proposition A.3. For everyt > 0, there is K; > 0 such that the functions h; are K;-Lipschitz
on M x M for all t > t.

Proof. This is a consequence of (A.4). Let z,y € M and t > t be fixed. By Theorem A.1, there
is a C? curve v : [0,t] — M with (0) = x,v(t) = y satisfying (A.2)-(A.4). Taking a local chart
in a neighborhood of y, we may assume that there is a universal ¢ > 0 such that the restriction
of y to the interval [t — ¢, ] is valued in R™. For every y’ close to y, define o, : [0,t] = M by

P(t = s)

vy (s) = (s) + (y'—y)  Vse[0t],

where ¢ : R — [0,1] is a smooth function such that ¢(s) = 0 for s > € and 1(0) = 1. The curve
Oy is a C? curve steering = to 3’ in time t. Hence

he(z,y) < /0 Loy (s), dy(s)) ds
< ht(sc,y)—i—/o L(ay/(s),dy/(s))ds—/o L(v(s),ﬁ(s)) ds.

The function . .

y o /0 Loy (s), dy(s)) dsf/o L(v(s),%(s)) ds
is of class C?, it vanishes at ¢/ = y and by (A.4) its derivative at 3’ = y is bounded by a
constant depending only on . This proves the result. O

Finally we recall the following result which follows easily from Theorem A.1.

Proposition A.4. Let ¢ : M — R be a Lipschitz function and y € M and t > 0 be fized.
Lety : [0,t] = M be a Lipschitz curve with «(t) = y which minimizes the quantity

p(0(0) + [ Lla).d(:) ds

among all Lipschitz curves « : [0,t] — M with «(t) = y. Assume that ¢ is differentiable at
7(0). Then  is of class C?, satisfies the Euler-Lagrange equation, and verifies the transversality

condition
dp(+(0)) = 22 (3(0),4(0)).
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B A fixed point theorem for nonexpansive semigroups

The proof of the following result is sketched in [13]. For sake of completeness we provide its
proof.

Theorem B.1. Let K be a nonempty compact convex set in a normed space (E,| - ||g). Let
{@t}i>0 be a family of mappings ¢, : K — K satisfying the following properties:

(i) Vt, ' > 0,0t40 = o1 0y (semigroup property).

(i) Yt >0, |ler(e) —oe(e)le < |le — €|l (nonexpansivity).

(i1i) For every e € E, the mapping t € [0,00) — @¢(e) is continuous.
Then there is e € E such that ¢i(e) = e for all t > 0.

Proof. First we show that each ¢; has a fixed point. Let ¢t > 0 be fixed, fix € € K and define
for every positive integer k the function ¥ : K — K by

= je@+(1-7) ek weex.

Note that ¥ is well-defined by convexity of K. By (ii), ¢¥ is a (1 — 1/k) contraction. Then
by Banach’s fixed point theorem, each ¢ has a fixed point ef. By compactness, taking a
subsequence if necessary, {eF} tends as k tends to oo to a fixed point of ¢;. Denote by Fix(y;)
the set of e € K such that ¢;(e) = e. The set Fix(p;) is a nonempty compact subset of K.
Let us show that there is a nonexpansive retraction from K to Fix(y;). Denote by K, the set
of mapping r : £ — K which are nonexpansive and such that r(e) = e for any e € Fix(¢y).
Note that ¢, belongs to l@t. Since K is convex, the set I@t is a compact convex subset of the set
of continuous mapping from K to K equipped with the supremum norm. Define the mapping
Gt : ICt — K;t by
Gi(r)=pror Vr € K.

Using (ii) we check easily that G; is a nonexpansive mapping. Thus by the above argument,
there is 7, € K; such that Gy(r¢) = pr ory = 1. This means that r, : K — K is nonexpansive
and satisfies

ri(e) € Fix(p;) Vee K and r(e) =e Ve € Fix(py).

Let us now show that for any ¢, > 0, the mapping ¢;, ¢y share a common fixed point. By (ii)
and the nonexpansiveness of r;, the mapping

ec kK +— (rt ogpt/)(e) ek
is nonexpansive. Again, by the above argument there is e € K such that
(rt o gpt/)(e) =17 (cpt/ (e)) =e.

Since e belongs to the image of ry, it belongs to Fix(y:). By (i), ¢ 0 ¢ = @rir = pp 0 .
Thus ¢4 (e) also belongs to Fix(¢:). Then we get

e=r(pr(e)) = ppe),

which shows that e is a common fixed point of ¢; and ¢y. Denote by Fix(py, ) the set of
e € K such that o;(e) = @ (e) = e. Considering the set of mappings 7 € K; satisfying r(e) = e
for any e € Fix(¢t, ¢r) and the mapping r — 7 o ¢y o1 and arguing as above, we show
easily the existence of a nonexpansive contraction from & to Fix(¢y, ¢¢). Then repeating the
previous arguments, we show that for every finite set ¢, ...ty of positive times, the mappings
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Pt,5---, Pty have a common fixed point. Let us now consider a countable family of positive
times {¢;};en which is dense in [0, 00). For every [ € N, there is ¢; € K such that ¢y, (¢;) = ¢; for
every i € {0,...,l}. By compactness of I, taking a subsequence if necessary we may assume
that e; converges to some e € E as [ tends to co. It remains to show that ¢.(e) = e for all
t > 0. Let t > 0 be fixed, there is a sequence of positive times {¢;, } converging to ¢ as k tends
to co. For every k and every integer [ > ¢;, , we have

lei(e) —elly < lleele) = eill g+ ller = el
< eete) = pu, e +ler—ells
< eeter = pu, @]+ |[en, (€ = ou, (@] +ller = ell,
< erte) = gu, @) +2llec el
We conclude easily by (iii). O

C Proof of Lemma 5.5

The differentiability of f on E is easy. Let x,2’ € E with |z — 2’| < 1/3 and p,, # p,s be fixed,

|lz—2']

set h 1= Do por] (pzr — po). Then both x + h and 2’ + h belong to B and we have

fla+h) = f(@) = (pay h) < | [z + D) = f(2) = (pa; )| < K| = K|z — 2/ [,

f@) = f@) = (por,x = 2") < [f(2) = f(2') = (par, 2w = 2")| < K]z — /[,

and

f@') = f(@+h) + (par,x + h — af)

IA

|f(@+h) = f(z') = (par,a + h — ')
Klz+h—2)? §K(|x—$’|—|—|h|)2:4K|x—x'|2.

A

Summing the above inequalities yields

|Per — pa| 12" — 2| = (Por — P, h) < 6K |z — 2|
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