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BOGOVSKII-TYPE OPERATORS AND FLEXIBILITY OF
THE EINSTEIN CONSTRAINT EQUATION

YUCHEN MAO, SUNG-JIN OH, AND ZHONGKAI TAO

ABSTRACT. We give an overview of the method of Bogovskii-type operators and the applications to the
conic and obstruction-free gluing problems in general relativity.

1. INTRODUCTION

Let (M, g) be a Lorentzian manifold of dimension 1+ 3 with signature (—, +, 4+, +). The Einstein vacuum
equation reads

1
(1.1) Ricg — §gtrg Ricg = 0.

Let (M, g) be a spacelike hypersurface of dimension 3 in M, and let k be its second fundamental form.
The Gauss and Codazzi equations imply the Einstein constraint equations:

(1.2) Ry + (trgk)? — [k|2 =0, divgk —d(try k) = 0.

On the other hand, the fundamental theorem of Choquet-Bruhat [FB52] states that any (sufficiently
regular) triple (M, g, k) solving (1.2) corresponds to a geometrically unique spacetime with a metric solving
(1.1) (see [CBG69, Sbil6] for the uniqueness).

At each point, (g, k) contains 12 scalar components, whereas (1.2) comprises only 4 scalar equations. The
system is therefore very underdetermined.

From this perspective, perhaps the most surprising result for the constraint equation is the positive mass
theorem of Schoen—Yau [SY79] (see Witten [Wit81] for a different proof and Brendle-Wang [BW26] for a
proof in arbitrary dimensions). In the simplest case, it says that if k = 0 and g is flat outside a compact set
in R, then (M, g) is isometric to R3.

In this note, we will instead focus on the flexibility side of the constraint equation and discuss the following
questions:

(1) Can one build nontrivial vacuum data supported in a prescribed region?
(2) Can two solutions be glued in a prescribed region? What is the obstruction to glue two solutions?
(3) How fast may asymptotically flat vacuum data decay?
We will present two results using a new tool: Bogovskii-type operators. The first is a conic gluing result
(stated in a special case to glue to the flat data outside a cone).

Theorem 1.1 (Carlotto-Schoen [CS16], Aretakis—Czimek-Rodnianski [ACR25], Mao-Tao [MT22]). For
every cone
Co(w) ={z e R®: L(z,w) < 6}
with 0 < § < w/2, there exist nontrivial smooth vacuum data on R3 satisfying
(9.k) = (6,0) onR*\ Cy(w)
and the estimates
(1.3) 0°(g = 8)(@)] Se ()70, [0%k(@)] e (@) 27"
for all £ > 0.
This decay rate is sharp because if it decays faster, the ADM energy vanishes, and by the positive mass
theorem, the solution must come from a spacelike hypersurface in the Minkowski spacetime. Theorem 1.1 was

first proved by Carlotto—Schoen [CS16], except for the decay rate (1.3), which was left as an open problem
(see, e.g., [Car21, Open Problem 3.18]). The decay rate (1.3) was obtained by Aretakis—Czimek—Rodnianski
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[ACR25] using characteristic gluing. In this note, we present the direct spacelike-gluing proof of Mao—Tao
[MT22].

The second is an obstruction-free gluing result on an asymptotically flat annulus. We recall the asymp-
totically flat condition.

Definition 1.2. Let (g, k) € Hfocstfl(Blc{o) for s > 3/2 and Ry € 2. We say that (g, k) is a-asymptotical-

loc

ly flat if, for some a € R and Dy > 0, we have
(1.4) ||(g — 5, kl)”?-'LSX?-'LS*l(XT) S Do’/‘ierg/Qia for all r S QN, T Z 2R0,

where! lull e (7, = R’S+3/2||U(R$)‘|Hs(gl)~

Theorem 1.3 (Czimek—Rodnianski [CR22], Mao—Oh-Tao [MOT23|). Let s > 3/2 and o > 1/2. Let
(Gins kin) s (Gouts kout) € Hi . X Hsfl(BﬁiU) be a-asymptotically flat pairs solving (1.2). Define

loc
AE := EADM[(gout7 kout)] - EADM[(gim kin)]v AP := PADM[(gouta kout)] - PADM[(ginv kin)]7

and assume that
AE > |AP|.
Then there exists an asymptotically flat pair (g9,k) € H} . X HS*I(BIC%O) solving (1.2) and r > Ry such that

loc

(ga k) = (gim kin) on Ba, N BIC%() and (ga k) = (goutv kout) on Bg,,.

Here in the theorem,

EAPM[(g,k)] = L im (Digij — 0;9:)v° dS,  PAPM[(g k)] = lim (kaj — 0aj trs k)v? dS.
2 r—o0 OB, r—oo Jop.
See §2.5 for more details on the ADM charges.

Theorem 1.3 was first proved by Czimek—Rodnianski [CR22] as a corollary of their obstruction-free charac-
teristic gluing theorem, under the stronger positivity condition AE > C|AP| for some C' > 1. This condition
was relaxed to AE > |AP| by the authors [MOT23] via an independent proof based on spacelike gluing,
which we describe below.

There had been several powerful methods to study the constraint equation; we refer to Carlotto’s sur-
vey [Car21] for the history. Briefly speaking, there are the conformal method (see Lichnerowicz [Lic44],
York [Yor73], Murchadha—York [OY73], Choquet-Bruhat—York [CBY®80] and Isenberg [Ise95]) and the gluing
method (see Fischer—-Marsden [FM75], Corvino [Cor00], Corvino—Schoen [CS06] and Chrusciel-Delay [CDO03]).
A common feature of these methods is that the underdetermined system is at some point reduced to a
determined elliptic system (to wit, the Lichnerowicz equation in the conformal method, and elliptic sys-
tems with degenerate coefficients at the boundary in the gluing method). While those methods led to
many important developments, the reduction to determined PDE systems loses the information about
the underdeterminedness of the system. The method developed in our recent work (with Philip Isett)
[MT22, MOT23, IMOT25] exploits the underdetermined nature more directly. See Niitzi [Niit26b, Niit26a],
Chrusciel-Cogo-Niitzi [CCN25], Giorgi-Shen-Wan [GSW25] and Shen—-Wan [SW25, SW26] for related works.
We also mention that there are recent advances by Chen—Klainerman [CK25, CK26b, CK26a] that exploit
the structure of the Einstein constraint equations in a different way.

Acknowledgements. S.-J.0. was partially supported by a National Science Foundation CAREER Grant
under NSF-DMS-1945615, a National Science Foundation Grant under DMS-2452760, and the Miller Re-
search Professorship. Z.T. was partially supported by a grant from the National Research Agency (ANR)
under the France 2030 program, reference ANR-25-CFFS-0012.

2. PRELIMINARIES

2.1. Notations. Unless stated otherwise, indices are raised and lowered with the Euclidean metric §. Re-
peated indices are summed. The construction of Bogovskii-type operators works in all dimensions d > 1,
while the discussion of constraint equations focuses on d = 3.

For a symmetric tensor u, trsu = 0u;;. Let B,(§) :={z € RY: |z — ¢| < r} and B, := B,(0). We write

<$> = (1+|l“2)1/2, Ar:BQT\Fm Avr :B4T\BT/2'

When s € N, observe that Ilu”?-ls(ﬁg) ~ H@,(Cs>u||L2(;R) + RiS”u”L%,ZR)'
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A solid cone with vertex ¥, axis w € S4~!, and opening angle 6 is

Cyo(w) ={z €R?: L(z —y,w) < 0}.
When y = 0 we write Cyp(w). For 0 < 6 < 7/2 this is a convex cone. We use W‘”’(U) for the closure of
C2°(U) under the W*? topology.

2.2. Linearization at flat data. We recall the linearized constraint equations around the flat data (4,0)
on RY. Write

g=06+g, k=k
The linearized equation is

(2.1) 9;0;9" — Atrs g =0, 0%k — 0;jtrsk = 0.

We make the following change of variables to make the equations (2.1) in a simpler form:
(2.2) hij = gij — 0i; — 045 trs(g — 9), mij = kij — 05 trs k.
Since trs h = —(d — 1) trs(g — J) and trsm = —(d — 1) trs k, the inverse transformation is
(2.3) Gij = 035 + hij — ﬁéij trs h, kij = mij; — ﬁ@j trs .
Thus the linearized constraint operator becomes
(2.4) P(h,m) = (Puh, Py) == (0;0;h", 9;7).

The two components are called the double divergence and the symmetric divergence.

2.3. The nonlinear equations as a quadratic perturbation. In the variables (h,7), the constraint
equations (1.2) can be written as

(2.5) P(h,m) = ®(h, ).

Near (h, ) = (0,0), the nonlinear map has the schematic form

(2.6) Oy (h, ) = MO () (h,8%h) + MY (h)(0h, 0h) + MP (h)(n, ),
(2.7) Dyr(h, ) = NO(h)(h, o) + NY (h) (0, T)

where M© MM A2 N©O NO are finite linear combinations of contractions with coefficients depending
smoothly on h. Since ® is quadratic,

(2.8) $(0,0) =0, D®(0,0) = 0.

Consequently, in reasonable function spaces, we expect

(2.9) [@(h, )lly < Cll(h,m)[1%,

(2.10) [@(h1, 1) = D(ha, )|y < C([[(h1, m1)lIx + [[(h2, m2)l|x) [[(A1 = 2, m1 — 7)) x -

2.4. Formal adjoints and finite-dimensional obstructions. On a bounded domain, the obstruction to
finding compactly supported solutions is given by the kernel of the formal adjoint.
For a scalar test function ¢,

/(&-@-hij)gpdx = /hijaiajgodx, Pho = V.

On a connected Euclidean domain, V2 = 0 exactly when ¢ is affine: p(x) = a+b;zt. Therefore a compactly
supported solution of Pyh = f must satisfy

(2.11) /fdx:(), /xafdx:(), a=1,...,d.
For a 1-form w,
/(ﬁmij)wj dz = f/wijaiwj dz = f% /Wij(aiwj + 0jw;) dx.
Thus
(2.12) Pyw = —%(81'(0]‘ + Ojw;).
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Its kernel is the space of Euclidean Killing fields. In dimension three, it is spanned by the translations

e, = 0, and rotations Y, = eaijxiaj for a = 1,2,3. Hence a compactly supported solution of Pyym = F
must satisfy

(2.13) /F~eadx:07 /F-Yad:r:()7 a=1,23.

Together, (2.11) and (2.13) give ten conditions in d = 3. These are the linear ancestors of energy, linear
momentum, center of mass, and angular momentum.

2.5. The ten surface charges. For data (g, k) on a neighborhood of OB, C R?, define

(2.14) Bl(g. k)08, = ; [ , B~ 0j000 s,

Q15) Pullg k0B = [ (k= 8yt a5,

(2.16) C.l(9,k);0B,] = ;/E’BT [Ia(@'gij = 0;9ii) — 6ia(9ij — 6i5) + Gjalgsi — 51'7:)];/3' ds,
(2.17) Ballguk 08 = [ (kg =8 s Y7 05,

Write .

Q = (E7P1uP27P37CIa C27037J17J27J3)~

To avoid traces on rough Sobolev data, one may average the surface charges: for n € C2°((1,2)) such that
[n="1and n.(r') =r"tn(r—'r’), define

(2.18) Ql(g, k); Ar] =/nr(T')Q[(Q,k);aBr,]dT/-
The link between charges and cokernels is given by the following. For 0 < rg < 71,
1 E E
(219) [ seen | ae= | & @ kioBa) - | g} | lok:08,,)
Brl \BTo 2 2 2
T3 Cs Cs
el P, P,
ejz P, P,
i7 e? Pg P3
(2.20) / o | & | do= [ 22| (g, k)08, — | B2 | [0, 00:0B4,),
Brl\BrC,; ¢ Y‘{ J] Jl ©
Y} Jo Jo
Y} J3 Js3

and in terms of averaged charges, if

(2.21) o) = [ ) =m0

we have
1 E E
i X C C
(2.22) [xonioon | 2] ao= | €1 gk dn) - | G | 0.0)540)
I3 Cg Cg
931: P, P,
e; P P
iq ej P P
(2:23) [ oniom | S| o= | 5 Lgmian) = | 57 | o hs4,)
- 1 1 1
! Y) Ja Ja
Y J3 J3
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Under the invariant rescaling
(2.24) 9B () = g(Rz), k™ (z) = Rk(Ru),
the charges transform as
(225 (E,P)[g" k" 4] = RYE,P)lg, ks Ar),  (C,I)[g"W, kM 4] = R73(C, T)[g, k; Ar].

3. BOGOVSKII-TYPE OPERATORS

In [IMOT25], joint with Philip Isett, we develop a general theory of Bogovskii-type operators for under-
determined PDE systems satisfying Definition 3.3 below. In particular, it applies to the Einstein constraint
equations (1.2).

3.1. The general operator and its formal cokernel. Let U C R? be open, and let
(3.1) P C(U;C) — C>*(U;C™), ro < So,

be an rg X so matrix of linear differential operators with smooth coefficients. We write u = (u
f=(f7)",. Its formal L? adjoint is

P C®(U;C™) — C™(U;C*).

One should think that P is underdetermined, while P* is overdetermined.

F)R_y and

Definition 3.1 (Formal cokernel). The formal cokernel of P on a connected open set U is
(3.2) ker P*(U) = {Z € C>=(U;C™) : P*Z = 0}.
No boundary condition is imposed on Z.

The formal cokernel comes from compactly supported solvability. If u € C°(U;C?0) and Pu = f, then
every Z € ker P*(U) satisfies

(3.3) (Z, f) = (Z,Pu) = (P*Z,u) = 0.

Thus compactly supported right inverses can exist only after projecting away the formal cokernel.

This leads us to consider the adjoint problem, namely to recover the value of a function ¢ from P*e.
For this, we introduce the following notion. This is a flexible generalization of special systems of first-order
PDEs utilized by Reshetnyak [Res83, Res94].

Definition 3.2 (Graded augmented system). Let P be an ro x sp-matrix-valued differential operator on an
open subset U C RY, with my denoting the order of (P*p)f for each K € {1,...,s0}. Given m/y € Zxg
for each K € {1,...,s0} and a C™-valued function (¢)se{1,...,ro} On U, consider (Pa = Pa(y))aca (called
augmented variables) satisfying the following properties:

(®-1) (Pa) is an augmentation of (¢;). The index set A contains {1,...,r¢}; moreover, ; = p; for
J e {1,...,7‘0} C A

(®-2) (@) — (®a) is a differential operator. There exist functions c[®4]®”) on U, where « is a
multi-index and J € {1,...,7¢}, such that

Da(y) = c[@a]”) ()00 (y),

foral Aec Aandy € U.
(®-3) ® and P*y solve a first-order PDE (augmented PDE system). There exist matrix-valued

1-forms (Bi)AA, and (Ci)A(%K) on U, where v is a multi-index and K € {1,...,s0}, such that
(3.4) 0,04 (y) = (Bi)a™ 1)@ar(y) + (C) A" )0 (P o)k (v),
forall A€ A i€ {l,...,d} and y € U. Furthermore,
(CAT =0 it |y] > mi.
(?-4) Graded structure. Define the degree da of ®a by
da = —max{|al| : ¢[@A]7) # 0 for some J}.
In particular, ¢ ; has degree 0, i.e., dj =0 for J € {1,...,7¢}. We assume that:
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e Graded structure for the augmented system.
B)a =0  ifda >da +1,
(C)A T =0 ifda>-—mg — |y + 1L
We write Ny := max{|da|}aca + 1 for the maximal degree that occurs in (3.4).

We call a collection (A, (Pa)aca, (Bi)a? (Ci)A(%K)) satisfying (®-1)—(P-4) a (graded) augmented sys-
tem for P.

Once we have a graded augmented system, we can integrate the ODE on a family of curves and take
average. Under natural geometric assumptions, this leads to a right inverse up to finite dimensional cokernels:
(S5, WeP(U) — WetmeP(U) for every 1 < p < oo and s € R, such that

PS,f =f—Y wa(Z™ f) forall f € WP(U),
A

where ZA is a basis of ker P*(U) and wa € C°(U) is a dual basis of Z#, and the following support property
holds:
supp f CU = supp S, f C U.
On flat space, our construction recovers the explicit solution operators for various underdetermined dif-
ferential operators that have appeared in the literature [Bog79, 1016, OT19].
Instead of stating the general theorem, we will explain this construction by examples below.

3.2. The complex ellipticity condition. The principal symbol of P* defines a linear map
(3.5) p*(x,&) : C° — C*°, £eCd

The following definition was considered in the literature [Aro54, Smi70, Kal94, BDG20] from different
perspectives.

Definition 3.3 (Complex ellipticity condition). The operator P satisfies (CE) on U if
(3.6) p*(x,€) is injective for every 2 € U and every & € C%\ {0}.
Equivalently, the principal symbol p(x, &) of P is surjective for every nonzero complex covector.

If we only consider ¢ € RY, this is the usual ellipticity condition.
It turns out that the complex ellipticity condition implies the existence of a graded augmented system.

Theorem 3.4. Let U be an open subset of R?. Suppose that P has smooth coefficients. Assume that the
S0 X ro-matriz-valued principal symbol p*(x,&) of P* (where so > 1¢) satisfies

(CE) p*(x,€) is injective for all z € U and & € C?\ {0}.
Then there exist augmented variables (Pa)aca on U satisfying (®-1)-(®-4) with index set A= {(a,J) : 1 <
J <o, |al < No — 1}, degree do, 5y = —|a, and coefficients B;, C; € C*°(U) with quantitative estimates.

For the proof, we recall

Proposition 3.5 (Hilbert’s Nullstellensatz). Suppose fi(x1,-+- ,xa), -, fn(x1, - ,2q) € Clay, -+, x4]
are polynomials with the set of common zeros

Z:{(Zlv'“ 7Zd)€(cd:fj(zl7"' 7Zd)207j:1727"' 7N}

Then for any polynomial h(zxy. -+ ,xq) € Clay, -+ ,z4], if h vanishes on Z, then there exist M > 0 and
polynomials g;(x1,--- ,xq) € Clza, -+ ,24], j =1,2,--- , N such that

Wz, wa)™ = Zgj(xla"' s Zd) fi(T1, , Ta).
J

Proof of Theorem 3.4. Step 1: For any zy € U, there exist Ny > 0 and polynomial valued ry x sy matrices
9o (&) for |a| = Ny such that

(37) gajro = ga(ﬁ)P*(Iovf)a ‘O‘| = NO-

Moreover, (p*)” (€) is homogeneous of degree my and (ga) ;% (€) is homogeneous of degree No — m-.
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The claim follows from applying Hilbert’s Nullstellensatz (Proposition 3.5) to det(M;(§)) where M;(&)
goes through all the 79 x ro minors of p*(z¢,&). By assumption, the common zeros of det(M;(£)) in C? is
contained in {0}. Since & vanishes at 0, there exist Ny,---, N4 and polynomials h}(£) such that

0= Dk (€) det(M;(£)).

We notice that det(M;(£))I, can be written as the product of its adjugate matrix adj(M;(€)) and itself:

det(M;(&)) 1, = adj(M;(&))M; (&)

Moreover, M;(&) is the product of a constant 0 — 1 matrix and p*(zo,&). Therefore we conclude that there
are polynomial-valued 7 x sy matrices §*(¢) so that

& Iy = G (€)™ (w0, 6).

Taking No > Ni+- -+ Ny, we conclude (3.7). We may assume (g,) ;% (€) is homogeneous of degree No—m
since terms of other degrees do not contribute.
Step 2: There exist {-polynomial-valued rg X so matrices g, (z, &) for || = Ny such that

(3:8) £y = g2, E)p*(2,€),  [a] = No.

The matrix g, (x,£) depends smoothly on the coefficients of p*(x,£) and some smooth cutoff functions.
Moreover, (p*) ;7 (€) is homogeneous of degree my and (ga) ;* (€) is homogeneous of degree Ny — m-.

When P has constant coefficients, then it suffices to take go(z,£) = go(€) (from Step 1). When P has
variable coefficients, it follows from a perturbation argument.

Step 3. We claim that taking &4 = 0%p; to be the jet of ¢ 5 up to order Ng—1 indexed by A = (a, J) in the
set A:={(a,J):1<J <rp, |a] < Ny— 1} gives an augmented system satisfying (P-1)-(®-4). First, (P-1)
and (®-2) are obvious from the definition. For (®-3), we take the trivial relation 9;0%p;(y) = 0*T ¢ (y)
to be the equation if |a| < Ny — 1, i.e.,

N @y 1 ifI=Jd =ate;, N K _ _
(Bl)(o‘"]) - {O otherwise, and (Ci)(a,J) =0 for|a] < No—1.

It remains to check that, for |a| = Ny — 1, there exist (B;) (a”‘],)(y) and (C;) (W’K)(y) such that

(e, J) (e, J)
o o J! o K y
(3.9) 0,0°0.1(y) = (Bi) o' )0 01 (1) + (Ci) 0y " ()7 (P*0) e ().
This follows from (3.8) and putting (P}, —P*)¢ into the first term on the right-hand side. The assumption
(®-4) follows by taking d(a,7) = —|al. O

In the constant-coefficient homogeneous case, we have the following equivalence.

Proposition 3.6. Let U be a connected open subset of R%, and P an ro x so-matriz-valued operator on U
that is homogeneous with constant coefficients. Then the following are equivalent:

(1) p*(&) satisfies (CE).

(2) There exists a graded augmented system {Pa}aca for P onU.

(8) dimker P*(U) < +o0.

Proof. The implication (1) = (2) is exactly Theorem 3.4. Moreover, (2) = (3) follows from integrating
along curves. It remains to prove (3) = (1), or equivalently, its contrapositive. Indeed, if p* does not satisfy
(CE), then there exists a constant vector {¢}je(1,...r} # 0 and £ € C?\ {0} such that p*(£)¢ = 0, which
means that ey € ker P* for every A € C. Thus ker P* is infinite dimensional. O

3.3. Explicit examples on flat spaces. By averaging over straight line segments x(y,y1, ) = y+s(y1 —v)

(straight rays x(y,w, s) = y+sw, respectively), we obtain the Bogovskii-type solution operator (conic solution
operator, respectively).
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3.3.1. Double divergence equation. We consider the double divergence equation
(3.10) Pirh = 0;0,h7%,  h'9 = Kt
on R? for d > 2. Pj¢ = V2p. The graded augmented system is
Vip = wi,
Viw; = (Prp)ij-

(1) Let n € C°(RY) with [, n = 1. The Bogovskii-type solution operator for (3.10) is given by

ij _ >~ d—1 22
(3.12) K/ (z+y,y) = </|Z n < F +y) dr) T

It satisfies

(3.13) Py / K, (2, 9)f(y) dy = f(z) - / bl 9) 1 (4) dy,

where

(3.11)

by(w,y) = (d+ n(x) + (v — y)'dm(x)-
(2) Let k € C>(S%1) with [,,_, kK = 1. The conic solution operator for (3.10) is given by

. 242 z
(3.14) Kt = e ().
2147\ |2

It satisfies
(3.15) PH/KK(w,y)f(y) dy = f(x).
3.3.2. Symmetric divergence equation. We consider the symmetric divergence equation
(3.16) Pym = 0;n%, ¥ = git

on R? with d > 2. (Pj;w)i; = —3(dw; + djw;). Introduce n;;, = 5(djwi — dw;). The graded augmented
system is

Viw; = ni; — (Prw)ij

3.17 * *
(8:17) Vi, = Ok(Pyw)ij — 0;(Pyyw)in-

(1) Let n € C°(RY) with [z, n = 1. The Bogovskii-type solution operator for (3.16) is given by

i 1 o 260 4 2950
L) _= Z d—1 k k
it = </|| 1) dr) EL
1 o z a1 2216 + 276L)
1 —0ym — B L
(3.18) —1—2@ ((/Z n<r|z|—|—y>r dr) 27
o z de1 2z
— O,k nlr—+y|r* dr |-
F 2] 2]
It satisfies

(3.19) P [ (L)} (@) P () dy = (@)~ [ ()i ) 4 ) dy,

where

d+1

(n)ir9) = To 0] + 5~ 9) Q@] — 5 — ) Oun(a).

(2) Let k € C=(S* ) with [i,_, & = 1. The conic solution operator for (3.16) is given by

. 1256 + 29688 z 2 (206] + 29 61) z 2tz z
3.20) (L) (z+y,y) = - kg ( )* il H”() _az('i())'
(8:20) (L (2 tv-9) = 5= % | [ 2] e\

||
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It satisfies
(3.21) Py /(Ln)?(:ﬂ,y)F’“(y) dy = F/(x).

4. MAPPING PROPERTIES OF SOLUTION OPERATORS
We discuss the mapping properties of the solution operators on weighted Sobolev spaces in §3.3.

4.1. Weighted Sobolev spaces. For an integer m > 0, define
(4.1) el Frmo =D @) 0% 72 gay-
|| <m

For s € R, we define H*° using complex interpolation and duality. For § € R, set
(4.2) H = (@) H™,  lullys = @)l seo.
For integer m, the norm is equivalent to
(4.3) > @) 0% 2.

lor|<m

For an open subset Q C R?, let H*%(Q) be the closure of C2°(€) under the H*® norm. When € is the
closure of an open set with Lipschitz boundary, we use the same notation.

In d = 3, the weights § = —1/2 and § = 1/2 correspond respectively to the decay rate r—! and r~2.

Let {x;};>0 be a dyadic partition of unity, with x; supported where r ~ 27, and let ¢;(x) = 2/z. Then
we have the dyadic decomposition:

1Q *
(4.4) el Fres = Y~ 22942107 () 572 oy
Jj=0

Using (4.4), we have
(i) If s > d/2, then
(4.5) ()2 u poe S Ml o
(ii) For s1 + s2 > 0, we have

min(sy, s2), max(sy, s2) > d/2,

< s1.8 s =
(4.6) |wvll grso.s1+sa+arz S |l grer.or (V] groansas S0 { $1+ 52— d/2, max(sy,ss) < d/2.

The natural solution space for the constraint equations is
(4.7) X0 .= H*9 (R Sym?) x H*~ Lo+ (R Sym?).
4.2. Support preservation and the outgoing property. Note that
supp(u * v) C suppu + suppv := {a+b: a € suppu, b € suppv}.
Therefore we have

Corollary 4.1. Ifsupp(f, F) C Q and Q is a convex cone containing supp k, then the operator S, = (K, Ly)
defined by (3.14) and (3.20) satisfies
supp Sc(f, F) € Q.

The operator is outgoing in the following sense.

Definition 4.2. An integral kernel K(z,y) on a cone § is outgoing if there is Cg > 0 such that

(4.8) K(z,y) #0 = |y[ < Ca(l + |z[).
Similarly, we say K is incoming if there is Cq > 0 such that
(4.9) K(z,y) #0 = [z[ < Co(l+y]).

If an operator is both outgoing and incoming, we say that it is diagonal.

Lemma 4.3. Let Q = Cy(w) with 0 < 8 < w/2 and suppr C Q. The kernel (Kx(x — y), Lo(x — y)) is
outgoing on §2.

II1-9
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Proof. f z,y € Q and © — y € Cy(w), then (x — y) - w > 0. Therefore,
lylcos <y -w <z w<|x| O

4.3. Weighted estimates for homogeneous kernels. The conic kernels have nice mapping properties
between weighted Sobolev spaces.

Theorem 4.4. Let K € C®(R4\ {0}) N D'(RY) be homogeneous of degree k —d, with 0 < k < d. If

d d
4.10 ——<i< - —k,
(4.10) 5 5
then convolution extends to a bounded map
(4.11) K : H7Rotk s,

If the kernel is outgoing on a cone, the lower bound in (4.10) is not needed for the outgoing part; if it is
incoming, the upper bound is not needed for the incoming part.

Proof. Split the Schwartz kernel K (z — y) into three regions:
Kdiag + Kout + Kil’l7

where |z] >~ |y, |x| > (1 + ¢)|y|, and |z| < (1 — ¢)|y|, respectively.

On the diagonal region, rescale each dyadic annulus to unit size. Homogeneity gives a factor 27(=4 and
standard pseudodifferential estimates show that the localized operator has order —k.

On the outgoing region, the off-diagonal kernel is smooth and satisfies

102, Kout(z,y)| Sa (14 [z] + y|)F—4=1ol
This implies that

(4.12) ||Kout,j’j,||Hkk,5+k(A2j,HHN,s(AM_) < 9ilk=d)g(+d/2)j=(6=d/24R)j" _ 9(d=d/24k)(G=5),

In the outgoing region we have j > j’, this sum converges when 6 < d/2 — k. On the incoming region we
have

!

< 9f (k=) 9(6-+d/2)j~(6=d/2K)] _ 90+d/DG=5)  j < I

(4.13) 1Ein g [ re—ros sk (a,y—mvesa,y)
The convergence requires 6 > —d/2. Combining the three pieces gives (4.11). O
For K,, we take k = 2; for L,, we take £ = 1. By the outgoing property Lemma 4.3 we have

Corollary 4.5 (Mapping property of S¢). Let d > 3 and Q = Cy(w) for some 0 < 6 < 7/2. For every
6<g—2 and s € R,

(4.14) Se: H=20P2(Q: R @ RY) — H*°(Q; Sym?) x H*~10+1(Q; Sym?)

1s bounded.

2—d

The endpoint is sharp: for generic compactly supported f, K, * f has a leading term of size r*~%, and

this power lies just outside H®%/2-2(Q).

4.4. The Bogovskii-type operators on an annulus. The Bogovskii-type operators in (3.12) and (3.18)
are designed on star-shaped sets, but it is not difficult to generalize the construction to an annulus. Moreover,
the Bogovskii-type operators given in (3.12) and (3.18) are pseudodifferential operators of order —2 and —1,
respectively. Therefore we have

Theorem 4.6 (Bogovskii operators on A1). For P = (Py, Py), there are linear operators
Sp 1 CZ (AR ® RY) = C2°(A1;Sym?) x CZ°(Ay; Sym?)

with the following properties:
(i) PSg(f,F)=(f,F) for (f,F) satisfying (2.11) and (2.13);

(ZZ) Sp: HS_Q(Al) — HS(Al) X Hs_l(Al),’
(iii) supp(f, F) C Ay implies that supp Sg(f, F) C A;.

IT1-10
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5. CONIC GLUING AND OBSTRUCTION-FREE GLUING

5.1. The Picard iteration.

Proposition 5.1. Let P: X =Y and S : Y — X be bounded operators between Banach spaces. Suppose
®: X =Y is smooth near 0, satisfies (2.8), and obeys (2.9)—(2.10). Ifug € X and f € Y is sufficiently
small, then there is a unique uy of size < ||lug||% + || flly such that

(5.1) up = S(P(uo + u1) + f).
Consequently, if ug € ker P and PS = Idy, then u := ug + uy solves Pu= ®(u) + f and
lu —uollx < lluolli + Il flly-
Proof. Let € = |Jug||% + || f|ly and consider the ball B¢c.(0) € X. For u; in this ball,
1S(@(uo +u1) + Hllx < IS (Nluollk + [I£ly + Celluollx + (Ce)?) < Ce.

Moreover,
[1S(@(uo +u1) + f) = S(@(uo +v1) + f)llx < CulS[|(fluollx +€)llur — vil[x-

For ¢ small so that C1|S||(|luo|lx +¢) < 1/2, Banach fixed point theorem implies a unique u; of norm < Ce
satisfying (5.1). Finally, if ug € ker P and PS = Idy, then

P(ug +u1) = Puy = PS(®(up +u1) + f) = ®(uo +u1) + f. U

The difficult work is therefore concentrated in two tasks: construct a right inverse S with the correct
support, and choose spaces in which S and ® satisfy the required estimates.

5.2. Solutions localized in a cone. We now show how to construct solutions supported in a cone. Let
Q= Cyp(w) CR?,

X0 — HS,S(Q; Sym?) x f{'sfl,6+1(ﬂ; Sym?), Y% = I}S’Q"SH(Q;R@RS).
For s > 3/2 and 6 > —3/2, the product estimate (4.6) implies that the nonlinear map (2.6)—(2.7) is smooth
(5.2) D G
near the origin. Combining this with Corollary 4.5, we have the following interval

3 1
——<o< —=.

2~ < 2
Theorem 5.2. Let Q = Cp(w) C R3 with 0 < § < 7/2. For s > 3/2 and —3/2 < § < —1/2, if ug =
(ho,mo) € X*9 is a sufficiently small solution of Pug = 0 supported in Cy(w), then there is a solution
u = (h,m) to (1.2) supported in Cy(w) such that

(5.3)

(5.4) lu = wollxos S luolle.s-
If ug is smooth, then the solution u is also smooth.

Proof. Set the fixed point problem

(5.5) up = Se®(ug + u1).

The mapping statements above and the quadratic estimates for ® verify the hypotheses of Proposition 5.1.
Therefore, there exists a solution u; € X*? solving (5.5) with

uillxss S lluolles,  Pluo +ur) = ®(ug + u1).

The local nature of ® and Corollary 4.1 preserve support. Smoothness follows by differentiating the fixed
point equation, commuting derivatives through the diagonal part of S., and using that the outgoing pieces
are smoothing away from the diagonal. O
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In order to prove Theorem 1.1, it remains to estimate the tail (1.3). For this, we take uy to be compactly
supported in Theorem 5.2.

A compactly supported ug does not in general lead to compactly supported nonlinear data. This is because
the solution operator S, generates tails. We note that for |z| > 2]y| + 1,

(56) Kn(x - y) = Kn(x) + O(‘$|_2|y|)>
(5.7) Li(z —y) = La(x) + O(|2] 3Jy]).

Consequently, for (f, F) decaying fast enough,
(58) Ko f(0) = Ku(a) [ £(0)dy + O(1a] ),

(5:9) L Pla) = Lu(a) [ Fly)dy+O(ja| ).

In the fixed point equation 5.5, the weighted Sobolev estimate 4.5 gives the decay of the nonlinearity ®(uo+
uy) at the rate 7~**=. This does not lead to the O(|z|~2) and O(|z|3) error since [g, |y||®(uo + u1)(y)| dy
diverges. But this is enough to get the upper bound in (1.3) when ¢ = 0 by splitting the integral into the
region |z| > 2|y| + 1 and |z| < 2|y| + 1.

A careful iteration on derivatives for the fixed point equation (5.5) implies (1.3). This finishes the proof
of Theorem 1.1.

5.3. Corvino—Schoen type gluing. Now we study the gluing problem on an annulus, a la Corvino—Schoen
[CS06]. The proof we state below is from Mao-Oh-Tao [MOT23].

Definition 5.3 (Q-admissible initial data sets). Let a bounded open subset Q C R0 and s € R be given.

We say that a 10-parameter family {(go,kq)}o is a Q-admissible family of annular initial data sets on A,
with Sobolev regularity s if:

(1) for each Q € Q, (9¢,kq) € (H* NC°) x L2(A,) and solves (1.2) in A,;
(2) for each Q € Q, (9g,kg) € H® x Hs_l(gr);
(3) the map Q — H® x Hs’l(gr) defined by Q — (g9q, kqg) is Lipschitz;
(4) for each Q € @ C R, we have Q = Q|(gg, kq); Ar].

Theorem 5.4 (Gluing up to linear obstructions at unit scale). For each s > 3/2, there exist e, = e.(s) >0
and M, = M,(s) > 0 such that the following holds. Let (§,k) be a solution to (1.2) in H® x H*(A;) such
that

(5.10) 15 = 6. )l o1 3,y < &
Define Q € R by Q = Ql(g, loc);Al]. Let Q@ C R be a bounded open set such that
(5.11) QeQ, Bau2(QCQ

and consider a Q-admissible family of annular initial data sets {(g9q, kg)}geo on Ay with Sobolev reqularity s
such that, for all Q,Q" € Q,

(5.12) 190 = 0.kl pro o1y < &1
(5.13) 1(9@ — 90/ k@ — k)l o pro—1(a,) < K1Q — Q'
Then the following holds:

(1) Exterior gluing. Ife < e, and Ke < e, then there exists a solution (g, k) € H* x H"1(A;) to
(1.2) and Q € Q such that ||(g — 4, k)HstHs—l(,Zl) <e, Q- Q| < M2, and

g,k in A,
(9,k) = (6. %) R
(90,kg) in As.
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(2) Interior gluing. Ife < e, and Ke < &, then there exists a solution (g,k) € H® x H*"*(A;) to
(1.2) and Q € Q such that ||(g — 6, k)HstHSfl(,Zl) <e, |Q—-Q| < M2, and

(0. k) = {(gQa kg) in Ay,

o

(é, k) m AQ.
In both cases, the following additional statements hold as well:

o (Lipschitz continuity) The map (g, k) > (g, k, Q) is Lipschitz as a map from the subset of H® x H*~!
restricted by (5.10)—(5.11) into H® x H*~1 x R1Y.

e (Persistence of reqularity) If (§,k) € H*t™ x H*t™=Y(A}) and the family {(90,kqQ)}oeco is of
Sobolev regularity s +m for m € N, then (g, k) € H*T™ x H*T™=Y(Ay) and

||(9 - 5a k)||Hs+m><Hs+m—1(,Zl) < C'||(g - 57 k)||Hs+m><Hs+m—1(,Zl)
TCN(9@ = 0. k@) gresm w prevm—1( &,y
where C = C(s,m, ||(g — 6, k)||Hs+1 xHs (A1) H(QQ -9, kQ)||H§+1 xHS(,Zl))'

Proof. Step 1. We begin by forming the first trial for the desired initial data set. Let x(z) be a smooth
radial function which equals 0 for |z| < 1 and 1 for |z| > 2. We introduce

(f],if,gQ,kQ) for Statement (1),

in:Q> Kin:Qs Jout;Q» Kout; = o 7
(9ini@ KiniQ: JoutsQ: Kouti@) {(gQ,k'Q,g,k) for Statement (2).

We introduce the first guess for the glued initial data, namely,
(5.14) (hq,7@) = (1 = X)(hin:@s Tin:@) + X(hout:Qs Tout;@)-

Of course, (hg,Tq) would not solve the constraint equations (1.2); our aim is to find a correction (EQ, Q)
supported in A; and a choice of @ € Q such that (h,7) = (hg + hg,Tg + 7g) solves (1.2).
A quick algebraic computation shows that we want (hg,Tq) to satisfy

(5.15) 89,03 = Mg, 973 = No,
where MQ, ]\7@ are the errors satisfying
AT N 74 =17 7 nonlin  Arnonlin
(MQ7NQ) = 7(828]}7’ aaiﬂ ]) + (MQ ! aNQ : )
and (Mg’n“n, Néonlin) are quadratic nonlinearities.

Let Sp be the solution operator defined in Theorem 4.6. For each @ € Q, we look for (EQ,%Q) solving
the fixed point problems

(5.16) (hq,7q) = Sp(Mg, Ng).
By the first part of Proposition 5.1, there exists such solution (hqg,7q) € H® x H*~1(A;) such that
1hQs TQ) | e fra—1(ay) S €

Step 2: Finding (. To conclude the proof of existence, it only remains to find @Q € Q such that

(5.17) /%MQ(Lxl,mg, z3)f dz =0,
(518) /]\NIQ . ((317(-327(337Y1,Y27Yv3)Jr dLL' = 07
Introduce x1 5 as in (2.21). By (2.22), the LHS of (5.17) equals
1 1
—X1 (r)la-aﬁ“ T da + X1 o(r) 3 prgentn T da
5’2 27177 To gl 572 2 Q T2
T3 T3
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E E 1
= & | o k)i ay] = | G | Mo houea)s il + [ a3 | 2 |
Cs Cs T3
To compute further the first two terms on the last line, we use (2.22) again:
E E 1
| gima ki) Ayl = | 1 | gimies Fins)s Ar] - /A (i || da,
Cs Cs ' T3
and similarly for [(gout;0, kout;Q); A2]. We arrive at
E E n[Qle
(5.19) (LHS of (5.17)) = | ¢ | [(9in:@s kini@); Al = | 3 | [(Gout:@s Fouri@); Ar] - + :
Cs Cs n[Q]c,
where
n[Qle
(5.20) = [ (N M a2 M)
1

n[Q}Cs

Similarly, we may show that

Js J3
with
n[Qle,
(5.22) | = [ (T = N )N
n[Qls, o
For the nonlinear contribution n[Q], we note that since n[Q] involves quadratic terms,

QIS n[llL, S Ke.

P1 Pl
(5-21) (LHS of (5'18)) = [(gin;Qa Kin, Q) Al] [(gout Q> Eout; Q (

For the sake of concreteness, we focus on the case of exterior gluing from this point on; the case of interior
gluing is similar. Then Q[(¢in:0, kin:0); A1] = Q, whereas Q[(gout:0: kout:0); A1] = Q. Hence, (5.19)—(5.21)
reduce to a fixed point problem

(5.23) Q=Q+n[Q].

Moreover, we have shown that [n[Q]| < €2 and ||n[Q]||Lip < Ke. We take M. to be the implicit constant
in the first inequality so that [n[Q]| < M. 2. By hypothesis, dlst(Q, 0Q) > M, £2. Hence, for . sufficiently
small (recall that ¢ < e.), the RHS of (5.23) is thus a contraction on {Q : |Q — Q| < M.e2} C Q. Tt follows
that a unique @ € Q satisfying (5.23) and |Q — Q| < M_e? exists by the Banach fixed point theorem. Finally,

the Lipschitz continuity follows from the Banach fixed point theorem, and the persistence of regularity follows
from differentiating the fixed point equation (5.16). |

5.4. Obstruction-free gluing. At the linear level, a compactly supported annular solution requires equality
of all ten charges. The nonlinear constraint equations contain quadratic terms that can create charge. We
prove a more quantitative version of Theorem 1.3 using bump solutions that generate charges.

Theorem 5.5 (Obstruction-free gluing for almost flat data on annuli). Given s > 3/2 and T > 1, there ewxist
€o = €0(8,T) > 0, o = po(s,T) > 0 and C, = C,o(s,T') > 0 such that the following holds. Let (gin, kin) €
H* x H571(A1), (gout, kour) € H® x H"1(Azz) be pairs solving (1.2). Define AQ = (AE,...,AJ3) € R
by

(524) AQ Q[(gout7 out) ASQ] Q[(gina kin); A1]7
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and assume that

(5.25) AE > |AP]|,
AE
(5.26) NS
(5.27) AE < &2,
(5.28) |AC| + |AT| < p,AE,
(5.29) 1(gin = 6 kin) [ Fre s pro—1.(ay) + [ (Gout = 8 Kout) [ Fre s pro—1.( a5y < HoAE-

Then there exists (g, k) € H® x H*"1(Bgs \ B1) solving (1.2) such that

(530) (ga k) = (ginv kin) n Alv (ga k) = (gouta kout) in A327
2

(531) ||(g _57 k)||HS><H571(B64\B71) < COAE'

The condition (5.25) is a reflection of the positive mass theorem. (5.26) is a quantitative version of (5.25).
(5.27)—(5.29) are smallness conditions.

Proof sketch of Theorem 5.5. By Theorem 5.4, it suffices to construct a family of solutions (gag, kag) in
the annulus Ajg such that it extends (gin, kin) and satisfies the conditions in Definition 5.3. For this, we
construct bump solutions (g ¢.¢, kt.o.¢) for t > 0, £ € R3 with |¢| < 1 and ¢ € R3 with the following properties:
(1) Each bump solution (g¢ ¢, kt,¢.¢) solves (1.2).
(2) Each bump solution is the sum of a linearized solution of size t, supported in a small ball By(§), and
a nonlinear correction of size t2, supported in an outgoing cone.
(3) The charges are given by

(532) (EvPv Ca‘]) = 7(£)t2(13givfiagijkgjgk)a 7(6) = (1 - |£|2)7%

up to small error terms.

We can then use a (carefully chosen) combination of disjoint bump solutions to build a family of solutions
(9aQ, kag) with the desired properties.

The construction of bumps is technical. Instead of going through the details, we give a heuristic explana-
tion of the construction.

Each bump should be thought of as a particle localized in a certain position and moving with certain
linear momentum and angular momentum. We start with a localized linear solution, and correct it using
the solution operator. This gives the linearized part of size ¢, and the nonlinear correction of size t>. From
the formula for the charges (2.14)—(2.17), it is easy to see the charges are of size 2.

The key observation is that, through the nonlinear properties of the constraint equation, we can achieve
a natural range of charges subject to the size constraint above. To construct the linearized solution, first
observe that one can take & = 0 and g; an even function so that (E,P,C,J) ~ (¢2,0,0,0); that E is
necessarily positive is a consequence of the positive mass theorem (although it can also be checked directly
by computation). Then we apply a Lorentz boost (after solving the linearized Einstein equations) defined by

y' = (At ¥ + €,
where Ay, € SO*(1,3) (Lorentz boost by velocity ¢) and & € R'*3 are defined by
(M)’ = (O (" = £ Ppr),  (Agz)’ = y(O)(=a" + (P)’) + (Pra), €°=0, & =¢,

where Py, Pi- : R? — R3 are orthogonal projections to (¢) and (£)*, respectively. This would give the desired
charges in (5.32). Note that we always have |P| < E in this construction. This is where the condition (5.25)
comes from. ]

To obtain Theorem 1.3, we note that after rescaling the asymptotically flat solution satisfying (1.4) using
(2.25), we have for o € (1/2,1),

(E,P)[(9"), k"), Ag] = rH(EAPM PAPM)[(g, k)] + O(r~2*),
(C’ J)[(g(r)v k(r))a AR] = O(T_Qa)'

Therefore, Theorem 1.3 follows from Theorem 5.5.
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