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BOGOVSKII-TYPE OPERATORS AND FLEXIBILITY OF

THE EINSTEIN CONSTRAINT EQUATION

YUCHEN MAO, SUNG-JIN OH, AND ZHONGKAI TAO

Abstract. We give an overview of the method of Bogovskii-type operators and the applications to the

conic and obstruction-free gluing problems in general relativity.

1. Introduction

Let (M,g) be a Lorentzian manifold of dimension 1+3 with signature (−,+,+,+). The Einstein vacuum
equation reads

(1.1) Ricg − 1

2
g trg Ricg = 0.

Let (M, g) be a spacelike hypersurface of dimension 3 in M, and let k be its second fundamental form.
The Gauss and Codazzi equations imply the Einstein constraint equations:

Rg + (trg k)2 − |k|2g = 0, divg k − d(trg k) = 0.(1.2)

On the other hand, the fundamental theorem of Choquet-Bruhat [FB52] states that any (sufficiently
regular) triple (M, g, k) solving (1.2) corresponds to a geometrically unique spacetime with a metric solving
(1.1) (see [CBG69, Sbi16] for the uniqueness).

At each point, (g, k) contains 12 scalar components, whereas (1.2) comprises only 4 scalar equations. The
system is therefore very underdetermined.

From this perspective, perhaps the most surprising result for the constraint equation is the positive mass
theorem of Schoen–Yau [SY79] (see Witten [Wit81] for a different proof and Brendle–Wang [BW26] for a
proof in arbitrary dimensions). In the simplest case, it says that if k = 0 and g is flat outside a compact set
in R3, then (M, g) is isometric to R3.

In this note, we will instead focus on the flexibility side of the constraint equation and discuss the following
questions:

(1) Can one build nontrivial vacuum data supported in a prescribed region?
(2) Can two solutions be glued in a prescribed region? What is the obstruction to glue two solutions?
(3) How fast may asymptotically flat vacuum data decay?

We will present two results using a new tool: Bogovskii-type operators. The first is a conic gluing result
(stated in a special case to glue to the flat data outside a cone).

Theorem 1.1 (Carlotto–Schoen [CS16], Aretakis–Czimek–Rodnianski [ACR25], Mao–Tao [MT22]). For
every cone

Cθ(ω) = {x ∈ R3 : ∠(x, ω) ≤ θ}
with 0 < θ < π/2, there exist nontrivial smooth vacuum data on R3 satisfying

(g, k) = (δ, 0) on R3 \ Cθ(ω)

and the estimates

(1.3) |∂ℓ(g − δ)(x)| ≲ℓ ⟨x⟩−1−ℓ, |∂ℓk(x)| ≲ℓ ⟨x⟩−2−ℓ

for all ℓ ≥ 0.

This decay rate is sharp because if it decays faster, the ADM energy vanishes, and by the positive mass
theorem, the solution must come from a spacelike hypersurface in the Minkowski spacetime. Theorem 1.1 was
first proved by Carlotto–Schoen [CS16], except for the decay rate (1.3), which was left as an open problem
(see, e.g., [Car21, Open Problem 3.18]). The decay rate (1.3) was obtained by Aretakis–Czimek–Rodnianski
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[ACR25] using characteristic gluing. In this note, we present the direct spacelike-gluing proof of Mao–Tao
[MT22].

The second is an obstruction-free gluing result on an asymptotically flat annulus. We recall the asymp-
totically flat condition.

Definition 1.2. Let (g, k) ∈ Hs
loc×Hs−1

loc (Bc
R0

) for s > 3/2 and R0 ∈ 2N. We say that (g, k) is α-asymptotical-
ly flat if, for some α ∈ R and D0 > 0, we have

(1.4) ∥(g − δ, k)∥Ḣs×Ḣs−1(Ãr)
≤ D0r

−s+3/2−α for all r ∈ 2N, r ≥ 2R0,

where1 ∥u∥Ḣs(ÃR) := R−s+3/2∥u(Rx)∥Hs(Ã1)
.

Theorem 1.3 (Czimek–Rodnianski [CR22], Mao–Oh–Tao [MOT23]). Let s > 3/2 and α > 1/2. Let
(gin, kin), (gout, kout) ∈ Hs

loc ×Hs−1
loc (Bc

R0
) be α-asymptotically flat pairs solving (1.2). Define

∆E := EADM [(gout, kout)] −EADM [(gin, kin)], ∆P := PADM [(gout, kout)] −PADM [(gin, kin)],

and assume that
∆E > |∆P|.

Then there exists an asymptotically flat pair (g, k) ∈ Hs
loc ×Hs−1

loc (Bc
R0

) solving (1.2) and r ≥ R0 such that
(g, k) = (gin, kin) on B2r ∩Bc

R0
and (g, k) = (gout, kout) on Bc

32r.

Here in the theorem,

EADM [(g, k)] =
1

2
lim
r→∞

ˆ

∂Br

(∂igij − ∂jgii)ν
j dS, PADM

a [(g, k)] = lim
r→∞

ˆ

∂Br

(kaj − δaj trδ k)νj dS.

See §2.5 for more details on the ADM charges.
Theorem 1.3 was first proved by Czimek–Rodnianski [CR22] as a corollary of their obstruction-free charac-

teristic gluing theorem, under the stronger positivity condition ∆E > C|∆P| for some C > 1. This condition
was relaxed to ∆E > |∆P| by the authors [MOT23] via an independent proof based on spacelike gluing,
which we describe below.

There had been several powerful methods to study the constraint equation; we refer to Carlotto’s sur-
vey [Car21] for the history. Briefly speaking, there are the conformal method (see Lichnerowicz [Lic44],
York [Yor73], Murchadha–York [OY73], Choquet-Bruhat–York [CBY80] and Isenberg [Ise95]) and the gluing
method (see Fischer–Marsden [FM75], Corvino [Cor00], Corvino–Schoen [CS06] and Chruściel–Delay [CD03]).
A common feature of these methods is that the underdetermined system is at some point reduced to a
determined elliptic system (to wit, the Lichnerowicz equation in the conformal method, and elliptic sys-
tems with degenerate coefficients at the boundary in the gluing method). While those methods led to
many important developments, the reduction to determined PDE systems loses the information about
the underdeterminedness of the system. The method developed in our recent work (with Philip Isett)
[MT22, MOT23, IMOT25] exploits the underdetermined nature more directly. See Nützi [Nüt26b, Nüt26a],
Chruściel–Cogo–Nützi [CCN25], Giorgi–Shen–Wan [GSW25] and Shen–Wan [SW25, SW26] for related works.
We also mention that there are recent advances by Chen–Klainerman [CK25, CK26b, CK26a] that exploit
the structure of the Einstein constraint equations in a different way.

Acknowledgements. S.-J.O. was partially supported by a National Science Foundation CAREER Grant
under NSF-DMS-1945615, a National Science Foundation Grant under DMS-2452760, and the Miller Re-
search Professorship. Z.T. was partially supported by a grant from the National Research Agency (ANR)
under the France 2030 program, reference ANR-25-CFFS-0012.

2. Preliminaries

2.1. Notations. Unless stated otherwise, indices are raised and lowered with the Euclidean metric δ. Re-
peated indices are summed. The construction of Bogovskii-type operators works in all dimensions d ≥ 1,
while the discussion of constraint equations focuses on d = 3.

For a symmetric tensor u, trδ u = δijuij . Let Br(ξ) := {x ∈ Rd : |x− ξ| < r} and Br := Br(0). We write

⟨x⟩ = (1 + |x|2)1/2, Ar = B2r \Br, Ãr = B4r \Br/2.

1When s ∈ N, observe that ∥u∥Ḣs(ÃR)
≃ ∥∂(s)

x u∥
L2(ÃR)

+ R−s∥u∥
L2(ÃR)

.

Yuchen Mao, Sung-Jin Oh and Zhongkai Tao

III–2



A solid cone with vertex y, axis ω ∈ Sd−1, and opening angle θ is

Cy,θ(ω) = {x ∈ Rd : ∠(x− y, ω) ≤ θ}.
When y = 0 we write Cθ(ω). For 0 < θ < π/2 this is a convex cone. We use W̃ s,p(U) for the closure of
C∞

c (U) under the W s,p topology.

2.2. Linearization at flat data. We recall the linearized constraint equations around the flat data (δ, 0)
on Rd. Write

g = δ + ġ, k = k̇.

The linearized equation is

(2.1) ∂i∂j ġ
ij − ∆ trδ ġ = 0, ∂ik̇ij − ∂j trδ k̇ = 0.

We make the following change of variables to make the equations (2.1) in a simpler form:

(2.2) hij = gij − δij − δij trδ(g − δ), πij = kij − δij trδ k.

Since trδ h = −(d− 1) trδ(g − δ) and trδ π = −(d− 1) trδ k, the inverse transformation is

(2.3) gij = δij + hij −
1

d− 1
δij trδ h, kij = πij −

1

d− 1
δij trδ π.

Thus the linearized constraint operator becomes

(2.4) P (h, π) =
(
PHh, PMπ

)
:=
(
∂i∂jh

ij , ∂iπ
ij
)
.

The two components are called the double divergence and the symmetric divergence.

2.3. The nonlinear equations as a quadratic perturbation. In the variables (h, π), the constraint
equations (1.2) can be written as

(2.5) P (h, π) = Φ(h, π).

Near (h, π) = (0, 0), the nonlinear map has the schematic form

ΦH(h, π) = M (0)(h)
(
h, ∂2h

)
+ M (1)(h)

(
∂h, ∂h

)
+ M (2)(h)(π, π),(2.6)

ΦM (h, π) = N (0)(h)
(
h, ∂π

)
+ N (1)(h)

(
∂h, π

)
,(2.7)

where M (0),M (1),M (2), N (0), N (1) are finite linear combinations of contractions with coefficients depending
smoothly on h. Since Φ is quadratic,

(2.8) Φ(0, 0) = 0, DΦ(0, 0) = 0.

Consequently, in reasonable function spaces, we expect

∥Φ(h, π)∥Y ≤ C∥(h, π)∥2X ,(2.9)

∥Φ(h1, π1) − Φ(h2, π2)∥Y ≤ C
(
∥(h1, π1)∥X + ∥(h2, π2)∥X

)
∥(h1 − h2, π1 − π2)∥X .(2.10)

2.4. Formal adjoints and finite-dimensional obstructions. On a bounded domain, the obstruction to
finding compactly supported solutions is given by the kernel of the formal adjoint.

For a scalar test function φ,
ˆ

(∂i∂jh
ij)φdx =

ˆ

hij∂i∂jφdx, P ∗
Hφ = ∇2φ.

On a connected Euclidean domain, ∇2φ = 0 exactly when φ is affine: φ(x) = a+bix
i. Therefore a compactly

supported solution of PHh = f must satisfy

(2.11)

ˆ

f dx = 0,

ˆ

xaf dx = 0, a = 1, . . . , d.

For a 1-form ω,
ˆ

(∂iπ
ij)ωj dx = −

ˆ

πij∂iωj dx = −1

2

ˆ

πij(∂iωj + ∂jωi) dx.

Thus

(2.12) P ∗
Mω = −1

2
(∂iωj + ∂jωi).
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Its kernel is the space of Euclidean Killing fields. In dimension three, it is spanned by the translations
ea = ∂a and rotations Ya = εaijx

i∂j for a = 1, 2, 3. Hence a compactly supported solution of PMπ = F
must satisfy

(2.13)

ˆ

F · ea dx = 0,

ˆ

F ·Ya dx = 0, a = 1, 2, 3.

Together, (2.11) and (2.13) give ten conditions in d = 3. These are the linear ancestors of energy, linear
momentum, center of mass, and angular momentum.

2.5. The ten surface charges. For data (g, k) on a neighborhood of ∂Br ⊆ R3, define

E[(g, k); ∂Br] =
1

2

ˆ

∂Br

(∂igij − ∂jgii)ν
j dS,(2.14)

Pa[(g, k); ∂Br] =

ˆ

∂Br

(kaj − δaj trδ k)νj dS,(2.15)

Ca[(g, k); ∂Br] =
1

2

ˆ

∂Br

[
xa(∂igij − ∂jgii) − δia(gij − δij) + δja(gii − δii)

]
νj dS,(2.16)

Ja[(g, k); ∂Br] =

ˆ

∂Br

(kij − δij trδ k)Y i
aν

j dS.(2.17)

Write
Q = (E,P1,P2,P3,C1,C2,C3,J1,J2,J3).

To avoid traces on rough Sobolev data, one may average the surface charges: for η ∈ C∞
c ((1, 2)) such that

´

η = 1 and ηr(r′) = r−1η(r−1r′), define

(2.18) Q[(g, k);Ar] =

ˆ

ηr(r′)Q[(g, k); ∂Br′ ]dr
′.

The link between charges and cokernels is given by the following. For 0 < r0 < r1,

(2.19)

ˆ

Br1\Br0

1
2∂i∂jh

ij




1
x1

x2

x3


 dx =




E
C1

C2

C3


 [(g, k); ∂Br1 ] −




E
C1

C2

C3


 [(g, k); ∂Br0 ],

(2.20)

ˆ

Br1
\Br0

∑

j

∂iπ
ij




ej1
ej2
ej3
Yj

1

Yj
2

Yj
3




dx =




P1

P2

P3

J1

J2

J3




[(g, k); ∂Br1 ] −




P1

P2

P3

J1

J2

J3




[(g, k); ∂Br0 ],

and in terms of averaged charges, if

(2.21) χr0,r1(r) =

ˆ r

−∞
(ηr0(r′) − ηr1(r′)) dr′,

we have

(2.22)

ˆ

χr0,r1(r) 1
2∂i∂jh

ij




1
x1

x2

x3


 dx =




E
C1

C2

C3


 [(g, k);Ar1 ] −




E
C1

C2

C3


 [(g, k);Ar0 ],

(2.23)

ˆ ∑

j

χr0,r1(r)∂iπ
ij




ej1
ej2
ej3
Yj

1

Yj
2

Yj
3




dx =




P1

P2

P3

J1

J2

J3




[(g, k);Ar1 ] −




P1

P2

P3

J1

J2

J3




[(g, k);Ar0 ].
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Under the invariant rescaling

(2.24) g(R)(x) = g(Rx), k(R)(x) = Rk(Rx),

the charges transform as

(2.25) (E,P)[g(R), k(R);A1] = R−1(E,P)[g, k;AR], (C,J)[g(R), k(R);A1] = R−2(C,J)[g, k;AR].

3. Bogovskii-type operators

In [IMOT25], joint with Philip Isett, we develop a general theory of Bogovskii-type operators for under-
determined PDE systems satisfying Definition 3.3 below. In particular, it applies to the Einstein constraint
equations (1.2).

3.1. The general operator and its formal cokernel. Let U ⊆ Rd be open, and let

(3.1) P : C∞(U ;Cs0) −→ C∞(U ;Cr0), r0 ≤ s0,

be an r0 × s0 matrix of linear differential operators with smooth coefficients. We write u = (uK)s0K=1 and
f = (fJ)r0J=1. Its formal L2 adjoint is

P∗ : C∞(U ;Cr0) −→ C∞(U ;Cs0).

One should think that P is underdetermined, while P∗ is overdetermined.

Definition 3.1 (Formal cokernel). The formal cokernel of P on a connected open set U is

(3.2) kerP∗(U) = {Z ∈ C∞(U ;Cr0) : P∗Z = 0}.
No boundary condition is imposed on Z.

The formal cokernel comes from compactly supported solvability. If u ∈ C∞
c (U ;Cs0) and Pu = f , then

every Z ∈ kerP∗(U) satisfies

(3.3) ⟨Z, f⟩ = ⟨Z,Pu⟩ = ⟨P∗Z, u⟩ = 0.

Thus compactly supported right inverses can exist only after projecting away the formal cokernel.
This leads us to consider the adjoint problem, namely to recover the value of a function φ from P∗φ.

For this, we introduce the following notion. This is a flexible generalization of special systems of first-order
PDEs utilized by Reshetnyak [Res83, Res94].

Definition 3.2 (Graded augmented system). Let P be an r0 × s0-matrix-valued differential operator on an
open subset U ⊆ Rd, with mK denoting the order of (P∗φ)K for each K ∈ {1, . . . , s0}. Given m′

K ∈ Z≥0

for each K ∈ {1, . . . , s0} and a Cr0 -valued function (φJ)J∈{1,...,r0} on U , consider (ΦA = ΦA(y))A∈A (called
augmented variables) satisfying the following properties:

(Φ-1) (ΦA) is an augmentation of (φJ). The index set A contains {1, . . . , r0}; moreover, ΦJ = φJ for
J ∈ {1, . . . , r0} ⊆ A.

(Φ-2) (φJ) 7→ (ΦA) is a differential operator. There exist functions c[ΦA](α,J) on U , where α is a
multi-index and J ∈ {1, . . . , r0}, such that

ΦA(y) = c[ΦA](α,J)(y)∂αφJ(y),

for all A ∈ A and y ∈ U .
(Φ-3) Φ and P∗φ solve a first-order PDE (augmented PDE system). There exist matrix-valued

1-forms (Bi)
A′

A and (Ci)
(γ,K)

A on U , where γ is a multi-index and K ∈ {1, . . . , s0}, such that

(3.4) ∂iΦA(y) = (Bi)
A′

A (y)ΦA′(y) + (Ci)
(γ,K)

A (y)∂γ(P∗φ)K(y),

for all A ∈ A, i ∈ {1, . . . , d} and y ∈ U . Furthermore,

(Ci)
(γ,K)

A = 0 if |γ| > m′
K .

(Φ-4) Graded structure. Define the degree dA of ΦA by

dA := −max{|α| : c[ΦA](α,J) ̸= 0 for some J}.
In particular, φJ has degree 0, i.e., dJ = 0 for J ∈ {1, . . . , r0}. We assume that:
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• Graded structure for the augmented system.

(Bi)
A′

A = 0 if dA > dA′ + 1,

(Ci)
(γ,K)

A = 0 if dA > −mK − |γ| + 1.

We write N0 := max{|dA|}A∈A + 1 for the maximal degree that occurs in (3.4).

We call a collection (A, (ΦA)A∈A, (Bi)
A′

A , (Ci)
(γ,K)

A ) satisfying (Φ-1)–(Φ-4) a (graded) augmented sys-
tem for P.

Once we have a graded augmented system, we can integrate the ODE on a family of curves and take
average. Under natural geometric assumptions, this leads to a right inverse up to finite dimensional cokernels:

(Sη)KJ : W̃ s,p(U) → W̃ s+mK ,p(U) for every 1 < p < ∞ and s ∈ R, such that

PSηf = f −
∑

A

wA⟨ZA, f⟩ for all f ∈ W̃ s,p(U),

where ZA is a basis of kerP∗(U) and wA ∈ C∞
c (U) is a dual basis of ZA, and the following support property

holds:

supp f ⊆ U =⇒ suppSηf ⊆ U.

On flat space, our construction recovers the explicit solution operators for various underdetermined dif-
ferential operators that have appeared in the literature [Bog79, IO16, OT19].

Instead of stating the general theorem, we will explain this construction by examples below.

3.2. The complex ellipticity condition. The principal symbol of P∗ defines a linear map

(3.5) p∗(x, ξ) : Cr0 −→ Cs0 , ξ ∈ Cd.

The following definition was considered in the literature [Aro54, Smi70, Ka l94, BDG20] from different
perspectives.

Definition 3.3 (Complex ellipticity condition). The operator P satisfies (CE) on U if

(3.6) p∗(x, ξ) is injective for every x ∈ U and every ξ ∈ Cd \ {0}.
Equivalently, the principal symbol p(x, ξ) of P is surjective for every nonzero complex covector.

If we only consider ξ ∈ Rd, this is the usual ellipticity condition.
It turns out that the complex ellipticity condition implies the existence of a graded augmented system.

Theorem 3.4. Let U be an open subset of Rd. Suppose that P has smooth coefficients. Assume that the
s0 × r0-matrix-valued principal symbol p∗(x, ξ) of P∗ (where s0 ≥ r0) satisfies

(CE) p∗(x, ξ) is injective for all x ∈ U and ξ ∈ Cd \ {0}.
Then there exist augmented variables (ΦA)A∈A on U satisfying (Φ-1)–(Φ-4) with index set A = {(α, J) : 1 ≤
J ≤ r0, |α| ≤ N0 − 1}, degree d(α,J) = −|α|, and coefficients Bi,Ci ∈ C∞(U) with quantitative estimates.

For the proof, we recall

Proposition 3.5 (Hilbert’s Nullstellensatz). Suppose f1(x1, · · · , xd), · · · , fN (x1, · · · , xd) ∈ C[x1, · · · , xd]
are polynomials with the set of common zeros

Z = {(z1, · · · , zd) ∈ Cd : fj(z1, · · · , zd) = 0, j = 1, 2, · · · , N}.
Then for any polynomial h(x1. · · · , xd) ∈ C[x1, · · · , xd], if h vanishes on Z, then there exist M > 0 and
polynomials gj(x1, · · · , xd) ∈ C[x1, · · · , xd], j = 1, 2, · · · , N such that

h(x1, · · · , xd)M =
∑

j

gj(x1, · · · , xd)fj(x1, · · · , xd).

Proof of Theorem 3.4. Step 1: For any x0 ∈ U , there exist N0 > 0 and polynomial valued r0 × s0 matrices
gα(ξ) for |α| = N0 such that

(3.7) ξαIr0 = gα(ξ)p∗(x0, ξ), |α| = N0.

Moreover, (p∗) J
K (ξ) is homogeneous of degree mK and (gα) K

J (ξ) is homogeneous of degree N0 −mK .
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The claim follows from applying Hilbert’s Nullstellensatz (Proposition 3.5) to det(Mj(ξ)) where Mj(ξ)
goes through all the r0 × r0 minors of p∗(x0, ξ). By assumption, the common zeros of det(Mj(ξ)) in Cd is

contained in {0}. Since ξℓ vanishes at 0, there exist N1, · · · , Nd and polynomials hj
ℓ(ξ) such that

ξNℓ

ℓ =
∑

j

hj
ℓ(ξ) det(Mj(ξ)).

We notice that det(Mj(ξ))Ir0 can be written as the product of its adjugate matrix adj(Mj(ξ)) and itself:

det(Mj(ξ))Ir0 = adj(Mj(ξ))Mj(ξ).

Moreover, Mj(ξ) is the product of a constant 0 − 1 matrix and p∗(x0, ξ). Therefore we conclude that there
are polynomial-valued r0 × s0 matrices g̃ℓ(ξ) so that

ξNℓ

ℓ Ir0 = g̃ℓ(ξ)p∗(x0, ξ).

Taking N0 > N1+ · · ·+Nd, we conclude (3.7). We may assume (gα) K
J (ξ) is homogeneous of degree N0−mK

since terms of other degrees do not contribute.
Step 2: There exist ξ-polynomial-valued r0 × s0 matrices gα(x, ξ) for |α| = N0 such that

(3.8) ξαIr0 = gα(x, ξ)p∗(x, ξ), |α| = N0.

The matrix gα(x, ξ) depends smoothly on the coefficients of p∗(x, ξ) and some smooth cutoff functions.
Moreover, (p∗) J

K (ξ) is homogeneous of degree mK and (gα) K
J (ξ) is homogeneous of degree N0 −mK .

When P has constant coefficients, then it suffices to take gα(x, ξ) = gα(ξ) (from Step 1). When P has
variable coefficients, it follows from a perturbation argument.

Step 3. We claim that taking ΦA = ∂αφJ to be the jet of φJ up to order N0−1 indexed by A = (α, J) in the
set A := {(α, J) : 1 ≤ J ≤ r0, |α| ≤ N0 − 1} gives an augmented system satisfying (Φ-1)-(Φ-4). First, (Φ-1)
and (Φ-2) are obvious from the definition. For (Φ-3), we take the trivial relation ∂i∂

αφJ(y) = ∂α+eiφJ(y)
to be the equation if |α| < N0 − 1, i.e.,

(Bi)
(α′,J′)

(α,J) =

{
1 if J = J ′, α′ = α + ei,

0 otherwise,
and (Ci)

(γ,K)
(α,J) = 0 for |α| < N0 − 1.

It remains to check that, for |α| = N0 − 1, there exist (Bi)
(α′,J′)

(α,J) (y) and (Ci)
(γ,K)

(α,J) (y) such that

(3.9) ∂i∂
αφJ(y) = (Bi)

(α′,J′)
(α,J) (y)∂α′

φJ′(y) + (Ci)
(γ,K)

(α,J) (y)∂γ(P∗φ)K(y).

This follows from (3.8) and putting (P∗
prin−P∗)φ into the first term on the right-hand side. The assumption

(Φ-4) follows by taking d(α,J) = −|α|. □

In the constant-coefficient homogeneous case, we have the following equivalence.

Proposition 3.6. Let U be a connected open subset of Rd, and P an r0 × s0-matrix-valued operator on U
that is homogeneous with constant coefficients. Then the following are equivalent:

(1) p∗(ξ) satisfies (CE).
(2) There exists a graded augmented system {ΦA}A∈A for P on U .
(3) dim kerP∗(U) < +∞.

Proof. The implication (1) ⇒ (2) is exactly Theorem 3.4. Moreover, (2) ⇒ (3) follows from integrating
along curves. It remains to prove (3) ⇒ (1), or equivalently, its contrapositive. Indeed, if p∗ does not satisfy
(CE), then there exists a constant vector {φJ}J∈{1,...,r0} ̸= 0 and ξ ∈ Cd \ {0} such that p∗(ξ)φ = 0, which

means that eiλξxφ ∈ kerP∗ for every λ ∈ C. Thus kerP∗ is infinite dimensional. □

3.3. Explicit examples on flat spaces. By averaging over straight line segments x(y, y1, s) = y+s(y1−y)
(straight rays x(y, ω, s) = y+sω, respectively), we obtain the Bogovskii-type solution operator (conic solution
operator, respectively).

Exp. no III— Bogovskii-type operators and flexibility of the Einstein constraint equation

III–7



3.3.1. Double divergence equation. We consider the double divergence equation

(3.10) PHh = ∂j∂kh
jk, hij = hji

on Rd for d ≥ 2. P ∗
Hφ = ∇2φ. The graded augmented system is

∇iφ = ωi,

∇iωj = (P ∗
Hφ)ij .

(3.11)

(1) Let η ∈ C∞
c (Rd) with

´

Rd η = 1. The Bogovskii-type solution operator for (3.10) is given by

(3.12) Kij
η (z + y, y) =

(
ˆ ∞

|z|
η

(
r
z

|z| + y

)
rd−1dr

)
zizj

|z|d .

It satisfies

(3.13) PH

ˆ

Kη(x, y)f(y) dy = f(x) −
ˆ

bη(x, y)f(y) dy,

where

bη(x, y) = (d + 1)η(x) + (x− y)i∂iη(x).

(2) Let κ ∈ C∞(Sd−1) with
´

Sd−1 κ = 1. The conic solution operator for (3.10) is given by

(3.14) Kij
κ (z + y, y) =

zizj

|z|d κ
(

z

|z|

)
.

It satisfies

(3.15) PH

ˆ

Kκ(x, y)f(y) dy = f(x).

3.3.2. Symmetric divergence equation. We consider the symmetric divergence equation

(3.16) PMπ = ∂jπ
jk, πij = πji

on Rd with d ≥ 2. (P ∗
Mω)ij = − 1

2 (∂iωj + ∂jωi). Introduce ηjk = 1
2 (∂jωk − ∂kωj). The graded augmented

system is

∇iωj = ηij − (P ∗
Mω)ij ,

∇iηjk = ∂k(P ∗
Mω)ij − ∂j(P

∗
Mω)ik.

(3.17)

(1) Let η ∈ C∞
c (Rd) with

´

Rd η = 1. The Bogovskii-type solution operator for (3.16) is given by

(Lη)ijk (z + y, y) =
1

2

(
ˆ ∞

|z|
η

(
r
z

|z| + y

)
rd−1 dr

)
ziδjk + zjδik

|z|d

+
1

2
∂zm

((
ˆ ∞

|z|
η

(
r
z

|z| + y

)
rd−1 dr

)
zm(ziδjk + zjδik)

|z|d

)

− ∂zk

((
ˆ ∞

|z|
η

(
r
z

|z| + y

)
rd−1 dr

)
zizj

|z|d

)
.

(3.18)

It satisfies

(3.19) PM

ˆ

(Lη)ijk (x, y)F k(y) dy = F j(x) −
ˆ

(bη)jk(x, y)F k(y) dy,

where

(bη)jk(x, y) =
d + 1

2
η(x)δjk +

1

2
(x− y)ℓ∂ℓη(x)δjk − 1

2
(x− y)j∂kη(x).

(2) Let κ ∈ C∞(Sd−1) with
´

Sd−1 κ = 1. The conic solution operator for (3.16) is given by

(3.20) (Lκ)ijk (z + y, y) =
1

2

ziδjk + zjδik
|z|d κ

(
z

|z|

)
+

1

2
∂zm

(
zm(ziδjk + zjδik)

|z|d κ

(
z

|z|

))
− ∂zk

(
zizj

|z|d κ
(

z

|z|

))
.
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It satisfies

(3.21) PM

ˆ

(Lκ)ijk (x, y)F k(y) dy = F j(x).

4. Mapping properties of solution operators

We discuss the mapping properties of the solution operators on weighted Sobolev spaces in §3.3.

4.1. Weighted Sobolev spaces. For an integer m ≥ 0, define

(4.1) ∥u∥2Hm,0 :=
∑

|α|≤m

∥⟨x⟩|α|∂αu∥2L2(Rd).

For s ∈ R, we define Hs,0 using complex interpolation and duality. For δ ∈ R, set

(4.2) Hs,δ = ⟨x⟩−δHs,0, ∥u∥Hs,δ := ∥⟨x⟩δu∥Hs,0 .

For integer m, the norm is equivalent to

(4.3)
∑

|α|≤m

∥⟨x⟩δ+|α|∂αu∥L2 .

For an open subset Ω ⊆ Rd, let H̃s,δ(Ω) be the closure of C∞
c (Ω) under the Hs,δ norm. When Ω is the

closure of an open set with Lipschitz boundary, we use the same notation.
In d = 3, the weights δ = −1/2 and δ = 1/2 correspond respectively to the decay rate r−1 and r−2.
Let {χj}j≥0 be a dyadic partition of unity, with χj supported where r ≃ 2j , and let φj(x) = 2jx. Then

we have the dyadic decomposition:

(4.4) ∥u∥2Hs,δ ≃
∑

j≥0

22j(δ+d/2)∥φ∗
j (χju)∥2Hs(Rd).

Using (4.4), we have

(i) If s > d/2, then

(4.5) ∥⟨x⟩d/2+δu∥L∞ ≲ ∥u∥Hs,δ .

(ii) For s1 + s2 > 0, we have

(4.6) ∥uv∥Hs0,δ1+δ2+d/2 ≲ ∥u∥Hs1,δ1∥v∥Hs2,δ2 , s0 =

{
min(s1, s2), max(s1, s2) > d/2,
s1 + s2 − d/2, max(s1, s2) < d/2.

The natural solution space for the constraint equations is

(4.7) Xs,δ := Hs,δ(Rd; Sym2) ×Hs−1,δ+1(Rd; Sym2).

4.2. Support preservation and the outgoing property. Note that

supp(u ∗ v) ⊆ suppu + supp v := {a + b : a ∈ suppu, b ∈ supp v}.
Therefore we have

Corollary 4.1. If supp(f, F ) ⊆ Ω and Ω is a convex cone containing suppκ, then the operator Sc = (Kκ, Lκ)
defined by (3.14) and (3.20) satisfies

suppSc(f, F ) ⊆ Ω.

The operator is outgoing in the following sense.

Definition 4.2. An integral kernel K(x, y) on a cone Ω is outgoing if there is CΩ > 0 such that

(4.8) K(x, y) ̸= 0 =⇒ |y| ≤ CΩ(1 + |x|).
Similarly, we say K is incoming if there is CΩ > 0 such that

(4.9) K(x, y) ̸= 0 =⇒ |x| ≤ CΩ(1 + |y|).
If an operator is both outgoing and incoming, we say that it is diagonal.

Lemma 4.3. Let Ω = Cθ(ω) with 0 < θ < π/2 and suppκ ⊆ Ω. The kernel (Kκ(x − y), Lκ(x − y)) is
outgoing on Ω.
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Proof. If x, y ∈ Ω and x− y ∈ Cθ(ω), then (x− y) · ω ≥ 0. Therefore,

|y| cos θ ≤ y · ω ≤ x · ω ≤ |x|. □

4.3. Weighted estimates for homogeneous kernels. The conic kernels have nice mapping properties
between weighted Sobolev spaces.

Theorem 4.4. Let K ∈ C∞(Rd \ {0}) ∩ D′(Rd) be homogeneous of degree k − d, with 0 < k < d. If

(4.10) −d

2
< δ <

d

2
− k,

then convolution extends to a bounded map

(4.11) K∗ : Hs−k,δ+k −→ Hs,δ.

If the kernel is outgoing on a cone, the lower bound in (4.10) is not needed for the outgoing part; if it is
incoming, the upper bound is not needed for the incoming part.

Proof. Split the Schwartz kernel K(x− y) into three regions:

Kdiag + Kout + Kin,

where |x| ≃ |y|, |x| > (1 + c)|y|, and |x| < (1 − c)|y|, respectively.
On the diagonal region, rescale each dyadic annulus to unit size. Homogeneity gives a factor 2j(k−d), and

standard pseudodifferential estimates show that the localized operator has order −k.
On the outgoing region, the off-diagonal kernel is smooth and satisfies

|∂α
x,yKout(x, y)| ≲α (1 + |x| + |y|)k−d−|α|.

This implies that

(4.12) ∥Kout,j,j′∥Hs−k,δ+k(A
2j

′ )→HN,δ(A2j )
≲ 2j(k−d)2(δ+d/2)j−(δ−d/2+k)j′ = 2(δ−d/2+k)(j−j′).

In the outgoing region we have j > j′, this sum converges when δ < d/2 − k. On the incoming region we
have

(4.13) ∥Kin,j,j′∥Hs−k,δ+k(A
2j

′ )→HN,δ(A2j )
≲ 2j

′(k−d)2(δ+d/2)j−(δ−d/2+k)j′ = 2(δ+d/2)(j−j′), j < j′.

The convergence requires δ > −d/2. Combining the three pieces gives (4.11). □

For Kκ we take k = 2; for Lκ we take k = 1. By the outgoing property Lemma 4.3 we have

Corollary 4.5 (Mapping property of Sc). Let d ≥ 3 and Ω = Cθ(ω) for some 0 < θ < π/2. For every
δ < d

2 − 2 and s ∈ R,

(4.14) Sc : H̃s−2,δ+2(Ω;R⊕ Rd) −→ H̃s,δ(Ω; Sym2) × H̃s−1,δ+1(Ω; Sym2)

is bounded.

The endpoint is sharp: for generic compactly supported f , Kκ ∗ f has a leading term of size r2−d, and

this power lies just outside H̃s,d/2−2(Ω).

4.4. The Bogovskii-type operators on an annulus. The Bogovskii-type operators in (3.12) and (3.18)
are designed on star-shaped sets, but it is not difficult to generalize the construction to an annulus. Moreover,
the Bogovskii-type operators given in (3.12) and (3.18) are pseudodifferential operators of order −2 and −1,
respectively. Therefore we have

Theorem 4.6 (Bogovskii operators on A1). For P = (PH , PM ), there are linear operators

SB : C∞
c (A1;R⊕ Rd) → C∞

c (A1; Sym2) × C∞
c (A1; Sym2)

with the following properties:

(i) PSB(f, F ) = (f, F ) for (f, F ) satisfying (2.11) and (2.13);

(ii) SB : H̃s−2(A1) → H̃s(A1) × H̃s−1(A1);
(iii) supp(f, F ) ⊆ A1 implies that suppSB(f, F ) ⊆ A1.
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5. Conic gluing and obstruction-free gluing

5.1. The Picard iteration.

Proposition 5.1. Let P : X → Y and S : Y → X be bounded operators between Banach spaces. Suppose
Φ : X → Y is smooth near 0, satisfies (2.8), and obeys (2.9)–(2.10). If u0 ∈ X and f ∈ Y is sufficiently
small, then there is a unique u1 of size ≲ ∥u0∥2X + ∥f∥Y such that

(5.1) u1 = S(Φ(u0 + u1) + f).

Consequently, if u0 ∈ kerP and PS = IdY , then u := u0 + u1 solves Pu = Φ(u) + f and

∥u− u0∥X ≲ ∥u0∥2X + ∥f∥Y .

Proof. Let ε = ∥u0∥2X + ∥f∥Y and consider the ball BCε(0) ⊆ X. For u1 in this ball,

∥S(Φ(u0 + u1) + f)∥X ≲ ∥S∥(∥u0∥2X + ∥f∥Y + Cε∥u0∥X + (Cε)2) ≤ Cε.

Moreover,

∥S(Φ(u0 + u1) + f) − S(Φ(u0 + v1) + f)∥X ≤ C1∥S∥(∥u0∥X + ε)∥u1 − v1∥X .

For ε small so that C1∥S∥(∥u0∥X + ε) < 1/2, Banach fixed point theorem implies a unique u1 of norm ≤ Cε
satisfying (5.1). Finally, if u0 ∈ kerP and PS = IdY , then

P (u0 + u1) = Pu1 = PS(Φ(u0 + u1) + f) = Φ(u0 + u1) + f. □

The difficult work is therefore concentrated in two tasks: construct a right inverse S with the correct
support, and choose spaces in which S and Φ satisfy the required estimates.

5.2. Solutions localized in a cone. We now show how to construct solutions supported in a cone. Let
Ω = Cθ(ω) ⊆ R3,

Xs,δ = H̃s,δ(Ω; Sym2) × H̃s−1,δ+1(Ω; Sym2), Y s,δ = H̃s−2,δ+2(Ω;R⊕ R3).

For s > 3/2 and δ ≥ −3/2, the product estimate (4.6) implies that the nonlinear map (2.6)–(2.7) is smooth

(5.2) Φ : Xs,δ −→ Y s,δ

near the origin. Combining this with Corollary 4.5, we have the following interval

(5.3) −3

2
≤ δ < −1

2
.

Theorem 5.2. Let Ω = Cθ(ω) ⊆ R3 with 0 < θ < π/2. For s > 3/2 and −3/2 ≤ δ < −1/2, if u0 =
(h0, π0) ∈ Xs,δ is a sufficiently small solution of Pu0 = 0 supported in Cθ(ω), then there is a solution
u = (h, π) to (1.2) supported in Cθ(ω) such that

(5.4) ∥u− u0∥Xs,δ ≲ ∥u0∥2Xs,δ .

If u0 is smooth, then the solution u is also smooth.

Proof. Set the fixed point problem

(5.5) u1 = ScΦ(u0 + u1).

The mapping statements above and the quadratic estimates for Φ verify the hypotheses of Proposition 5.1.
Therefore, there exists a solution u1 ∈ Xs,δ solving (5.5) with

∥u1∥Xs,δ ≲ ∥u0∥2Xs,δ , P (u0 + u1) = Φ(u0 + u1).

The local nature of Φ and Corollary 4.1 preserve support. Smoothness follows by differentiating the fixed
point equation, commuting derivatives through the diagonal part of Sc, and using that the outgoing pieces
are smoothing away from the diagonal. □
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In order to prove Theorem 1.1, it remains to estimate the tail (1.3). For this, we take u0 to be compactly
supported in Theorem 5.2.

A compactly supported u0 does not in general lead to compactly supported nonlinear data. This is because
the solution operator Sc generates tails. We note that for |x| > 2|y| + 1,

Kκ(x− y) = Kκ(x) + O(|x|−2|y|),(5.6)

Lκ(x− y) = Lκ(x) + O(|x|−3|y|).(5.7)

Consequently, for (f, F ) decaying fast enough,

Kκ ∗ f(x) = Kκ(x)

ˆ

f(y) dy + O(|x|−2),(5.8)

Lκ ∗ F (x) = Lκ(x)

ˆ

F (y) dy + O(|x|−3).(5.9)

In the fixed point equation 5.5, the weighted Sobolev estimate 4.5 gives the decay of the nonlinearity Φ(u0 +
u1) at the rate r−4+ε. This does not lead to the O(|x|−2) and O(|x|−3) error since

´

R3 |y||Φ(u0 + u1)(y)|dy
diverges. But this is enough to get the upper bound in (1.3) when ℓ = 0 by splitting the integral into the
region |x| > 2|y| + 1 and |x| ≤ 2|y| + 1.

A careful iteration on derivatives for the fixed point equation (5.5) implies (1.3). This finishes the proof
of Theorem 1.1.

5.3. Corvino–Schoen type gluing. Now we study the gluing problem on an annulus, à la Corvino–Schoen
[CS06]. The proof we state below is from Mao–Oh–Tao [MOT23].

Definition 5.3 (Q-admissible initial data sets). Let a bounded open subset Q ⊆ R10 and s ∈ R be given.

We say that a 10-parameter family {(gQ, kQ)}Q is a Q-admissible family of annular initial data sets on Ãr

with Sobolev regularity s if:

(1) for each Q ∈ Q, (gQ, kQ) ∈ (H1 ∩ C0) × L2(Ãr) and solves (1.2) in Ãr;

(2) for each Q ∈ Q, (gQ, kQ) ∈ Hs ×Hs−1(Ãr);

(3) the map Q → Hs ×Hs−1(Ãr) defined by Q 7→ (gQ, kQ) is Lipschitz;
(4) for each Q ∈ Q ⊆ R10, we have Q = Q[(gQ, kQ);Ar].

Theorem 5.4 (Gluing up to linear obstructions at unit scale). For each s > 3/2, there exist εc = εc(s) > 0

and Mc = Mc(s) > 0 such that the following holds. Let (̊g, k̊) be a solution to (1.2) in Hs ×Hs−1(Ã1) such
that

(5.10) ∥(̊g − δ, k̊)∥Hs×Hs−1(Ã1)
≤ ε.

Define Q̊ ∈ R10 by Q̊ = Q[(̊g, k̊);A1]. Let Q ⊆ R10 be a bounded open set such that

(5.11) Q̊ ∈ Q, B2Mcε2(Q̊) ⊆ Q.

and consider a Q-admissible family of annular initial data sets {(gQ, kQ)}Q∈Q on Ã1 with Sobolev regularity s
such that, for all Q,Q′ ∈ Q,

∥(gQ − δ, kQ)∥Hs×Hs−1(Ã1)
≤ ε,(5.12)

∥(gQ − gQ′ , kQ − kQ′)∥Hs×Hs−1(Ã1)
≤ K|Q−Q′|.(5.13)

Then the following holds:

(1) Exterior gluing. If ε < εc and Kε < εc, then there exists a solution (g, k) ∈ Hs × Hs−1(Ã1) to

(1.2) and Q ∈ Q such that ∥(g − δ, k)∥Hs×Hs−1(Ã1)
≲ ε, |Q− Q̊| ≤ Mcε

2, and

(g, k) =

{
(̊g, k̊) in A 1

2
,

(gQ, kQ) in A2.
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(2) Interior gluing. If ε < εc and Kε < εc, then there exists a solution (g, k) ∈ Hs × Hs−1(Ã1) to

(1.2) and Q ∈ Q such that ∥(g − δ, k)∥Hs×Hs−1(Ã1)
≲ ε, |Q− Q̊| ≤ Mcε

2, and

(g, k) =

{
(gQ, kQ) in A 1

2
,

(̊g, k̊) in A2.

In both cases, the following additional statements hold as well:

• (Lipschitz continuity) The map (̊g, k̊) 7→ (g, k,Q) is Lipschitz as a map from the subset of Hs×Hs−1

restricted by (5.10)–(5.11) into Hs ×Hs−1 × R10.

• (Persistence of regularity) If (̊g, k̊) ∈ Hs+m × Hs+m−1(Ã1) and the family {(gQ, kQ)}Q∈Q is of

Sobolev regularity s + m for m ∈ N, then (g, k) ∈ Hs+m ×Hs+m−1(Ã1) and

∥(g − δ, k)∥Hs+m×Hs+m−1(Ã1)
≤ C∥(̊g − δ, k̊)∥Hs+m×Hs+m−1(Ã1)

+C∥(gQ − δ, kQ)∥Hs+m×Hs+m−1(Ã1)
,

where C = C(s,m, ∥(̊g − δ, k̊)∥Hs+1×Hs(Ã1)
, ∥(gQ − δ, kQ)∥Hs+1×Hs(Ã1)

).

Proof. Step 1. We begin by forming the first trial for the desired initial data set. Let χ(x) be a smooth
radial function which equals 0 for |x| < 1 and 1 for |x| > 2. We introduce

(gin;Q, kin;Q, gout;Q, kout;Q) =

{
(̊g, k̊, gQ, kQ) for Statement (1),

(gQ, kQ, g̊, k̊) for Statement (2).

We introduce the first guess for the glued initial data, namely,

(5.14) (hQ, πQ) = (1 − χ)(hin;Q, πin;Q) + χ(hout;Q, πout;Q).

Of course, (hQ, πQ) would not solve the constraint equations (1.2); our aim is to find a correction (h̃Q, π̃Q)

supported in A1 and a choice of Q ∈ Q such that (h, π) = (hQ + h̃Q, πQ + π̃Q) solves (1.2).

A quick algebraic computation shows that we want (h̃Q, π̃Q) to satisfy

∂i∂j h̃
ij
Q = M̃Q, ∂iπ̃

ij
Q = ÑQ,(5.15)

where M̃Q, ÑQ are the errors satisfying

(M̃Q, ÑQ) = −(∂i∂jh
ij
, ∂iπ

ij) + (M̃nonlin
Q , Ñnonlin

Q )

and (M̃nonlin
Q , Ñnonlin

Q ) are quadratic nonlinearities.

Let SB be the solution operator defined in Theorem 4.6. For each Q ∈ Q, we look for (h̃Q, π̃Q) solving
the fixed point problems

(h̃Q, π̃Q) = SB(M̃Q, ÑQ).(5.16)

By the first part of Proposition 5.1, there exists such solution (h̃Q, π̃Q) ∈ H̃s × H̃s−1(A1) such that

∥(h̃Q, π̃Q)∥H̃s×H̃s−1(A1)
≲ ε.

Step 2: Finding Q. To conclude the proof of existence, it only remains to find Q ∈ Q such that
ˆ

1
2M̃Q(1, x1, x2, x3)† dx = 0,(5.17)

ˆ

ÑQ · (e1, e2, e3,Y1,Y2,Y3)† dx = 0,(5.18)

Introduce χ 1
2 ,2

as in (2.21). By (2.22), the LHS of (5.17) equals

ˆ

−χ 1
2 ,2

(r) 1
2∂i∂jh

ij

Q




1
x1

x2

x3


 dx +

ˆ

Ã1

χ 1
2 ,2

(r) 1
2M̃

nonlin
Q




1
x1

x2

x3


 dx
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=




E
C1

C2

C3


 [(gin;Q, kin;Q);A 1

2
] −




E
C1

C2

C3


 [(gout;Q, kout;Q);A2] +

ˆ

Ã1

χ 1
2 ,2

(r) 1
2M̃

nonlin
Q




1
x1

x2

x3


 dx,

To compute further the first two terms on the last line, we use (2.22) again:



E
...

C3


 [(gin;Q, kin;Q);A 1

2
] =




E
...

C3


 [(gin;Q, kin;Q);A1] −

ˆ

Ã1

χ 1
2 ,1

(r) 1
2M

nonlin
in;Q




1
...
x3


 dx,

and similarly for [(gout;Q, kout;Q);A2]. We arrive at

(5.19) (LHS of (5.17)) =




E
...

C3


 [(gin;Q, kin;Q);A1] −




E
...

C3


 [(gout;Q, kout;Q);A1] +




n[Q]E
...

n[Q]C3




where

(5.20)




n[Q]E
...

n[Q]C3


 =

ˆ

Ã1

1
2

(
χ 1

2 ,2
(r)M̃nonlin

Q − χ 1
2 ,1

(r)Mnonlin
in;Q − χ1,2(r)Mnonlin

out;Q

)



1
...
x3


 dx.

Similarly, we may show that

(5.21) (LHS of (5.18)) =



P1

...
J3


 [(gin;Q, kin;Q);A1] −



P1

...
J3


 [(gout;Q, kout;Q);A1] +



n[Q]P1

...
n[Q]J3




with

(5.22)



n[Q]P1

...
n[Q]J3


 =

ˆ

Ã1

(
χ 1

2 ,2
(r)Ñnonlin

Q − χ 1
2 ,1

(r)Nnonlin
in;Q − χ1,2(r)Nnonlin

out;Q

)
·




e1
...

Y3


 dx.

For the nonlinear contribution n[Q], we note that since n[Q] involves quadratic terms,

|n[Q]| ≲ ε2, ∥n[·]∥Lip ≲ Kε.

For the sake of concreteness, we focus on the case of exterior gluing from this point on; the case of interior
gluing is similar. Then Q[(gin;Q, kin;Q);A1] = Q̊, whereas Q[(gout;Q, kout;Q);A1] = Q. Hence, (5.19)–(5.21)
reduce to a fixed point problem

(5.23) Q = Q̊ + n[Q].

Moreover, we have shown that |n[Q]| ≲ ε2 and ∥n[Q]∥Lip ≲ Kε. We take Mc to be the implicit constant

in the first inequality so that |n[Q]| ≤ Mcε
2. By hypothesis, dist(Q̊, ∂Q) > Mcε

2. Hence, for εc sufficiently

small (recall that ε < εc), the RHS of (5.23) is thus a contraction on {Q : |Q− Q̊| ≤ Mcε
2} ⊆ Q. It follows

that a unique Q ∈ Q satisfying (5.23) and |Q− Q̊| ≤ Mcε
2 exists by the Banach fixed point theorem. Finally,

the Lipschitz continuity follows from the Banach fixed point theorem, and the persistence of regularity follows
from differentiating the fixed point equation (5.16). □

5.4. Obstruction-free gluing. At the linear level, a compactly supported annular solution requires equality
of all ten charges. The nonlinear constraint equations contain quadratic terms that can create charge. We
prove a more quantitative version of Theorem 1.3 using bump solutions that generate charges.

Theorem 5.5 (Obstruction-free gluing for almost flat data on annuli). Given s > 3/2 and Γ > 1, there exist
εo = εo(s,Γ) > 0, µo = µo(s,Γ) > 0 and Co = Co(s,Γ) > 0 such that the following holds. Let (gin, kin) ∈
Hs ×Hs−1(A1), (gout, kout) ∈ Hs ×Hs−1(A32) be pairs solving (1.2). Define ∆Q = (∆E, . . . ,∆J3) ∈ R10

by

(5.24) ∆Q = Q[(gout, kout);A32] −Q[(gin, kin);A1],
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and assume that

∆E > |∆P|,(5.25)

∆E√
(∆E)2−|∆P|2

< Γ,(5.26)

∆E < ε2o,(5.27)

|∆C| + |∆J| < µo∆E,(5.28)

∥(gin − δ, kin)∥2Hs×Hs−1(A1)
+ ∥(gout − δ, kout)∥2Hs×Hs−1(A32)

< µo∆E.(5.29)

Then there exists (g, k) ∈ Hs ×Hs−1(B64 \B1) solving (1.2) such that

(g, k) = (gin, kin) in A1, (g, k) = (gout, kout) in A32,(5.30)

∥(g − δ, k)∥2
Hs×Hs−1(B64\B1)

< Co∆E.(5.31)

The condition (5.25) is a reflection of the positive mass theorem. (5.26) is a quantitative version of (5.25).
(5.27)–(5.29) are smallness conditions.

Proof sketch of Theorem 5.5. By Theorem 5.4, it suffices to construct a family of solutions (g∆Q, k∆Q) in
the annulus A16 such that it extends (gin, kin) and satisfies the conditions in Definition 5.3. For this, we
construct bump solutions (gt,ℓ,ξ, kt,ℓ,ξ) for t > 0, ℓ ∈ R3 with |ℓ| < 1 and ξ ∈ R3 with the following properties:

(1) Each bump solution (gt,ℓ,ξ, kt,ℓ,ξ) solves (1.2).
(2) Each bump solution is the sum of a linearized solution of size t, supported in a small ball Bb(ξ), and

a nonlinear correction of size t2, supported in an outgoing cone.
(3) The charges are given by

(5.32) (E,P,C,J) = γ(ℓ)t2(1, ℓi, ξi, ε
jk
i ξjℓk), γ(ℓ) = (1 − |ℓ|2)−

1
2

up to small error terms.

We can then use a (carefully chosen) combination of disjoint bump solutions to build a family of solutions
(g∆Q, k∆Q) with the desired properties.

The construction of bumps is technical. Instead of going through the details, we give a heuristic explana-
tion of the construction.

Each bump should be thought of as a particle localized in a certain position and moving with certain
linear momentum and angular momentum. We start with a localized linear solution, and correct it using
the solution operator. This gives the linearized part of size t, and the nonlinear correction of size t2. From
the formula for the charges (2.14)–(2.17), it is easy to see the charges are of size t2.

The key observation is that, through the nonlinear properties of the constraint equation, we can achieve
a natural range of charges subject to the size constraint above. To construct the linearized solution, first
observe that one can take k = 0 and gt an even function so that (E,P,C,J) ≃ (t2, 0, 0, 0); that E is
necessarily positive is a consequence of the positive mass theorem (although it can also be checked directly
by computation). Then we apply a Lorentz boost (after solving the linearized Einstein equations) defined by

yµ = (Λℓ)
µ
νx

ν + ξµ,

where Λℓ ∈ SO+(1, 3) (Lorentz boost by velocity ℓ) and ξ ∈ R1+3 are defined by

(Λℓx)0 = γ(ℓ)(x0 − ℓ · Pℓx), (Λℓx)j = γ(ℓ)(−ℓjx0 + (Pℓx)j) + (P⊥
ℓ x)j , ξ0 = 0, ξj = ξj ,

where Pℓ, P
⊥
ℓ : R3 → R3 are orthogonal projections to (ℓ) and (ℓ)⊥, respectively. This would give the desired

charges in (5.32). Note that we always have |P| < E in this construction. This is where the condition (5.25)
comes from. □

To obtain Theorem 1.3, we note that after rescaling the asymptotically flat solution satisfying (1.4) using
(2.25), we have for α ∈ (1/2, 1),

(E,P)[(g(r), k(r)), AR] = r−1(EADM ,PADM )[(g, k)] + O(r−2α),

(C,J)[(g(r), k(r)), AR] = O(r−2α).

Therefore, Theorem 1.3 follows from Theorem 5.5.
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[Lic44] A. Lichnerowicz – L’intégration des équations de la gravitation relativiste et le problème des n corps, J. Math. Pures
Appl. (9) 23 (1944), p. 37–63.

[MOT23] Y. Mao, S.-J. Oh & Z. Tao – Initial data gluing in the asymptotically flat regime via solution operators with
prescribed support properties, 2023, arXiv:2308.13031.

[MT22] Y. Mao & Z. Tao – Localized initial data for Einstein equations, 2022, arXiv:2210.09437.

[Nüt26a] A. Nützi – Solutions of the constraints with controlled decay to Kerr, including Schwartz decay, 2026, arXiv:

2603.23484.

[Nüt26b] A. Nützi – A support preserving homotopy for the de Rham complex with boundary decay estimates, Pure Appl.

Anal. 8 (2026), no. 2, p. 497–533.
[OT19] S.-J. Oh & D. Tataru – The hyperbolic Yang-Mills equation for connections in an arbitrary topological class, Comm.

Math. Phys. 365 (2019), no. 2, p. 685–739.

[OY73] N. O’Murchadha & J. W. York – Existence and uniqueness of solutions of the Hamiltonian constraint of general
relativity on compact manifolds, J. Math. Phys. 14 (1973), p. 1551–1557.

[Res83] Y. G. Reshetnyak – Linear differential operators of finite type, Siberian Mathematical Journal 24 (1983), p. 796–808.

[Res94] , Stability theorems in geometry and analysis, Mathematics and its Applications, vol. 304, Kluwer Academic

Publishers Group, Dordrecht, 1994.

[Sbi16] J. Sbierski – On the existence of a maximal Cauchy development for the Einstein equations: a dezornification, Ann.
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