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TIME-PERIODIC OSCILLATION OF CAPILLARY FLUID DROPLET

CHENGYANG SHAO, HAOCHENG YANG

ABSTRACT. In this note, we outline the construction of time-periodic oscillating capillary fluid
droplet, based on a working paper of the authors. The droplet is modeled by an incompressible,
irrotational Eulerian system with free boundary. The key tool developed in the research work is
a coordinate-free paradifferential calculus on the compact Lie group SU(2), together with its zonal
version. The Eulerian free boundary system is paralinearized into a quasilinear dispersive PDE.
Despite the presence of small denominators, paradifferential reduction allows one to rewrite the
system into a fixed point form balancing all loss of regularity. The construction of time-periodic
solutions is then based on bifurcation theory with computer assistance.

1. THE MAIN RESULTS

1.1. Eulerian System for a Fluid Droplet. Consider a moving three-dimensional perfect, in-
compressible, irrotational fluid of normalized density 1 with free boundary satisfying the following
assumptions:
e (A1) The fluid occupies a smooth, compact region in R3, diffeomorphic to the closed Eu-
clidean ball.
e (A2) The fluid is described by Eulerian system with no gravity or any other external force
in presence.
e (A3) The air-fluid interface is governed by the Young-Laplace law with normalized surface
tension coefficient og = 1, and the effect of air flow is neglected.
We are interested in the hydrodynamic system obeying (A1)-(A3). In particular, we aim to construct

priodic-in-time oscillating solution of the system.

FIGURE 1. The surface defined by a height function.

We denote the fluid region by &}, and its boundary M; := 00}, which is given by a height function
n(t,z). The unit outer normal vector field on M; is denoted by IN, and its pull-back to the standard
sphere is denoted by IV,. See Figure 1 for the geometry. We write VEU for the flat connection on
R3. The fluid motion is the gradient of some harmonic potential function in &;. The free boundary
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naturally imposes the kinematic condition

oM, _ vEuc
(1.1) W-N—V o, - N,
where OM; /0t denotes the velocity vector field on the interface M;. On the other hand, the boundary

behavior of ® is governed by the Bernolli equation (together with Young-Laplace law):

0 1
(1.2) ((% + 2\VEUC<I)|2> ’M = —H(M;)+pe, pe= constant external pressure.
t
Here H(M,) is the (scalar) mean curvature of M.

1.2. Zakharov Formulation. We can rewrite the system (1.1)(1.2) as a PDE system for the
height function 7(¢,x) and the trace ¢(¢,x) of the potential ® on M,;. Indeed, introducing the
Dirichlet-Neumann operator

(1.3) Gl : ¢ — va +177f: Vaf?

The kinetic condition (1.1) becomes 0y = G[n]¢.
Since we are looking for time-periodic solutions, we may normalize ¢ by the frequency w > 0 to

VEeH . N,

make the period = 27. The system (1.1)(1.2) is transformed into the capillary droplet equation,
comparable to the classical Zakharov formulation of water waves near a water level:

o
waiz = G[nl¢,

96 Vol ((L+m)*GClé+Vn-Ve)’
Yot T a0y Ta(@rmr VR g AR

(EQ)

Here V is the standard connection on S?, and H[n] is the mean curvature operator.
The only equilibrium of (EQ) is (1, ¢) = (0,0), which geometrically corresponds to the standard
Euclidean sphere. The linearization of (EQ) at the equilibrium reads

(1.4) o = G0]g, O = (A +2)n.

Here A is the spherical Laplacian. It is not hard to see that G[0] and A + 2 act as the Fourier
multiplier ¢ and —(¢ —1)(¢+2) on spherical harmonics of degree ¢, respectively. Under the complex

diagonal unknown u, the linearized system (1.4) becomes a dispersive one:

(1.5) Ou = 1QUVu, u=+—Ag—2n+iy/G[0]o,

where the pseudodifferential operator (V) is a Fourier multiplier on S?, given by
(1.6) W = VI(E=1)(f+2), LeN.

This shows that (EQ) is a quasilinear dispersive PDE system of order 3/2.

The system (EQ) is of long-standing interest for hydrophysicists and astronautical engineers. The
eigen-frequency formula, or dispersive relation (1.6), was deduced in Lord Rayleigh’s fundamen-
tal work [R*79]. Physicists already carried out “weakly nonlinear analysis” [TB83, NB86, LMS&§],
including the frequency-amplitude relation for nonlinear oscillation and initial numerical results.

Experimental verification of the formula (1.6) together with the “weakly nonlinear analysis” have
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been repeatedly addressed in microgravity hydrodynamical experiments, e.g. [WAL96]. Recent
experimental evidence for superfluid helium drop can be found in [BWNT23].

1.3. The Main Results. The main result of our paper concerns the existence of time-periodic
oscillation modes of the system (EQ). To the authors’ knowledge, our theorem provides the first
construction of global-in-time special solutions, irreducible to fixed profile in moving frame, of a
Hamiltonian quasilinear dispersive PDE system defined on a compact, curved manifold.

Theorem 1.1. Suppose £ =6,7,9,11,13,---,18,20,22,--- ,30. There exist:
o A C? function of & defined near 0 of the form

we(€) = 1+ w2 + oY) VI —1)(E +2)
where wém < 0 s a uniquely determined real number;
e A compact set Ky C R with Lebesgue density 1 at 0;

e A C? curve in H} HS parameterized by :
(& t, ) = € cos(we(€)t) Pr + O(€2),
$(&;t, ) = Esin(we(E)t) P+ O(E%);
such that when § € Ky, the functions n(&;t,x), ¢(&;t,z) form a solution of the Zakharov system
(EQ) with period 27 [we(E).
Theorem 1.2. For the mode ¢ = 2, there exist:
o A C? function of & defined near 0 of the form

w(€) = (1+wPE +0(EH)VE, wi? = —1.1392750- -

e A compact set Ko C R with Lebesgue density 1 at 0;
o A C? curve in H} HS parameterized by :

n(t, x) = & cos(wa(€)t) Pa(cos B) + A& cos(3wa (€)t) Py(cos ) + O(€2),

o(t, ) = —5”22(5) sin(wa (€)£) P (cos 0)

3w (§)
2

with A = 0.3103295 - - -,

such that when § € Ks, the functions n(&;t,x), d(&;t,x) form a solution of the Zakharov system
(EQ) with period 27 [wa(&).

sin(3wa (€)t) Py(cos 0) + O(£2),

2. TOOLBOX: PARADIFFERENTIAL CALCULUS ON THE LIE GrRouP SU(2)

Being an intrinsically curved manifold, the 2-sphere S? carries no global coordinate system. This
brings technical difficulties for nonlinear analysis defined on S?. Unlike the toric case, the product
of Fourier basis functions is no longer a Fourier basis function. The purpose of this section is to
explain how paraproduct operators, or more generally, paradifferential operators, can be manipulated
on the compact Lie group SU(2) in a coordinate-free manner, enabling delicate nonlinear analysis.

XV-3



CHENGYANG SHAO AND HAOCHENG YANG

The transference to S? is then straightforward since S? is nothing but the homogeneous space
SU(2)/U(1). The theory is largely parallel to that on the flat torus.

2.1. Summary of the Toric Case. The notion of paradifferential operators was introduced by
Bony in [Bon81] for the analysis on R™. Based on standard Littlewood-Paley decomposition, Bony
introduced the paraproduct decomposition for products and the notion of paralinearization to sepa-
rate out the least regular part out of a nonlinear expression.

Roughly speaking, the paraproduct operator T, related to a given function a acts as

Tou = Z Si_za - Aju,
J
where Sj_3a is the smooth truncation of a up to frequency < 2973 and Aju is the Littlewood-Paley
building block of u of frequency ~ 2/. Bony found that the operator T, behave as if it were a usual
product operator, in the sense that if a,b € C”, then the composition T,T} is essentially just Tgp.
Bony further found that for F' € C*, a nonlinear composition F'(u) can be decomposed as

(2.1) F(u) = Tpryu + Rp(u) € HS + H*7"/2,

so that the least regular part of F(u) is the paraproduct along F'(u). This is known as the paralin-
earzation formula.

Later developments along this direction include a series of works of Meyer-Coifman (for example
[Mey80,CM86]) and also the work of Alinhac [Ali89], who found an operation called paracomposition
that clarifies change-of-variable for non-smooth functions and coordinates. A more comprehensive
introduction can be found in Chapter X of Hérmander’s book [Hér97] or Chapter 4 of Métivier’s
textbook [Mét08]. See also the papers [AS26, AS24].

It turns out that almost every key proposition in the toric paradifferential calculus finds its
counterpart on SU(2). For the purpose of clarity, we record in the following only the results on
SU(2) without proof.

2.2. Littlewood-Paley Decomposition. Throughout this section, the Lie group SU(2) is equipped
with its standard bi-invariant metric. We use (Ly)3_, to denote the global orthonormal frame of
left-invariant vector fields on SU(2). We also write the gradient operator V := (L1, Lo, L3), and the
Laplacian

3
A=)"IF, (V)= (1-A)2
k=1

The Laplacian A is bi-invariant, so it commutes with every Ly, although the L; do not commute
among themselves. This single fact replaces the commutativity of Fourier multipliers and partial
derivatives on T?, and is the reason why the whole theory goes through.

Functions of A play the role of Fourier multipliers in the toric case. We first introduce the
invariant Littlewood-Paley decomposition. Fix a dyadic partition of unity

1= Z Y(279N), ¥ € C(R) is even and non-negative.
Jj=0

XV-+4
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We then set the Littlewood-Paley building block operators and smoothing operators as
(2.2) U= p(27(V), 8= W,
1<j
respectively. Each W,u is a finite linear combination of eigenfunctions of A with eigenvalue ~ 2%
and the integral kernel of ¥; is concentrated at scale 277 with Schwartz-type decay, exactly as on

T3. This is all that is needed to transfer the toric theory of function spaces.
Just as in the toric case, Sobolev and Zygmund spaces are characterized by

lullFee ~ > 2% Wull72,  Juloy ~ sup 277 |[Wul e
j=0 720
The usual embeddings, products and interpolation relations remain valid.

2.3. Paraproducts and Paralinearization. Fix an integer D > 3. Given a distribution a on
SU(2), the paraproduct operator T, is defined by
(2.3) Tou := Z(Sj,pa) -(Vju), or when a has lengthy expression, Op" M(a) := T,.
=0

The idea, due to Bony, is to “freeze” the low frequencies of a against the high frequencies of wu:
since S;_pa oscillates at frequency < 27, the j’th summand still has spectrum near 27, so T}, acts
almost blockwise in the Littlewood-Paley decomposition of u. The price is that T,u differs from au;
the gain is that T, behaves like a differential operator of order zero even when a is rough, and that
the difference au — T,u is smoother than « when a is.

The basic properties of the paraproduct operator are exactly as in the toric case, and the proof
is largely the same due to the common kernel properties (see e.g. [AS26]):

Proposition 2.1. Letr > 0 and s € R.
(i) For a € L, the operator norm of Ty, satisfies
[Ta; LOH, H?)|| S lal oo
(ii) (Composition, adjoint) For a,b € C", there holds
| TuTy, — Top; LOH®, H¥) || Sor lal e [bler + lalcr|b] e
| T — Ta; L(H®, H) || S laler

(iii) (Bony’s paralinearization) If FF € C* and uw € H® with s > 3/2, then there holds the
following decomposition:

F(u) = Triyu € H?73/2,
Item (ii) says that a — T, is an algebra homomorphism modulo smoothing operators, i.e. the
operator T,0T} is essentially just T,. Item (iii) says that a nonlinear function F'(u) of u is essentially

just the paraproduct of u by the linearization F’(u). This is what allows one to treat nonlinear

terms as if they where linear with a smoothing remainder.

XV-5
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A particular case of the paralinearization formula is the paraproduct decomposition: if u,v €

H?* N L°°, then there holds
wo = Tyv+ Tyu + RPM(U,U) c HS+ H5 + ]’_12573/27

where Rpy(u,v) = Zj,k:\j—k|<3 AjuAjvu is the high-high interaction of u,v. In particular, when
s > 3/2, there holds the following Banach algebra property just as in the toric case:

[wvllers Ss lullmslvlzee + [ulpes [[v] as-

2.4. Classical Paradifferential Operators and Symbolic Calculus. On the Lie group SU(2),
we can use the invariant frame {Lk}izl to represent any classical differential operator. A linear

A= Z agLB

18]<m

operator of the form

is called a classical differential operator of order m, where L runs over ordered monomials in
Ly, Ly, L3y and ag are scalar functions. We define the corresponding paradifferential quantization
by replacing each coefficient by a paraproduct:
(2.4) Ty = Z T,,L°.

[8]<m
In particular, for a vector field V -V = 22:1 V¥ Ly, the corresponding paradifferential operator is

3

Ty -V := ZTVkLk.
k=1

The point of (2.4) is that all the non-commutativity of the frame is absorbed into the differential
operator A, which we know how to compute with, while the paradifferential part only involves scalar
paraproducts. Since S; and ¥; are functions of A, they commute with Lj, and the Leibniz rule
survives quantization:

LTy = T, + Ty L.
This yields the symbolic calculus:

Proposition 2.2 (Symbolic calculus). Let
A=Y agl’, B= > bpl”
1Bl<m |8’ |<m’

be classical differential operators of orders m,m’ with C" coefficients, r > m + m/. Then the
composition T o Tg satisfies
TaoTp =Tan +Rcem(A, B),

where the remainder is smoothing:

[Ros(A, BY; £CH, =) | S, e (3 lasler ) (3 lbwrler).
B B

Here Ao B is the usual composition of differential operators, computed with the Leibniz rule in the

non-commutative frame.
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In words: classical differential operators and their paradifferential quantizations enjoy the same
algebra modulo smoothing operators. In particular, commutators are computed as for genuine
differential operators,

[T, Tp] = Tja,p) + (smoothing of order r —m — m').
The proof of Proposition 2.2 is nothing but a consecutive usage of (ii) in Proposition 2.1.

2.5. Commutator with the Fractional Laplacian. Either linear or nonlinear analysis calls
for the commutator of fractional Laplacian with products or paraproducts. The major technical
difficulty on the group SU(2) is to keep track of lower order terms. Indeed, the leading term
Ty, - V(V)™=2 is visible in any chart-based calculus, while the sub-leading ones are not. It is
necessary to derive a coordinate-free approach to compute these terms, as they play very important
role in the analysis of quasilinear PDEs.

Write AdaB := [A, B]. By the Leibniz rule,

AdATa =Trag +2Tv, - V,
and inductively AdZTa is a classical paradifferential operator of order k£ whose coefficients are

derivatives of a of order < 2k. When m = 2[ is an even integer, there is an ezxact, elementary

formula
l
(VT = TP+ 301 () (AT ()
k=1

The following proposition asserts that this binomial expansion persists for fractional powers, with
generalized binomial coefficients, up to a remainder whose order is limited only by the regularity of
the function a:

Proposition 2.3. Let m € R, r > 1, N =[r], and a € C". Then

m m al k m/2 k m—2k
(V)"Ty = To(V)™ + Y (—1) ( . )(AdATa)<V> + B,
k=1

where the remainder B, satisfies
| Ba; L(H®, H**T=™)]| Ssrm lalor

2.6. Para-transport Equation. The theory of classical linear transport equation corresponding
to a smooth time dependent vector field is well-established. It is sometimes necessary to develop
its paradifferential counterpart, with a reason to be clarified in the next subsection.

Let X(t) € L}C} be a time-dependent vector field. Consider the linear para-transport equation

(2.5) Ow — Tx () - Vw = f, w(to) = h.

This is the paradifferential version of the transport equation dyw — X - Vw = f. However, unlike the
classical one, whose flow is only as regular as X, the para-transport equation is well-posed in every
Sobolev space, because T - V is a first order paradifferential operator with an L2-skew-adjoint

principal part (due to (ii) of Proposition 2.1).

XV-71
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Proposition 2.4. Equation (2.5) defines a flow map (“fundamental solution”) F(X;t,to), bounded
on every H®, s € R, such that:

(F1) The function w(t) = F(X;t,to)h solves the homogeneous Cauchy problem
Orw — Tx(y) - Vw = 0, w(ty) = h.
There holds the transmission properties
F(X;t,t1)F(X;t1,t0) = F(X;t,t0), F(X;to,to) =Id.

(F2) There holds the energy estimate
t
VP (Xt to)hl e < exp (c/ X () rdr) [l -
to

(F3) The mapping X — F(X;t,t) is C* at the price of losing k Sobolev indices:
|5 F (X3t t0) - (6X) %[ o S 16X 1710 1l s

The proof is based on standard energy estimate and is not so different from the toric case; see
e.g. [AS24] for the proof in the toric case. A little explanation is needed for (F3): linearizing (2.5)
with respect to X, the linearized equation reads

O(dxw-0X) —Txq - V(dxw-0X) =Tsx - Vw, (dxw - 6X)(to) = 0.

The source term is one derivative rougher than w, and this causes the loss of one Sobolev index.
Higher order linearizations are estimated inductively.

2.7. Paracomposition. It is usually necessary for nonlinear on manifolds to deal with change of
coordinates. The classical pull-back
X«f = fox

by a C" diffeomorphism x : SU(2) — SU(2) maps C* to C" only. This feature makes it quite useless
in nonlinear analysis, where the functions involved cannot be assumed as smooth in a priori. It
turns out that Alinhac’s paracomposition operator x* is a substitute: it is bounded on every H®, and
reproduces the algebraic properties of y, modulo smoothing errors. On the group SU(2), we realize
it as a time-one para-transport flow, in the spirit of Egorov theorem in classical pseudodifferential
analysis.

A diffeomorphism close to the identity is parametrized by an su(2)-valued function v with |y|c1 <

¢ via the “normal coordinates”:

(2.6) x(x) =z - exp ('y(:):))

This gives a 1-1 correspondence between C" diffeomorphisms close to identity and su(2)-valued

functions close to zero. We then connect x to the identity through the isotopy

xt = - exp (v(z)), v = te” Um0y t€[0,1],

and let X (t) be the vector field transporting it, namely

dxe - X5 () = Oexe

XV-8
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The smoothing factor e~ (1=D(V) ig the essential device: differentiating ~; in ¢ costs one derivative,
but the heat-type kernel regains it after integration in ¢, so that X, € LtICg/ for every v’ < r,
making x; almost as regular as . By the chain rule, (x:)«f solves the classical transport equation

(2.7) Or(Xt)«f = Xy - V(xt)«f,
so the pull-back operator x, is naturally seen as the classical time-1 flow of the differential operator
X, - V.

The corresponding paracomposition operator x* is then the para-flow corresponding to (2.7).

Definition 2.5. Using the notation in Proposition 2.4, we define x* := F(X,;1,0), i.e. the time-1
flow of the paradifferential operator T'x. - V.

By Proposition 2.4, x* and (x*)™' = F(X,;0,1) are bounded on every H®, with norms <
K, s(]7|cr). This is a huge advantage compared to y..

In parallel to the algebraic relation T4 o T = Taop + remainder, algebraic properties of y, are
transferred to x*. These include the conjugation of differential operators (i.e. the chain rule) and

linearization in .

Proposition 2.6 (Conjugation). Let A be a classical differential operator of order m with C”
coefficients, r > 2m + N + 1, and ' € (m+ N + 1,r —m). Then

X*TA = TX*AX

! X* + RCon(Aa X)7
where xxAxy ! is the classical differential operator obtained from A by the change of variables x
(chain rule involving the Jacobian of x ), and for 0 < k < N, the remainder Rcon(A4, X) is smoothing

and differentiable in x at the price of losing Sobolev indices:

[ QR con(A,0) - (69)5 LS, =4 1) | < Ko(rler) (X lasler ) 6716
B

Proposition 2.7 (Linearization). Letr > N+2 andr’ € (N+2,7). Set V) 5,-V x«f = (dyxs-07) f

to be the linearization of the classical pull-back x.. Then

(dyx* - 07)f =Tv, 5, - VX*f + Rois;1 () (67, f),

and for 0 < k < N, the remainder Rpig.1(X) is smoothing and differentiable in x at the price of
losing Sobolev indices:

[ d¥Rpigea (%) - (871) %8 (8, ); L(HS, H7278)|| < Ko(|y]er)|07]er |87 &

Therefore, up to smoothing errors, x* transforms paradifferential operators by the ordinary chain
rule. In parallel, the differential of x* with respect to the diffeomorphism y is a first order paradif-
ferential operator, which corresponds to the classical linearization of ..

2.8. Summary of the Toolbox. On the group SU(2), paradifferential operators T4 are defined
via invariant Littlewood-Paley decomposition. The calculus of paradifferential operators obeys the
same algebra as classical differential operators as seen in Proposition 2.2. The fractional Laplacian
commutes with a paraproduct as in Proposition 2.3. The interaction between the paracomposition
x* and the paradifferential operator T4 obeys the chain rule, as seen in Propsition 2.6.
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3. TOOLBOX: ZONAL PARADIFFERENTIAL CALCULUS ON THE 2-SPHERE

Let us recall that the group SU(2) can be parameterized by the Euler angles: the precession,
nutation and intrinsic rotation are respectively

pelo0,2m), 6€|0,n], o €[-2m?2nm).

An element of SU(2) is then factorized as

(3.1) e~ie/2 '0 cos g sin g e /2 'O .
0 eiv/2 —sin g cos g 0 ei¥/2

The parameters ¢ € [0,27), 8 € (0,7), ¢ € [—2m,27) are in 1-1 correspondence to elements of
SU(2) excluding a lower dimensional closed subset (which corresponds to 6§ = +).

We shall refer to functions on SU(2) that depend only on the angle 6 as zonal. When projected
to S? via the Hopf fibration SU(2) + SU(2)/U(1), such a function becomes a zonal (axi-symmetric)
function on S? in the usual sense. Conversely, any zonal function on S? is naturally lifted to SU(2)
to a zonal function. Therefore we shall not distinguish these two objects.

Being essentially functions with only one degree of freedom, it turns out that zonal pseudodiffer-
ential /paradifferential operators enjoy an algebraic structure parallel to that on the circle T'. The

exact meaning of this assertion will become clear in the sequel.

3.1. Coordinate Singularities. The analysis of zonal functions suffer from the coordinate singu-
larity at the poles § = 0, 7. We have to rely on coordinate-free definition of the function norms
that are also compatible with the spectral theory. Therefore, we introduce the zonal Sobolev space

Hj C H?, consisting of functions of the form
fla) =" FOP(cos), Y [FOFP1+ ) < +o0.
£eNg £eNg

Here P, are the normalized Legendre polynomials. The space of functions C7_  is defined similarly.
The Sobolev embedding for zonal functions has the same index as general functions on S? due to
the coordinate singularity at the poles:

HS, C C}

*;Zon "
To understand how differentiation along “latitude” direction interacts with Fourier multipliers,

it is necessary to work with the singular differential operator C = — cot §9y on the group SU(2),
which occurs in the latitude part of the Laplacian (restricted to zonal functions):

D3 + cot 0.

We name it the Christoffel correction on the curved manifold SU(2), since it involves the connection
coefficient cot # under the Euler angle coordinate system on SU(2). It turns out that if s > 2.5 and
a € Hj_, then [C, Sj]a has spectral support within {VA <27}, and

(3.2) sup |[C, Sjla| Ss llal| 277725,
M
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The proof is based on the recursive differential relations of Legendre polynomials, yielding that C
does not expand the spectral support of any function.

3.2. Calculus of Zonal Paradifferential Operators. A classical differential operator on SU(2)
is said to be a zonal one, if it maps zonal functions to zonal functions. In particular, in terms of

Euler angles, we say that a vector field V' - V on SU(2) is zonal, if it takes the following form:
V-V = f(6)0s,

where f(0) is a scalar function defined for 6 € [0, 7]. Note that the angle 0 is not a globally well-
defined function on SU(2), but we require that f(6)dy should be extendable to the poles § = 0,7
with desired regularity.

It turns out that every regular zonal vector field is a potential one:

Lemma 3.1. Fiz a r > 1. Consider a zonal C" vector field V -V on SU(2). There is a scalar
function v € CLL . depending linearly on V, such that Vv =V - V. This function is legitimately

Zon ’

referred to as the effective potential of the vector field.

The proof is based on a standard Poincaré lemma argument on the simply connected manifold
SU(2). With the aid of effective potential, we can compute the commutator between a “zonal vector
field” type paradifferential operator and the Laplacian A:

Proposition 3.2. Fizr > 2.5. Let V be a C" zonal vector field on SU(2). Then when restricted to
zonal functions on SU(2), there holds

[A, Ty - V] = 20p"™(divV + Cv)A + Op™ (V(divV + 2Cv)) - V + R(V).

Here C = —cot 00y, the function v € C’gnl 1s the effective potential of V', and for all s € R, the
remainder R(V) € HST"—*,

The composition of paradifferential operators corresponding to zonal vector fields also enjoys

similar properties:

Proposition 3.3. Fiz r > 2.5. Let V,W be C" zonal vector fields on M = SU(2). Then when
restricted to zonal functions, there holds

(Ty - V)(Tw - V) = Ty.wA + Op™ ((diviW)V) - V + 20p™ ((Cv)W) - V + R(V, W),

where v € C’anl is the effective potential of V', while for all s € R, the remainder R(V,W) €
L(HS,,. H5 ") is a smoothing zonal operator.

The proof of these two propositions is nothing but a paradifferential rephrase of some elementary
geometric calculation. For example, if a,u are smooth zonal functions, then

[A,Va-V]u=2(Aa+ Ca)Au+ V(Aa + 2Ca) - Vu.
This is comparable with the equality
[02,0pa - 0] = 20%a - 02u + 02a - O,
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on T'. Therefore, the principal symbol indicated in Proposition 3.2 is similar to the familiar 1D
case, and the difference is only a lower order correction involving C = — cot 80y.

3.3. Zonal Paracomposition Operators. The theory of paracomposition operators developed
in Subsection 2.7 takes a more explicit form in the zonal case. We say that a diffeomorphism
X : SU(2) — SU(2) (not necessarily C*) is zonal, if in Euler angles, it takes the form 6 —
0 4 q(cos0) sinf, where ¢ : [-1,1] — R is a function of required regularity. In other words, a zonal
diffeomorphism only distorts the nutation angle 6.

For a zonal vector field V - V, the classical chain rule shows that

XV -Vt = (I (Vox)) - v,

where with a little abuse of notation, we write V o x for the pull-back of the coefficients of V', and
Jy Uis a scalar zonal function (involving the Jacobian of x). Roughly speaking, this shows that
zonal vector fields are closed under conjugation by zonal diffeomorphisms. By Proposition 2.6, the

corresponding paradifferential operator Ty - V satisfies
Ty - V(x*) ™' = op"’™ (JX_1 - (Vo)) - V + smoothing remainder.

Furthermore, the conjugation of Laplacian A under a zonal paracomposition also takes an explicit
form. It is, of course, comparable to the classical chain rule on T':

X«02(x+) ! = (X)?02 + lower order terms.

Proposition 3.4. Fiz an integer N > 1, and let r > 4+ N+ 1,7 € 2+ N + 1,r —2). Let
X : SU(2) — SU(2) be a C" zonal diffeomorphism. Then when restricted to zonal functions, there
holds

(3.3) Y AX*) ! = T oA + Ty - V + smoothing remainder.

Here the coefficient a € C;;nl, while V -V is a C"2 zonal vector field. The smoothing remainder
gains back >~ r derivatives on every H?, and is continuously differentiable in x at the price of losing

derivatives as in Proposition 2.6.

3.4. Conclusion: Cancelable Zonal Operators. We are ready to state a ready-to-use toolbox
of calculus specifically designed for zonal paradifferential operators acting on zonal functions.

Let us first recall that on T!, the most general pseudodifferential operators that one encounters
in practice are essentially just linear combinations of

(3-4) am(2)|Da|™, b ()| Da ™

We may refer to the first as product type and second as gradient type. The usual pseudodifferential
calculus ensures that these operators are closed under composition (up to smoothing remainder),
and also closed under conjugation by smooth diffeomorphisms.

It turns out that on SU(2), the zonal operators also enjoy similar properties. We introduce the
following definition:
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Definition 3.5 (Cancelable Zonal Operators). Given indices N € N, m € R and r > 0, we consider
an operator of the form

N
A= am i (V)" F + Vi - V(W)
k=0

and the V,,,_;’s are C" zonal vector fields. The
cancelable zonal paradifferential operator associated to A, denoted by T4, is defined as

where the a,,_j’s are scalar functions of class Cy_ ,

N
Ta=Y To, (V)" "+ Ty, - V(V)"F L
k=0

The core of our toolbox is then roughly summarized as follows:

(Zonl) If Ty, Tp are cancelable zonal paradifferential operators, then so is T4Tp up to smoothing
remainders gaining ~ r derivatives. The symbolic calculus is built upon Proposition 2.3,
3.2, 3.3.

(Zon2) If T4 is a cancelable zonal paradifferential operator as in Definition 3.5 and x is a C" zonal

diffeomorphism, then the conjugation x*T4(x*)*

is, up to smoothing remainders, still a
cancelable zonal paradifferential operator. For the principal term T, (V)™, the conjugation
by x* reads

OpPM((l + a)m/Qam) (V)™ + lower order operators,

where the function 1 + a is as in (3.3), explicitly computable involving the Jacobian of x.

4. SKETCH OF THE PROOF OF THE MAIN RESULTS

In this section, we outline the proof of the main theorems 1.1-1.2. In particular, we notify that
despite the presence of small denominators, no KAM or Nash-Moser iteration is needed in the proof.

4.1. Dirichlet-Neumann Operator of Axi-symmetric Surface. The Dirichlet-Neumann op-
erator introduced in (1.3) is where the first major technical difficulty arises due to its non-locality
and high nonlinearity with respect to 7. As shown in (1.4), we have that G[0] acts as the Fourier
multiplier £. For a general zonal height function 7 and zonal trace function ¢, we have the following:

Theorem 4.1. Fix n € HEY? and ¢ € H;  with s sufficiently large. The Dirichlet-Neumann

Zon
operator G[n| given by (1.3) admits the following paralinearization formula:

(4.1) Gnl¢ = Tapw — V - (Tgn) — 2T (14 -167 + RN (1, ),
where

o w= ¢ —Tyn is Alinhac’s good unknown. The zonal function b and the zonal vector field 0
are respectively the radial and tangential projection of the velocity field on the boundary:
_Glo+ (1 +n)?Vn-Vo . Vé—bVy
(4.2) b= — 5 = -
L+ (1+n)72[Vr (1+mn)

o Typy is a cancelable operator (see Definition 3.5), associated to the classical operator

Aln] = (1 +1)7'QV) + cancellable operator of degree 0,
where Q(V) is as in (1.6).
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+1/2 « HS

2s5—x .
on 7on to Hyo ™, where the index

e The remainder Rpn is a smooth mapping from H;
2s — x differs from 2s by a fixed value.

The proof of Theorem 4.1 is essentially the same as in the well-cited references [AM09, ABZ11];
see also [Sha25].

4.2. Paralinearization of the Full System. Theorem 4.1 together with (iii) of Proposition 2.1
yields the following paralinearization formula for the Bernoulli equation:

Vo2 ((L+n)°Clle + Vi - V)

(4.3) S 2(14+m)? T 2((1+n)2 + [Vnl2) (1 +n)?

=TyGnlo — Ty - Vw + Tj 4 pyw2—w-ven  mod Hys ™.
On the other hand, the toolbox of cancellable zonal operators (3.4) gives the following:
(4.4) H[U] -2= ThAzn + TVMC ’ V77 + TT'MCT’ mod H%f);*’

where h is a smooth function of n and V7, Ve and ryc are smooth functions of n, Vn, Hessn.
Combining (4.1)(4.3)(4.4), introducing a suitable complex diagonal unknown
we (—A =2V 4w € Hy,,
the capillary droplet system (EQ) then becomes the following form:
wdu —i(1+T)QUV)u — Ty - Vu — Ty - V(V) V20 —iTy (V)2
(45) = Piu+ Pou+ R(u).

Here in (4.5), the real coefficients a,b and real zonal vector fields VY are smooth functions of
n, Vn, Hessn, while the operators P;, P» are both cancellable zonal operators of degree 0 (see Defi-
nition 3.5). The remainder R(u) € Ha:~* is smooth in u.

4.3. Straightening the Coefficients. The toolbox 3.4 enables us to conjugate the diagonalized
equation (4.5) by suitable operators to reduce it into constant coefficient form:

Proposition 4.2. A time-periodic functionu € H'(T}; Hj

on) Solves the diagonalized equation (4.5),

if and only if it solves the following equation:
(4.6) Llw;ulu = Rpea(u).

Here in (4.6), the remainder Rreq(u) € HtlH%f);* 18 smoothing and quadratically small, with suitable

(e.g. C*) regularity in u € H}Hj, . while &[w;u] is a Fourier multiplier of the form
Llw; u] = woy — iag/s[w; u]QAV) + (al/z[w; u]<V>1/2 + aglw; u] + - - ) ’

where the coefficients azss|w;ul,a;/o[w;ul,--- are all scalar-valued functionals in (w,u) € R x

1rrs
Ht HZon‘

To obtain (4.6) from (4.5), we first conjugate (4.5) with a sequence of suitable real linear operators
of the form
U — U+ exp (Q(V)_1 x cancellable operator of degree < O)ﬂ
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to remove the anti-diagonal term Pou. Indeed, the conjugation of (1 4+ 7,)2(V) by this with a
suitable choice of the cancellable operator shall remove Ps.

The next step is to inductively reduce the diagonal terms into constant coefficients. The idea
may be illustrated by a model problem on T' as follows. Consider the first order operator

L = ay(z)|Dy| + ao(x), a3 € C(T) is positive.

Conjugating L with a diffeomorphism y such that (a1 o x)/x’ is a constant a; (which uniquely
determines x), we obtain

xsLx:! = a1|Dy| 4+ ap o x + smoothing operators.

Conjugating this further with exp (al_1 fx ag © X)sgn(Dw), the term ag o x is cancelled out, leaving
only its average ag, producing pseudodifferential operators of order —1. The process may then
continue inductively for N times, finally yielding that L is conjugated to

a1|Dg| +ag+a_1|Dy| 7' + -+ a_n|Dy| 7N + smoothing remainder.

The core idea of the argument is the closeness of the operator class spanned by (3.4) under compo-
sition and diffeomorphisms.

The exactly same idea also applies to the paradifferential operator in (4.5). This is due to
the closeness of the cancellable operators given in the toolbox (3.4) under composition and zonal
paracomposition. For example, by conjugating with a suitable zonal paracomposition operator, the
Jacobian shall exactly cancel with the coefficient 1 4+ T,, leaving only a function of . A repara-
meterization of time can then cancel out this function of ¢, leaving only a constant in both ¢, z. The
lower order terms are cancelled by similar arguments as in the T! case.

4.4. Para-reduced Equation and Bifurcation Analysis. Having obtained the equivalent for-
mulation (4.6), we are ready to explain the core difficulty in constructing time-periodic solutions
and how it can be resolved without using Nash-Moser iteration.

Bifurcation analysis. Obviously, u = 0 is a trivial solution of (4.6), and it thus becomes a
bifurcation problem with real parameter w € R. The linearized equation at u = 0 reads

(4.7) (w8, —iQ(V)]bu = f.

Equation (4.7) with f = 0 has nontrivial solution in H} H3

7on if and only if w is an eigen-frequency

as in (1.6). Suppose now w = wég) for some ¢y > 2. The kernel of the operator wd; — i2(V) is the
span of
) ] —1)(¢+2)
4.8 0 —1)(¢ + 2) cos(Kt) Py + iV sin(Kt Py, where K? = .
(18) VD) cos(xn) P, (k)P b

Therefore, the dimension of Nul(£[w;0]) equals to the number of non-trivial integer solutions to the

Diophantine equation

(19) 2 =1D(+2)

= , KeN/>2.
lo(to —1)(bo +2)
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Since this is an elliptic curve over Q, the dimension is always finite. Counting using standard
computational software in algebraic geometry shows that the kernel is 1D if ¢y equals the following
numbers:

6,7,9,11,13,14, 15, 16, 17, 18, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30.

If ¢ = 2, since the system is invariant under reflection with respect to the equator of the sphere,
the subspace involving even £ i.e. even spherical harmonics, is an invariant subspace of the system.
When restricted to even spherical harmonics, the kernel is 2-dimensional and spanned by

V2cos(t)Py +isin(t)Py,  3cos(3t) Py + iv2sin(4t) Py.

Para-reduced Equation. On the other hand, the difference wK — wéo) could be very small. The

best one could hope is the following Diophantine condition:
0 i

(4.10) Wk — wi”| > -
Therefore, equation (4.7) and thus (4.6) suffers from loss of reqularity due to small denominators.
However, our paradifferential formulation resolves this issue without relying on Nash-Moser type
iterations. The argument is roughly as follows.

Given the mode £y, when w is close to the eigen-frequency wég), we simply introduce a Fourier
multiplier A[w; u] that inverts £]w; u] when w, u satisfy a suitable Diophantine condition. A Whitney
type extension argument makes sure that the multiplier 2(jw;u] can be defined for every w,u and

has C* dependence on them. Therefore we are led to the following:

Proposition 4.3. Suppose the pair (w,u) € Rx H} HS

7on Satisfies a suitable Diophantine condition.

Then it solves the system (EQ) if and only if it solves the para-reduced equation:
(4.11) M £w; u]u = g Rred (1), gt = Aw; u]lly  Ried (1),
where lnu denotes the orthogonal projection to the kernel.

The key feature is that since Rgeq(u) is smoothing, the loss of regularity caused by Aw;u] is
compensated and therefore (4.11) becomes a bifurcation problem in one single Banach space.

Having obtained the bifurcation problem (4.11), we are at the place to determine what the
solution look like in the (w,u)-space. The Poincaré-Lindstedt method is used towards the original
Zakharov system (EQ) to justify the following assertion:

When £ — 0, the solution curve of (4.11) has exactly the Taylor expansion indicated
in Theorem 1.1-1.2, depending on which branch it is bifurcating along.
A Python program is then designed to numerically compute the values wf). Finally, these ex-
pansions show that a solution curve of (4.11) is parameterized by £ in a non-degenerate manner.
Therefore, a measure theoretic argument shows that the {’s making (w,u) satisfy a suitable Dio-

phantine condition form a set of Lebesgue density 1 as & — 0. This completes the proof.
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