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Jakob Möllera,b,c
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Abstract

The Dirac equation was discovered by Paul Dirac in 1928 in order to find a first-order
in time Lorentz-invariant Schrödinger equation for particles with half-integer spin. He
discovered that the scalar wave function of the Schrödinger equation had to be replaced
by a 4-component vector-valued wave function, which includes the two spin states of a
charged fermion and predicted its antiparticle. The vector-valued nature implies that the
Dirac operator is matrix-valued. In order to treat the semiclassical limit we transform the
Dirac equation into the Wigner equation for the matrix-valued Wigner transform, which
converges to the positive definite Wigner matrix measure. The latter obeys a matrix-
valued Liouville equation where the oscillating part of the Wigner equation converges to a
Lagrange multiplier that maintains the constraint that the Wigner matrix commutes with
the Weyl symbol of the Dirac operator. The relativistic Vlasov equations for the electron
and positron can then be recovered by projecting the Wigner matrix on the eigenspaces
of the Dirac symbol and taking the trace over the spin components.

1 Introduction

The content of this report is the following (informal) theorem, proved in [6]:

Theorem 1. Let ℏ be a small parameter. Then the matrix-valued Wigner transform W ℏ of
a mixed state density matrix Rℏ – whose eigenvalues λℏj satisfy

∞∑

j=1

(λℏj )
2 ≤ C(2πℏ)3,

and which solves the von Neumann equation associated with the Dirac equation

iℏ∂tΨ(t, x) = (HΨ)(t, x) := (α · (−iℏ∇−A(t, x)) +mcβ + V (t, x))Ψ(t, x),
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– converges weakly∗ in L∞(Rt, L
2(R3

x × R3
ξ)) to the Wigner matrix measure W , which is a

solution of the matrix-valued Liouville equation





∂tW = 1
i [P, Y ] + 1

2({P,W} − {W,P}), P (t, x, ξ) = α · (ξ −A(t, x)) + β + V (t, x),

[P,W ] = 0,

W |t=0 =W in
+ +W in

− ,

where {·, ·} denotes the Poisson bracket and P is the matrix-valued symbol of the Dirac Hamil-
ton operator H. The matrix-valued distribution Y is the Lagrange muliplier associated with
the constraint [P,W ] = 0.

The evolution of the electron and positron densities f± := trC4(WΠ±), where Π± are the
projections on the electron and positron subspaces of the symbol P is governed by Liouville’s
equation and the classical relativistic Hamilton functions

H±(t, x, ξ −A(x)) = ±
√

1 + |ξ −A(x)|2 + V (x).

The exact statements can be found in Theorems 2 and 3. In the following we will discuss
the meaning and proof of this theorem in greater detail.

1.1 A brief history of spin

In 1926, G. E. Goudsmit and S. A. Uhlenbeck postulated the existence of an intrinsic angular
momentum of the electron, i.e the spin, in order to explain the anomalous Zeeman effect
[13]. In 1927, W. Pauli found a generalization of Schrödinger’s equation which includes spin
(the Pauli equation) [10], but this equation is not Lorentz-invariant (in fact, it is a vector-
valued magnetic Schrödinger equation with an additional potential term coupling the two
components of the Pauli spinor). Later still, in 1928, P. A. M. Dirac found a relativistic
version of Schrödinger’s equation where the spin occurs intrinsically, which we now know
as the Dirac equation [3]. Due to the fact that the spin appears as a quantum mechanical
phenomenon in the Dirac equation one might be tempted to expect it to disappear in the
(semi-)classical limit. However, L. Thomas [12], J. Frenkel [5] and H. A. Kramers [8] and
later V. Bargmann, L. Michel, and V. Telegdi [1], developed a classical theory of spin based
on special relativity which does not refer to quantum mechanics.

Their BMT equation (Bargmann-Michel-Telegdi equation) for the spin s reads

d

dt
s = e

mcs×
(

1
γB − 1

c(1+γ)v × E
)
, γ = 1√

1−v2/c2
.

Spohn in [11] showed that the classical BMT equation for the classical spin precession can
indeed be derived from the Dirac equation and the quantum mechanical spin precession. We
will return to this derivation below.
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1.2 A classical description of relativistic electrodynamics

In the kinetic description of classical mechanics, a particle is described by a phase space
distribution function f(t, x, ξ) ≥ 0 obeying the Liouville equation

∂tf(t, x, ξ) = {H, f}(t, x, ξ), {a, b} := ∇xa · ∇ξb−∇ξa · ∇xb,

where H is the classical Hamilton function, (x, ξ) ∈ Rd × Rd is a point in phase space and
{a, b} is the Poisson bracket. The relativistic dynamics of an electron or positron - represented
by a phase space distribution function f± - which subjected to an electromagnetic field E =
−∂tA − ∇V , B = ∇ × A, where A : Rd → Rd and V : Rd → R are the electromagnetic
potentials, are governed by the Hamilton functions

H±(t, x, ξ −A(x)) = ±
√

1 + |ξ −A(x)|2 + V (x).

Moreover, in a self-consistent model where the field is generated by the one-particle densities
(ρ, J) we obtain the Vlasov-Maxwell equation





∂tf± ± (v/⟨v⟩) · ∇xf± + (E ± (v/⟨v⟩)×B) · ∇vf± = 0,

∂tE −∇×B = −4πJ := −4π
∫
(v/⟨v⟩)(f+ − f−)dv, ∂tB +∇× E = 0,

∇ · E = 4πρ := 4π
∫
(f+ + f−)dv, ∇ ·B = 0,

(f,E,B)|t=0 = (f in, Ein, Bin).

(1.1)

Here,
v

⟨v⟩ :=
v√

1− |v|2
(1.2)

is the relativistic velocity. Note that there is no mention of spin in the relativistic Vlasov
equation, although the BMT equation describes the classical evolution of the spin.

Our goal is then twofold:

a) Derive the relativistic Vlasov equation for external electromagnetic fields (the derivation
of the relativistic Vlasov-Maxwell equation (1.1) remains an open problem)

b) Derive the BMT equation and the classical description of spin

1.3 Dirac’s equation: A quick derivation

In the following we briefly sketch Dirac’s original motivation for the Dirac equation. Recall
the relativistic energy-momentum relation

E2 = p2 +m2c2,

where p = (p1, p2, p3)
⊤ is the momentum 3-vector, m is the mass and c is the speed of light.

The usual quantization rule replaces

E → iℏc∂t and p → −iℏ∇. (1.3)

Exp. no XIV— The semiclassical limit of the Dirac equation
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This yields the Klein-Gordon equation for the scalar wave function u

(−ℏ2
c2
∂2t + ℏ2∆)u−m2c2u = 0. (1.4)

Dirac’s goal was to find a linear first order equation in time. A first naive approach is to take
the square root of the energy-momentum relation and linearize the square root by introducing
the quantities αj , j = 1, ..., 4.

E =
√
p2 +m2c2 = α1p1 + α2p2 + α3p3 + α4m

2c2.

Now we quantize according to (1.3):

iℏc∂tΨ =
[
α1(−iℏ∂x1) + α2(−iℏ∂x2) + α3(−iℏ∂x3) + α4m

2c2
]
Ψ, (1.5)

for some unknow Ψ. The square of this operator should of course satisfy the Klein-Gordon
equation (1.4). This forces the following constraints on the quantities αj :

αjαi + αiαj = 0 for i ̸= j, α2
i = 1.

These are the defining relations for the Clifford algebra Cl1,3(C), given by

αk =

(
0 σk
σk 0

)
, k = 1, 2, 3, α4 ≡ β =

(
I2×2 0
0 −I2×2

)
.

It is customary to denote α4 ≡ β. The 2× 2 matrices σ are the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
and σ3 =

(
1 0
0 −1

)
.

Thus, in (1.5) we note that Ψ is a vector-valued function with values in C4. By minimal
coupling (i.e. by replacing −iℏ∇ by −iℏ∇− 1

cA) and addition of an electric potential V we
finally obtain Dirac’s equation

iℏc∂tΨ(t, x) =
(
α · (−iℏ∇− 1

cA(t, x)) +mcβ + V (t, x)I4
)
Ψ(t, x),

where Ψ = (ψ1, ψ2, ψ3, ψ4)
⊤ ∈ L2(Rd,C4) is the Dirac 4-spinor. We use the notation

α · (−iℏ∇− 1
cA(t, x)) :=

3∑

k=1

αk(−iℏ∂xk
− 1

cAk(t, x)).

The first two components of Ψ correspond to the two spin states of a spin-12 -particle (e.g. the

electron). Indeed, after a Foldy–Wouthuysen transformation ψ = eitc
2/ℏΨ one recovers the

Pauli equation for the 2-spinor ψ+ = (ψ+
1 , ψ

+
2 )

⊤ ∈ L2(Rd,C2)

iℏ∂tψ+(t, x) =
(

1
2m(−iℏ∇− 1

cA(t, x))
2 + V (t, x)I2 +

ℏ
2mc(σ ·B(t, x))

)
ψ+(t, x)

The lower two components ψ3, ψ4 were later interpreted to correspond to the antiparticle with
opposite charge (e.g. the positron).
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2 Quantum Mechanics on Phase Space

2.1 Density matrices and Wigner transform

A quantum state is represented by a density operator R = R∗ ≥ 0, which is a positive trace
class (i.e. R ∈ L1(H)) operator on a Hilbert space H with

trH(R) = 1.

A pure state is defined by trH(R
2) = 1 and corresponds to a rank one projection on Cψ where

ψ ∈ H, i.e.
R = |ψ⟩ ⟨ψ| .

On the other hand, a mixed state corresponds to a convex combination of rank one projections
such that





R =
∑

j≥1 λj |ψj⟩ ⟨ψj | ,
{ψj} orthonormal basis of H,

λj ≥ 0,∑
j≥1 λj = 1.

(2.1)

Note that R can be represented as an integral operator with kernel

R(t,X, Y ) =
∑

j≥1

λjψj(X)ψj(Y )∗, ψ∗
j = ψ

⊤
.

We identify R with its kernel and denote them by the same letter, which is a very common
abuse of notation in the literature.

The dynamics of R are governed by von Neumann’s equation

iℏ∂tR(t) = [H,R(t)], R(0) = Rin.

Since H and R are matrix-valued it is important to recall that this is an equation for operators
where the order is important. Choose f ∈ L2. Then the von Neumann equation for the
operator R applied to f becomes

iℏ
∫
dY ∂tR(t,X, Y )f(Y ) =

∫
dY (HXR(t,X, Y )f(Y )−R(t,X, Y )HY f(Y )).

Now given a Hamilton function H(t, x, ξ) on phase space Rd
x × Rd

ξ one may ask what the
corresponding operator is going to be. One commonly defines the Weyl operator H (or Weyl
quantization) as

(Hf)(t, x) = OpW [H](f)(t, x) :=

∫∫
H(t, x+y

2 , ξ)f(t, y)ei(x−y)·ξdydξ.

Exp. no XIV— The semiclassical limit of the Dirac equation
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Note that there exist other quantization schemes, such as Toeplitz quantization.
The inverse mapping of the Weyl quantization is given by the Wigner transform [14]:

W ℏ[R](t, x, ξ) :=
1

(2π)d

∫
e−iξ·yR(t, x+ ℏy/2, x− ℏy/2)dy.

The Wigner transform is Hermitian (W ℏ = (W ℏ)∗) but not positive definite (this is a con-
sequence of the uncertainty principle). On the other hand, its moments correspond to the
macroscopic densities. In particular, the diagonal of R corresponds to the integral of Wℏ over
the momentum variable, i.e.

R(t, x, x) =

∫
W ℏ(t, x, ξ)dξ,

∫∫
trCd(W ℏ(t, x, ξ))dxdξ = 1.

For the Dirac equation, the charge and current densities ρℏ, Jℏ are given by

ρℏ(t, x) =

∫
tr
(
W ℏ(t, x, ξ)

)
dξ, Jℏ

k (t, x) =

∫
tr
(
αkW

ℏ(t, x, ξ)
)
dξ.

In the limit ℏ → 0, W ℏ converges in S ′ to the positive definite Wigner matrix measure [7, 9]

W =W ∗ ≥ 0.

The matrix-valued Wigner transform Wℏ[R] of R solves the Wigner equation

∂tWℏ = 1
iℏ [P,Wℏ] +

1
2({P,Wℏ} − {Wℏ, P}) + rℏ , Wℏ(0) =Wℏ[R

in] =:W in
ℏ . (2.2)

Here, rℏ is an O(ℏ) remainder term. In the scalar case the oscillating term 1
iℏ [P,Wℏ] vanishes.

We will treat the limit of this term below.

2.2 Dirac’s equation in the Wigner formalism

After this general discussion, let us now discuss the Dirac equation and its formulation on
phase space in greater detail. The Hilbert space of 4-spinors is given by

H = L2(R3,C4).

Recall the Dirac Hamiltonian and the von Neumann equation

H = α · (−iℏ∇−A) + β + V, iℏ∂tR(t) = [H,R(t)], R(0) = Rin. (2.3)

Here, A and V are understood as multiplication operators on H. The Hamilton operator is
realized as the Weyl operator OpWℏ [P ] with Weyl symbol

P (t, x, ξ) = α · (ξ −A(t, x)) + β + V (t, x)I4.

Jakob Möller
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The matrix-valued symbol P has two eigenvalues λ± of constant multiplicity 2

λ±(t, x, ξ) = ±
√

1 + |ξ −A(t, x)|2 + V (t, x), (2.4)

where the corresponding projections Π± on the eigenspaces associated with λ± are given by

Π±(t, x, ξ) = 1
2

(
I4 ± α·(ξ−A(t,x))√

1+|ξ−A(t,x)|2

)
∈ C∞(Rt × Rd

x × Rd
ξ ,M4(C)). (2.5)

Note that since the eigenvalues λ± are separated, no mode crossing occurs and the projections
are smooth everywhere. Problems involving mode crossing have been treated e.g. in [4, 2].

By taking the Wigner transform of the von Neumann equation with the Dirac Hamilton
operator H we obtain the Wigner equation

∂tW
ℏ = 1

iℏ [P,W
ℏ] + 1

2({P,W ℏ} − {W ℏ, P}) + rℏ, (2.6)

where rℏ is a remainder term that is explicitly given by

rℏ = ℏ∆[Ak][αk,W
ℏ] +

1

2
(−∇xAk · ∇ξ − θ[Ak])[αk,W

ℏ]+ + (−∇V · ∇ξ − θ[V ])W ℏ, (2.7)

where [ · , · ]+ denotes the anticommutator. Here, θ is the pseudo-differential operator de-
fined by

(θ[g]f)(x, ξ) :=

∫

R6

1

iℏ
(g(x+ ℏy/2)− g(x− ℏy/2))f(x, η)e−i(ξ−η)·ydηdy, (2.8)

while ∆ is the pseudo-differential operator defined by

(∆[g]f)(x, ξ) :=
1

2i

∫

R6

g(x+ ℏy/2)− 2g(x) + g(x− ℏy/2)
ℏ2

f(x, η)e−i(ξ−η)·ydηdy. (2.9)

Assuming sufficient regularity for the potentials A,A0 one can then show that the remainder
rℏ converges to zero in S ′ (or H−1

loc , respectively).

3 The semiclassical limit

In the following we shall discuss the semilcassical limit of the Wigner equation (2.6). First
we formulate the “global” limit of the Wigner transform W ℏ, where we pass to the limit in
the Wigner equation (2.6) without projecting Wℏ on the electron or positron subspace, i.e.
without considering Π±WℏΠ±. In that case, one would have (supposing for the moment that
P does not depend on time for simplicity)

∂tΠ±WℏΠ± = 1
iℏΠ±[P,W ℏ]Π± + 1

2Π±({P,W ℏ} − {W ℏ, P})Π± +Π±rℏΠ±.

Exp. no XIV— The semiclassical limit of the Dirac equation
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Now note that since
P = λ+Π+ + λ−Π−,

it follows that
1
iℏΠ±[P,W ℏ]Π± = 0,

and so
∂tΠ±WℏΠ± = 1

2Π±({P,W ℏ} − {W ℏ, P})Π± +Π±rℏΠ±.

Our approach is to not project on the energy eigenspaces but consider the limit of Wℏ instead
of Π±WℏΠ±. To this end we will introduce a Lagrange multiplier that maintains the constraint
that [P,W ] = 0. The Lagrange multiplier is given by the limit of the oscillating term 1

iℏ [P,Wℏ].
For simplicity we will present the theory of the Lagrange multiplier in the sense of Schwartz

distributions and smooth external potentials A, V . By careful analysis of the remainder term
(2.7) one can lower the regularity needed for the potentials. The details can be found in [6].

3.1 The global limit

3.1.1 The Matrix Liouville equation

First we make some assumptions on the density matrix

∥Rin∥2 = (
∑

j≥1

λ2j )
1/2 ≤ C(2πℏ)d/2 ⇔ ∥W in

ℏ ∥2 = 1
(2πℏ)d/2 ∥R

in∥2 ≤ C.

The L2 norm is conserved by the flow of the Wigner equation:

∥W ℏ∥L∞(Rt,L2(Rd
x×Rd

ξ))
= const.

Therefore the Wigner matrix measure W is uniformly bounded in L2, i.e.

W ∈ L∞(Rt, L
2(Rd

x × Rd
ξ ,M4(C))). (3.1)

Multiplying the Wigner equation (2.6) by ℏ and passing to the limit in S ′ yields

[P,W ℏ] = iℏ
(
∂tWℏ − 1

2({P,Wℏ} − {Wℏ, P})− rℏ
)

⇒ [P,W ] = 0.

Since

∂tW
ℏ → ∂tW and 1

2({P,Wℏ} − {Wℏ, P}) → 1
2({P,W} − {W,P})

in S ′(Rt × Rd
x × Rd

ξ ,M4(C)), while

rℏ → 0 in S ′(Rt × Rd
x × Rd

ξ ,M4(C)),

Jakob Möller
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we deduce that

1
iℏ [P,W

ℏ] → X in S ′(Rt × Rd
x × Rd

ξ ,M4(C)).

Thus the Wigner measure W solves the Matrix Liouville equation

{
∂tW = X + 1

2({P,W } − {W ,P}),
[P,W ] = 0.

(3.2)

in S ′(Rt×Rd
x×Rd

ξ ,M4(C)). Note that up to now we are not able to pose the Cauchy problem.
To this end we need to study the Lagrange multiplier X in greater detail.

3.1.2 Properties of the Lagrange multiplier

In general, the Lagrange multiplier X has the following properties.

Lemma 1. The matrix-valued distribution X satisfies the following properties:

(a) X = X∗,

(b) for all Φ ∈ C∞
0 (Rt × Rd

x × Rd
ξ ,Mm(C)).

[P,Φ] = 0 on Rt × Rd
x × Rd

ξ =⇒ tr(ΦX) = 0 in S ′(Rt × Rd
x × Rd

ξ).

In particular

tr(X) = tr(PX) = . . . = tr(PnX) = 0 for all n ≥ 0.

Notice however that X ∈ S ′(Rd
t × Rd

x × Rd
ξ ,M4(C)), so that Lemma 1 does not imply

in general that W |t=0 is well-defined. More information is needed in order to formulate the
Cauchy problem. In fact, at least for the Dirac symbol P , we can say more about the structure
of the Lagrange multiplier:

Lemma 2. Let P be the matrix-valued symbol of the Dirac operator and let Π± be its projec-
tions on the eigenspaces associated with λ±. Then

(a) Π±XΠ± = 0 ⇒ there is a Y = Y ∗ ∈ S ′ such that

X = 1
i [P, Y ] and Y = 1

4⟨ξ−A⟩2 [P, [P, Y ]].

(b) Using [P,W ] = 0, we have the following formula for Y

Y =
i
(
[∂tP,W ]− 1

2 [P, {P,W} − {W,P}]
)

4⟨ξ −A⟩2 .

Exp. no XIV— The semiclassical limit of the Dirac equation
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Now the limiting Matrix Liouville equation (3.2) becomes





∂tW = 1
i [P, Y ] + 1

2({P,W } − {W ,P}),

Y =
i
(
[∂tP,W ]−1

2 [P,{P,W}−{W,P}]
)

4⟨ξ−A⟩2 ,

[P,W ] = 0.

(3.3)

in S ′(Rt × Rd
x × Rd

ξ ,M4(C)).

3.1.3 Cauchy problem for the Matrix Liouville equation

Due to the additional structure of the Lagrange multiplier of the Dirac equation we can
now formulate the Cauchy problem for the Matrix Liouville equation. Due to Lemma 2, the
smoothness of P and the fact that W ∈ L∞(Rt, L

2)), one has

Y =
i
(
[∂tP,W ]− 1

2 [P, {P,W} − {W,P}]
)

4⟨ξ −A⟩2 ∈ L∞(Rt,S ′(×Rd
x × Rd

ξ ,Mm(C))).

Thus, using the Wigner equation we obtain

∂tW = 1
i [P, Y ] + 1

2({P,W } − {W ,P}) ∈ L∞(Rt,S ′(×Rd
x × Rd

ξ ,Mm(C))). (3.4)

The fact that ∂tW ∈ L∞ implies that W is Lipschitz-continuous in t and so W |t=0 = W in is
well-defined and the Cauchy problem can be posed:





∂tW = 1
i [P, Y ] + 1

2({P,W } − {W ,P}), W |t=0 =W in,

Y =
i
(
[∂tP,W ]− 1

2 [P, {P,W} − {W,P}]
)

4⟨ξ −A⟩2 ,

[P,W ] = 0.

(3.5)

3.1.4 Main result

Thus we are finally able to formulate the rigorous version of the informal theorem in the
introduction:

Theorem 2. Let A ∈ C1(Rt, H
s(R3

x)), where s > 5/2 is a real number, and let V ∈
C1(Rt, H

1(R3)). Let Rin ∈ L(H) be a density operator such that

∥Rin∥2L2 =
∞∑

j=1

(λℏj )
2 ≤ C(2πℏ)3, (3.6)

trH

(√
1−∆Rin

√
1−∆

)
< +∞. (3.7)

Jakob Möller

XIV–10



Let R be the unique solution to the Dirac-von Neumann equation (2.3) with initial datum Rin

and let W ℏ =W ℏ[R] be its Wigner transform. Assume that

W in,ℏ
± := Π±W in,ℏΠ± −→

ℏ→0
Π±W inΠ± =:W in

± weakly in L2(R3
x × R3

ξ ,M4(C)), (3.8)

where Π±, defined in (2.5), are the projections onto the electron and positron subspaces of P .
Then for any T > 0, W ℏ converges weakly∗ in L∞(Rt, L

2(R6
x,ξ,M4(C))) to a non-negative

matrix-valued Radon measure W ∈ L∞(Rt, L
2(R6

x,ξ,M4(C))), called the Wigner matrix mea-
sure. Moreover, there exists

Y ∈ H−1
loc (Rt × R3

x × R3
ξ ,M4(C)), (3.9)

such that W solves the matrix-valued Liouville equation




∂tW = 1
i [P, Y ] + 1

2({P,W} − {W,P}), P = α · (ξ −A) + β − V,

[P,W ] = 0,

W |t=0 =W in
+ +W in

− ,

(3.10)

in H−1
loc (Rt ×R3

x ×R3
ξ). The matrix-valued distribution Y satisfies Y = Y ∗, Π±YΠ± = 0 and

is given by

Y =
i

4⟨ξ −A⟩2
(
[∂tP,W ]− 1

2
[P, {P,W} − {W,P}]

)
. (3.11)

Finally, we have that ∫∫
tr(W (t, x, ξ))dxdξ = 1 for almost every t, (3.12)

and

ρℏ(t, ·) =
∫

tr
(
W ℏ(t, ·, ξ)

)
dξ −→

ℏ→0

∫
tr(W (t, ·, ξ))dξ =: ρ(t, ·), (3.13)

Jℏ
k (t, ·) =

∫
tr
(
αkW

ℏ(t, ·, ξ)
)
dξ −→

ℏ→0

∫
tr(αkW (t, ·, ξ))d =: Jk(t, ·), (3.14)

narrowly on R3
x for almost every t.

3.1.5 Analogy with Navier-Stokes

The matrix-valued distribution Y should be thought of as the Lagrange multiplier associated
with the constraint [P,W ] = 0. There is an interesting analogy with the pressure term
p ≡ p(t, x) ∈ R in the Navier-Stokes equation for incompressible fluids

∂tu+ u · ∇xu+∇xp = ∆xu, x ∈ R3

∇x · u = 0,

Notice that Y is analogous to p and −i[P, ·] is analogous to ∇x.
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There is also an analogy with Lemma 2. Indeed, one can express the pressure p solely in
terms of u and its derivatives:

−∆xp = ∇2
x : (u⊗ u).

Therefore
p = (−∆x)

−1∇2
x : (u⊗ u).

This is completely analogous to the formula

Y =
1

4⟨ξ −A⟩2 ([∂tP,W ]− 1
2 [P, {P,W} − {W,P}]).

3.2 The “Projected” Limit

Recall the matrix-valued Liouville equation:
{
∂tW = 1

i [P, Y ] + 1
2({P,W ℏ} − {W ℏ, P}),

[P,W ] = 0.

Given that P = λ+Π+ + λ−Π−, it follows that Π±[P, Y ]Π± = 0. Consequently, the time
evolution of W projected onto the subspaces defined by Π± simplifies to:

Π±∂tWΠ± = 1
2Π±

(
{P,W ℏ} − {W ℏ, P}

)
Π±, [Π±,W ] = 0.

Again, an analogy can be drawn with the Navier-Stokes equation, where the Leray-
Helmholtz projection P = I+∇(−∆)−1∇· eliminates the pressure gradient ∇p in the equation
for divergence-free vector fields:

∂tu+ P(u · ∇xu) = ∆xu.

Theorem 3. Let W in
± = Π±WinΠ±, where Π± is given by (2.5). Under the assumptions of

Theorem 2 it follows that W± := Π±WΠ± solves

∂tW± = {λ±,W±}+ [Hbe +Hpc,W±], W±|t=0 =W in
± in H−1

loc , (3.15)

where λ± is given by (2.4) and where the Berry term Hbe and the Poissonian curvature Hpc

are given by
Hbe := [Π±, {λ±,Π±} − ∂tΠ±], (3.16)

H±
pc := ±⟨ξ −A⟩Π±{Π∓,Π∓}Π±, (3.17)

In particular, the scalar Wigner measures f±(t, x, v) := tr(W±)(t, x, ξ − A(t, x)) solve the
relativistic Vlasov equations with Lorentz force and external magnetic and electric fields A, V
for the electron and positron phase space densities f+ and f−, respectively, i.e. f± solves

∂tf± ± v

⟨v⟩ · ∇xf± + (E ± v

⟨v⟩ ×B) · ∇vf± = 0, f±|t=0 = f in± := tr
(
W in

±
)
, (3.18)

E = −∇V − ∂tA, B = ∇×A.
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in H−1
loc with the charge and current densities

ρ(t, x) =

∫

R3

(f+ + f−)(t, x, v)dv, J(t, x) =

∫

R3

v

⟨v⟩(f+ − f−)(t, x, v)dv. (3.19)

For completeness we give explicit expressions for the Berry term Hbe and the Poissonian
curvature Hpc. Recall that v(t, x, ξ) = ξ −A(t, x). The Berry term Hbe is given by

Hbe = − 1

2⟨v⟩2 (βα · FL
± − iγ5α · (v × FL

±)), (3.20)

FL
± := E ± v

⟨v⟩ ×B = −∇V − ∂tA± v

⟨v⟩ × (∇×A), (3.21)

where FL
± denotes the Lorentz force for electrons and positrons. Note that the electric field

E in the definition of FL
± contains the magnetic contribution ∂tA which comes from the term

∂tΠj and which was omitted in [7, 11] since these references assume that the electromagnetic
potentials do not depend on t.

The Poissonian curvature Hpc is given by

Hpc = ± i

2⟨v⟩Π±
(
γ5(α ·B)

)
Π±. (3.22)

The proof of Theorem 3 essentially relies on the following observation which connects deriva-
tions of two commuting elements of an algebra of which one is a projection.

Lemma 3. Let Π be a projection (Π2 = Π), let W satisfy [Π,W ] = 0, and let D be a
derivation, i.e., D(AB) = (DA)B +A(DB). Then:

Π(DW )Π = D(ΠWΠ)− [ΠW, [Π, DΠ]].

Note that this lemma holds independently of the specific structure of W , except the
condition that it should commute with the projection Π. This lemma is now applied to

Π±∂tWΠ± = 1
2Π±

(
{P,W ℏ} − {W ℏ, P}

)
Π±,

by observing that

∂t and {P, · }
are derivations on H. One immediately notices that

1
2Π±({P,W ℏ} − {W ℏ, P})Π± = Π±{λ±,W}Π± + λ+−λ−

2 Π±({Π∓,W ℏ} − {W ℏ,Π∓})Π±.
(3.23)

From the first term on the right hand side we extract, using Lemma 3,

Π±{λ±,W}Π± = {λ±,Π±WΠ±} − [Π±WΠ±, [Π±, {λj ,Π±}]]
= {λ±,W±} − [W±, [Π±, {λj ,Π±}]].

The second term is the Poisson bracket part of the Berry term. The second term on the right
hand side of (3.23) becomes, after suitable manipulation, the Poissonian curvature term.
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3.3 The BMT equation

Finally we explain how the BMT equation (3.27) can be obtained from the semiclassical limit
of the Dirac equation. Suppose that Â is an observable (i.e. a self-adjoint operator on H).
Let a be its (matrix-valued) Weyl symbol such that

[P, a] = 0. (3.24)

The expectation value of Â is given by

Tr
(
ÂR(t)

)
=

∫∫
tr
(
a(x, ξ)W ℏ(t, x, ξ)

)
dxdξ.

Supposing that a is sufficiently regular, we obtain in the limit ℏ → 0
∫∫

tr(a(x, ξ)W (t, x, ξ))dxdξ ⇒ d

dt

∫
tr(aW ) =

∫
tr
(
a1
i [P, Y ]

)
︸ ︷︷ ︸

=0

+

∫
tr
(
a1
2({P,W} − {W,P})

)

= −
∫
tr
(
1
2({P, a} − {a, P})W

)
.

The first term on the right hand side of the first line vanishes on account of (3.24) and the
cyclicity of the trace. Otherwise put, the time evolution of Â in the semiclassical limit is given
by

d

dt

∫
tr(aW ) +

∫
tr
(
1
2({P, a} − {a, P})W

)
= 0. (3.25)

In particular, choosing a → Π±aΠ± gives the time evolution for the eigenmodes W± =
Π±WΠ± of the Dirac Hamiltonian

d

dt

∫
tr(aW±) +

∫
tr
(
Π± 1

2({P, a} − {a, P})Π±W
)
= 0. (3.26)

Now the BMT equation for the spin s reads

d

dt
s =

e

mc
s×

(
1

γ
B − 1

c(1 + γ)
v × E

)
, γ =

1√
1− v2

c2

. (3.27)

In [11], Spohn derived the BMT equation (3.27) for the electron (represented by W+) by
choosing

Â = a · S,
where a · S is the polarization matrix of the spin along a direction a ∈ R3, |a|2 = 1. More
explicitly, the (matrix-valued) symbol aS of a · S is given by

aS(x, ξ) =

(
βα · g +

1

⟨ξ −A⟩a · (ξ −A)

)
γ5, γ5 = −iα1α2α3,
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where

g(x, ξ) = a− (a · (ξ −A))(ξ −A)

⟨ξ −A⟩(⟨ξ −A⟩+ 1)
.

Then, at the classical level, the spin s is represented by

s(t) :=

∫∫
tr(aS(x, ξ)W (t, x, ξ))dxdξ.

Thus, (3.26) with a = aS yields the BMT equation (3.27).
This shows why the spin does not show up in the relativistic Vlasov-Maxwell equation

(1.1): The time evolution of tr(W±) does not contain any information about the observable
a. One has to evolve tr(aW±) in time.
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[6] F. Golse, N. Leopold, N. J. Mauser, J. Möller, and C. Saffirio. The semi-classical limit
from the Dirac equation with time-dependent external electromagnetic field to relativistic
Vlasov equations. To appear in J. Math. Pures Appl., 2025. arXiv:2512.17849.

[7] P. Gérard, P. A. Markowich, N. J. Mauser, and F. Poupaud. Homogenization limits and
Wigner transforms. Comm. Pure Appl. Math., 50(4):323–379, 1997.

Exp. no XIV— The semiclassical limit of the Dirac equation

XIV–15



[8] H. A. Kramers. Quantum mechanics. Courier Dover Publications, 1964.

[9] P.-L. Lions and T. Paul. Sur les mesures de Wigner. Rev. Mat. Iberoamericana, 9(3):553–
618, 1993.

[10] W. Pauli. Zur Quantenmechanik des magnetischen Elektrons. Zeitschrift für Physik,
43(9-10):601–623, Sept. 1927.

[11] H. Spohn. Semiclassical limit of the Dirac equation and spin precession. Ann. Phys.,
282(2):420–431, 2000.

[12] L. H. Thomas. The motion of the spinning electron. Nature, 117(2945):514–514, 1926.

[13] G. E. Uhlenbeck and S. Goudsmit. Ersetzung der Hypothese vom unmechanischen Zwang
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