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DEPENDENCE OF THE NONLINEAR SCHRODINGER FLOW
UPON THE NONLINEARITY

REMI CARLES, QUENTIN CHAULEUR, AND GUILLAUME FERRIERE

ABSTRACT. We consider the defocusing nonlinear Schrédinger equation in the
energy-subcritical case, and investigate the dependence of the solution upon
the power of the nonlinearity. Special attention is paid to the global in time
description. The main three aspects addressed, in the decreasing order of
difficulty, are the limit when the total power tends to one, along with the
connection with the logarithmic Schrédinger equation, the description when
long range effects may be present, and the continuity of the scattering operator
in the short range case. This text resumes the presentation given by the first
author at Ecole polytechnique for the Laurent Schwartz seminar, in May 2026.

1. INTRODUCTION

We consider the Cauchy problem associated to the defocusing nonlinear Schro-
dinger equation with power-like nonlinearity,

1
(1.1) 10 + iAu = [ul*u Ujp=0 = @,

for z € R%, d > 1, in the energy-subcritical case, 0 < o < 2/(d — 2),. For clarity,
we denote by ¢, the initial data, by u, the above solution, as the main goal is to
understand the dependence of u, with respect to o, locally in time and, especially,
globally in time.

Several papers have considered the continuity of the flow map with respect to
the initial data, see e.g. [12, 10, 23, 24] for positive results, and [25, 15, 7, 9] for lack
of continuity (according to the function space considered). In the present paper, we
address the dependence of the flow map ¢ — u with respect to the nonlinearity, that
is with respect to o. Since the nonlinearity is defocusing, the following quantities
are formally conserved by the flow, providing useful a priori estimates,

d
Mass: aHuo—(t)Hiz(]Rd) =0,

d 1 2 1 2042

Buergys 41 (51700 (0 ey + e O ) =0

The results from [20] make this statement rigorous: for ¢, € H'(R?), we have
a unique, global, solution u, € C(R,H'), and this solution satisfies the above

conservation laws. If in addition
6s €S ={f € H'(RY, 2~ 2f(x) € ARY)},

then u, € C(R,X). The questions we address are threefold, by decreasing order of
motivation (and, we believe, of originality):
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(1) What can we say about the limit o — 0?7 More precisely, up to recast-
ing (1.1), do we have a convergence to the solution of the logarithmic
Schrodinger equation,

1
i0ru + §Au = uln |ul??

(2) When o < 1/d, we know that the nonlinear dynamics cannot be compared
to the linear dynamics in the large time régime (long range scattering): can
we have a uniform in time continuity of the flow map, which would yield
some hints on the nature of long range effects?

(3) When o > o¢(d), the Strauss exponent, do we have continuity of the non-
linear scattering operator with respect to o7

We provide rather complete answers to these three questions. The corresponding
statements are given below, as well as a flavor of the associated proofs. Details can
be found in [6], on which the talk is based.

2. PRELIMINARY

Resuming the estimates used in order to prove global existence in H'(R?), based
on a fixed point argument relying on Strichartz estimates, Holder inequality, and
possibly Sobolev embedding (when o > 2/d), it is not difficult to prove:

Proposition 2.1 (Local in time continuity). Let 0 < ¢ < 2/(d—2); and
(¢0)jv—o|<c bounded in H'(R?) for some e > 0 such that 0 < o — & and
o+e<2/(d—2);. Let T > 0:

e There exists C' such that, as v — o,

sup H’U,V(t) — 'LLo—(t)||L2(Rd) < C||¢,, - ¢g||L2(Rd) + C|l/ - Jl7
te[~T,T]

sup [uy(t) = o (8) | 11 o) < Clléw — b0l ey + Clv — o,
te|—T,T]

for some 6 € (0, 1], which can be taken equal to one if 20 > 1.
o Ifin addition (¢,)|,—o|<e 95 bounded in ¥, then

sup ||uy (t) = us (t)[|z < Cllgy — dolls + Clv — o,
te[-T,T]

for the same 0 as above.

Scheme of the proof. The function to estimate satisfies

. 1
04 (U — Ug) + iA (uy —uy) = ‘UV|2VUV - |ua|2uua + |ua‘2uuo - |U0'|20U(7 .

”as usual” source term

The first group on the right hand side is estimated “as usual”, with the technical
ingredients recalled above, implying that the difference u, — u, is controlled by the
norm of the source term. On the other hand, Taylor formula yields

1
y—y'th = —hy lny/ y*ds,
0

hence

ly =y ™ SR (T )
for n > 0 arbitrarily small. One may think of y as 20 + 1 homogeneous in u,,
and h = 2(v — o) (possibly negative, but always small in absolute value), and the
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L?-estimate follows easily. The possible presence of @ for the H' estimate is due
typically to the fact that when differentiating the above equation in space, one faces
terms like

|ug\2”VuU - |u0|2"Vu(,,

and the map y + |y|?? is only Holder continuous when 20 < 1. O

3. CONTINUITY OF THE SCATTERING OPERATOR

In the case where the power o is sufficiently large, the previous continuity can
be made uniform in time. The Strauss exponent is given by

—d+ VB 1+ 12d+4
o0(d) = 4d ’

and we only emphasize the bounds 1/d < g¢(d) < 2/d.

Theorem 3.1 (Global continuity in the (very) short range case). Let o¢(d) < o <
2/(d—2)y and (¢v)|y—o|<e bounded in ¥ with € > 0 such that ¢ — e > oo(d) and
oc+e<2/(d—2)y. Then we have the global in time estimate:

sup e~ /22 (u, (1) — uo (1))]| | < Cllé = Golls + Clv = ",

teR

for the same 0 as in Proposition 2.1.

We briefly recall the notion of nonlinear scattering operator. For a given asymp-
totic state u_, consider the equation (1.1) where the initial value is replaced by a
final value (at infinite time),

eI/ 2B (1) =u_.
t=—o00

If this new problem has a solution defined up to ¢t = 0, then the map W_ : u_ —
ujy—o is called wave operator. Conversely, if the solution to the Cauchy problem
(1.1) behaves asymptotically linearly,

o it/2)a

u(t) € U,

for some asymptotic state u,, then uy = W_:luuzo and the scattering operator
S = W;l o W_ is the map u_ — uy. This map is well defined on ¥ for o > g¢(d),
as established initially in [19] (see also [13, 26]). In view of the present context, we
emphasize its dependence upon o by using the notation S,.

Corollary 3.2 (Continuity of the scattering operator). Let o¢(d) < o < 2/(d —2)4

and (U7w)|u—a|<6 be a family in X for some € > 0. The scattering operator is

continuous at o in the sense that if
o —u—, |z —0,
Vv—o
then

[Sou— o —Spu_,lls = [[uyo—us,[ls — 0.
V—o

The extra argument compared to Proposition 2.1 relies on global explicit decay
in time of quantities of the form ||u, (t)||1»re), provided by the a priori estimates
stemming from the pseudo-conformal conservation law, discovered in [19].
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4. UNIFORM IN TIME CONVERGENCE, INCLUDING LONG RANGE CASES

It is well known that as soon as o < 1/d, the nonlinear dynamics generated
by (1.1) and the linear dynamics e**/?2 can be compared only in the case of the
trivial solution ([2]):

g (£) = €/ uy | L2 gy 20 = do=us =uy =0

In the critical case ¢ = 1/d and for small data, as established initially in [28, 18, 22],
the large time behavior of u is described at leading order by a nonlinear phase
modification of the free dynamics.

This implies for instance that the flow map cannot be continuous uniformly in
time at o = 1/d (as long range effects are absent for o > 1/d, see [4]). The general
consensus is that even for o < 1/d, modified scattering should be characterized at
leading order by a (nonlinear) phase modification, even though no general proof of
this fact seems to be available so far. Our approach supports this motto: instead of
considering u, we first introduce a time dependent rescaling which counterbalances
the linear dispersive behavior, and we consider the squared modulus of this new
function, that is we set

d _
(4.1) po(t,y) = ()" lus(t,y (1)) Plloo |7, where (t) = v1+1¢2,
and the last factor ensures, thanks to the conservation of mass, that p,(t,-) is a
probability density. Our global in time convergence result involves the Wasserstein
(or Kantorovich-Rubinstein) distance W7, which can be characterized, for p; and
ji2 probability measures on R%, by

Wi(p, p2) == sup {/d Yd(p1 — p2) ‘ ¥ € C(RY,R) and [|9]|nip < 1},
R
where the Lipschitz semi-norm is defined by

xT) —
|¢]|Lip = sup M
See for instance [30].

Theorem 4.1 (Global continuity for the rescaled modulus). Let 0 < o <
2/(d—2)y and (¢,)|y—o|<e bounded in ¥ for some ¢ > 0 such that 0 < o — ¢ and
c+e<2/(d—2)y. If
Sy — by in L*(RY),
then
sup Wy (9o (£), o (£)) — 0.

teR v—o
Remark 4.2. As proven in [21, Lemma 2.1], for any s > (d + 1)/2, there exists C
such that for any probability densities f and g,
I = gll s ray < CWA(f,9)"2.
This implies other convergence results than in Theorem 4.1, involving Sobolev or

Lebesgue spaces, which we do not detail here, see [6].

Informal proof. The heuristics for the proof of the above result goes as follows:
for T arbitrarily large but fixed, we may invoke the local result Proposition 2.1
n [T, T]. Pretending that instead of working with the Wasserstein distance W7,

XI11-4



Exp. n® XIII— Dependence of the nonlinear Schrédinger flow upon the nonlinearity

we considered a normed space X, write, in view of the Fundamental Theorem of
Calculus and Minkowski inequality, for ¢ > T,

t t
10w () = po (D)l x < [lpw(T) — po (T) [ x +/T ||3tpu(8)de8+/T 10¢po ()| x ds.
The normalized density p, solves a non-autonomous continuity equation,
1
0 po+ = divj, =0,
T
where j, is given by
1
o = ——— Im (U, V),
o = g, i, 1 (oY)

and v, is related to u, via the formula

1 ; 2
U (t,) = —vg (t,2/ (1)) /0 Dlal*/2,
{t)
and solves
: 1 lyl? 1,
Zava+ AU:i o Vo OUU ; Volt=0 = Do -
t 9 <t>2 2 <t>2 <t>do'| | [t=0 (b

One can prove the estimates
ve(®)llL2 = llus (D)2 = l¢ollL2,
V05 (8)llz2 < (874772,
and thus, by Cauchy-Schwarz inequality,

1 . 1 max(0,1—do/2)
—5lJe ()l L1 ray S — () ’

(t) t)
which is integrable in time provided that o > 0. We refer to [6] for the complete
proof. O

b

We note in passing that setting formally ¢ = 0 in the above argument, we lose
integrability in time. The limit ¢ — 0 turns out to require a totally different
approach.

5. THE LIMIT o — 0

In the limit ¢ — 0, at points where u # 0,
[u*? = exp (clnful?) =1+ clnful* + O(c?).

Up to a gauge transform (u — ue®), we may replace the nonlinearity in (1.1) with
(Jul** — 1) u. We may then proceed like in [17] where the stationary, focusing case
is considered, and let ¢ — 0 in

. 1 1 -
(51) i0pu, + iAuo = g (‘ua|2 - 1) Uy ; Ugt=0 = o

Formally, if ¢, — ¢g as 0 — 0, u, is expected to converge to the solution of the
logarithmic Schrodinger equation

. 1
(5.2) i0sup + §Au0 =uoIn(jug|?) ; ug=o = %o

This equation was introduced in [3], and the mathematical study of the Cauchy
problem (5.2) started in [11].
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Remark 5.1. One may adopt an alternative point of view. If u solves (1.1), then
G (t,z) = o/ CDy(t, x)et/”

solves the PDE in (5.1), but with initial value ¢'/(?>?)¢. The fact that the factor
o'/(29) is unbounded as o — 0 is an alternative evidence that nonlinear effects must
be enhanced in the nonlinear Schrédinger equation in order to get some convergence
toward the logarithmic Schrédinger equation.

Several aspects indicate that the limit o — 0 in (5.1) is more involved than the
previous limit v — o > 0. Indeed, it was proven in [8] that solutions to (5.2)
enjoy properties which are in sharp contrast with the dynamics associated to (1.1).
We emphasize three of them:

e The dispersion is enhanced by the nonlinearity: the decay is of the order
7o)~ Y2 ~ =42 (Int)~"* instead of t~%/2 in the linear case.

e Like for the linear heat equation (and as opposed to the scattering theory
for (1.1)), there is a universal Gaussian profile, if ¢¢ € X\ {0},

70(t)* [ug (t,yTO(t))|2||¢0||Zz‘2(Rd) — T,

t—+o0
in Wasserstein distance Ws, where I' is given by
—lyl?
e
L(y) = a2

e The Sobolev norms of any nontrivial solution are unbounded in the large
time limit, and we have precisely

lao®ll e ey, v els) Wmt)*/*, Vs € [0,1]

The local in time convergence u, — ug turns out to be rather easy, thanks to a
property discovered by Cazenave and Haraux [11].

Theorem 5.2. Let € > 0 and (¢o)ogoge bounded in X. Let u, denote the solution
to (5.1), and ug the solution to (5.2). There exists g > 0 such that for all o €
(0,e0), the following holds. There exist Cy,Cy > 0 such that for any T > 0,

sup ||ug(t) - uo(t)||L2(Rd) < (C10 + ||¢U - ¢0||L2(Rd)) 6COT.
te[-T,T]

The convergence implied by Theorem 5.2 can be understood as a convergence
up to some Ehrenfest time, by analogy with the definition from the semiclassical
propagation of coherent states in (linear) Schrodinger equations, see e.g. [29], inas-
much as if [[¢5 — ¢ol|L2re) = O(0), the right hand side goes to zero as o — 0, up
to T = cln(1/0) for any c € (0,1/Cy).

Sketch of proof. Denote by w = u, — ug the error. It solves
1 1
(5.3) 0wt 3w = T (Jug P — 1)y~ In(Jupf?) 1 I ) — 1y In(uof?),
o

with initial value wj;—g = ¢5 — ¢o. The source term is

1
(5.4) Se = = (s’ = 1) uy — uo In(|us|?).
o

Recall an identity discovered in [11]:
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Lemma 5.3 (From Lemma 1.1.1 in [11]). There holds
’Im <<22 log |22|? — 21 log |zl|2) (73 — zT))

Proceeding as usual to derive L? estimates in Schrodinger equations, we multiply
(5.3) by w, integrate in space, and take the imaginary part. This yields, in view of
Cauchy-Schwarz inequality and Lemma 5.3,

<22 —u)?, Vai,2 €C.

57 w®1Z: < ISsllz2llwll Lz + 2llwl|Z-.

The theorem follows from Grénwall lemma, provided that we can show that
1S5 (t)|lz = O(o) on [~T,T]. Taylor formula applied to o — (|z|** — 1)z =
(eoI=1* — 1)z yields

1

(5.5) S, = ou, (ln(|ua|2))2/ (1— 0)lu, 2 do,
0

hence the pointwise bound

1S51 < o (n(jug )" (Jua] + [us*7+).
For n > 0 sufficiently small, we have the uniform pointwise estimate (for 0 < o <
oo < 1),
|Scf| So (|uo‘1_n + ‘u0|1+n) )
where the implicit constant depends on 1 > 0. We then use the classical embeddings
HY(RY) — L2t21(RY),  FHY(RY) — L?>~271(RY),

provided that 1 > 0 is sufficiently small, in terms of d. The theorem then follows
from ¥ bounds for u,, stemming from Lemma 5.4 below. (|

Consider the family of ordinary differential equations indexed by o > 0,

. 1 .
(5.6) Foo= 5o T 75(0) =1, 7,(0)=0.
The case 0 = 0 was considered in [8] to describe the large time behavior of uy.
For 0 > 0, such equations were introduced in [5] (up to some scaling described
below) in order to analyze the large time dynamics of solutions to equations from
compressible fluid mechanics or nonlinear Schrédinger equations. In a first step, we

wish to emphasize the following properties:
e For 0 >0, 7, (t) t_)f:_oot/\/g.

e For 0 =0, T()(t)t ~ tvint.
— 400

e As proven in [6], there exists C' > 0 such that

172 (t) — 70(t)| < Cot (In(t + 2))*?, vt > 0.

In particular, for o =~ ﬁ, T,,To and the above right hand side have the
same order of magnitude, suggesting that a transition occurs in this régime.

Roughly speaking, the transition between the (long range) scattering behavior as-
sociated to (5.1) and the specific dynamics associated to (5.2), recalled above, is
given mostly by the transition at the level of the ordinary differential equations, as
we will see in Theorem 5.5. Before this final statement and a short description of
the arguments of the proof, we complement the understanding of 7, and provide
the announced uniform estimates for u,.
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Consider, for « > 0, the ordinary differential equation introduced in [5],
.. « .
Ta = W, TQ(O) = ].7 TQ(O) =0.

Multiplying by 7, and integrating, we find

This readily shows that r,(¢) > 1 for all ¢ € R. Since #, > 0, 7, > 0 on [0, +00),
and 7, is nondecreasing. If it was bounded, then #, would be bounded from below
away from zero, hence a contradiction after integration. Since r,(t) — +oo as
t — +00, 74(t) — 1, hence

ro(t) ~ L.

t——+oo

One may be surprised at this stage, as this asymptotic behavior is independent of
a > 0. We note the identity ro(t) = (t), the dispersive rate considered in (4.1) and
Theorem 4.1

Seeking formally an asymptotic expansion for r, of the form r,(t) = t +w(t) +
h.o.t., we come up with
1 t
2(a—1)

1
2y = 7 hence w, (t) = 1o

We observe that wq(t) becomes of the same order as the leading term ¢ for a ~
1/Int, meeting the above remark. Finally, we relate r, and 7, via the scaling

To(t) = ris (t/\/g) )
and we note that the limit ¢ — 0 in (5.6) is regular, while the limit a — 0 for r,
is singular.

The error in Theorem 5.2 stops being small for T'= (1/Cy) In(1/0), that is way
before the transition at the ODE level, which occurs for o &~ 1/InT. This suggests
that the analysis requires a different approach to go up to this kind of time, not to
mention infinite time, which is addressed in our main result, Theorem 5.5 below.

Generalizing the change of unknown function introduced in [8], let v, given by

(5.7) u(t2) = Tg(tlw% (t, Tjt)) exp <zzgg '”“f) .

It solves

lyl?
- 4rdo Va orde

1
Av,

2
272

Up to another gauge transform, we get

iat/l)o- + |20-

1
|Vo|“ Ve — =g
o

2
! Av, = 1yl Vg + 1 (|vg|2‘771)1}0.

5.8 Oy + ——Av, = Yy
(5-8) Wtvo + 272 4rdo orde

This means that we have replaced the initial v, with

(5.9) B (£ ) = vy (£, ) exp (—z; +i /O t ds) .

o075 (s)do

We have dropped the tildas to lighten notations.
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Lemma 5.4. Let ¢ € (0,1/d), and (¢5)o<o<e bounded in 3. There exists C' inde-
pendent of t 2 0 and o € (0,€] such that

ve(t, )27 — 1
Pl OF =1 1 ey <

IVen Ol + o ()13 + |

1
To(t)2—do

and

/ 170 9w, ()24t < C.
0

Ty (t)3 do
Sketch of proof. Introduce the pseudo-energy

_ 1 2 1 2
£0l1) = 5 IV s + gl (O

" (0 + )7 (t)% /Rd ( o ) 0o (¢, y)|"dy-

Since the purely time dependent phase function in (5.9) does not affect £,, we may
consider that v, solves (5.8). We compute

(5.10)

() = -0 (To_(lt)wuc,(t)%z + e Ol

i f (S )

We note that &, is not sign-definite, and decompose it as £, = &F — &, where

$0) = gl Ve Ol + g e (01

- (J+ 1)7’U(t)do /|vc,|>1 < o ) | U(tvy)‘ d%

S 1 [0o (£, )7
) = T o (o e

Now &F is the sum of three nonnegative terms, and &£, is nonnegative. Taylor
formula for the function f(o) = y? yields

1—y° e
y_ lnf/ y?7de.
g YJo

_ 21 1
S Grmm® /|%|<1'“"“’y"1 PRCRIER

c
(77 / v (¢, y)[>~2"dy,

<

~ (o4 1),
where 1 > 0 is arbitrarily small. In view of the conservation of the mass and the
embedding FH! — L2727 this implies

We infer

~

_ 1 d 1 - dn/(1—1n)
(5.11) E () S Wllyva( Mz 1/ Ta(t)da (rdoeH)™ L
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We infer in particular that £,(0) is bounded uniformly in o € (0,1/d). In view of
the derivative of &,, we also have

d , 4 . do— do\ 1 . do—1 1
a (Tg go’) = —To-Td 1 (1 — 2) ?gvaaH%Q < _Ta-Tg 1@'
where we have used the facts that 75,7, > 0 and 0 < 1/d. We obtain the uniform
bound

Voo Z2,

&) __C
0 S 70

E-(t) <

Invoking (5.11), we have

T8EF <O+ 1lE; 14 (rdog)™ T

Taking o > 0 such that dn/(1 —n) < 1 shows that 79°E} is bounded uniformly
int>0and o € (0,1/d). Again from (5.11), this implies that so is 727€,, hence
7do (X + £7) < C, which is the first claim of the lemma. We infer that 727&, is
uniformly bounded from below, so its derivative is integrable,

it
/ T(t)(s)dUIIVva(t)lliadKC,

which completes the proof. O
Our final result is the following uniform in time convergence:

Theorem 5.5. Let ¢ > 0, (¢o)o<o<e bounded in X, with ¢, — ¢o in L?(R?) as
o — 0. Define, for0 <o <¢

ch(tay) = Ta(t)d lu, (t7y7—a(t))|2 H¢0||Z22

We have the uniform in time convergence in Wasserstein distance:

sup Wi (g0 (1), 00(t)) — 0.
t>0 o—0
Moreover, if ||¢5 — dollp2(re) = O(0), we have the convergence rate

1
sup W1 (05 (t), 00(t)) S —(——=—.
>0 1(25(1), c0(t)) v/Inln(1/0)
We note that the convergence of g, toward gy holds uniformly in time, and so
supersedes the range on which 7, converges to 7.

We only describe some steps of the proof and evoke the main technical ingredients
of the rather long proof given in [6]. First, we consider the Madelung transform
associated to vg:

Po = |vl,|27 Jo =Im (0,Vv,).
The hydrodynamical unknowns solve

1
&gpg —+ — div Ja‘ = 0,
T

2 1
VPJ+1+7 -

1.
atJ" + o ng YPos = 47_3 AVPa - ﬁ div Vo,

o

1
(0 +1)7de

where v, = Re(Vu, ® VU,). We eliminate the momentum J, by considering

Oy (Tgatp,,):
1 1
O (T20upo) = EAQ[JU + = divdive,.

o

2
AN i SR | o) —
(O'+ 1)7_‘;10- po’ + ng IV(yp )
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We develop

Oy (Tjatpc,) = 27,740, po + T202 po,
and recall that in the case o = 0, the term 720?p, is negligible in the large time
limit (see [8] for an argument based on compactness, and [16] for a quantitative
proof). Taking into account the time dependent factor in front of the first two
terms on the right hand side of the equation for 0 (Tgatpg), we change the time
variable t to s, in order to have

8 _ o - dU+lg
55 = (1 —=do)ts(t)15(t) 5%

The factor 1 — do is somehow cosmetic, to shorten formulas in [6]. Recalling (5.6),
To (1) T4 (1) H = 7, (1) /(275 (1)), so we compute “explicitly”

For fixed o > 0, the time variable has been compactified, as
1

so(t)

but this compact becomes unbounded in the limit ¢ — 0. The new unknown
function p, given by

Po(50(1),y) = po(t,y)
solves an equation of the form

1
Ospo = —— AP+ 2div (yp,) + R,
o+1

where R is expected to be negligible in the limit ¢ — 0, for sufficiently large
time. Making this loose statement rigorous turns out to be the core of the proof of
Theorem 5.5. The connection to the large time behavior of ug can then be guessed
as follows: forgetting R, we get the porous medium equation,

_ 1 o+1 .
0uf = = A7 4 2div(yf),

for which it was proven initially in [27] that the solution converges, in the large time
limit, to a Barenblatt profile, in Wasserstein distance. On the other hand, as ¢ — 0,
this Barenblatt profile converges to the Gaussian I" (up to suitable renormalization),
see e.g. [14]. The proof in [6] consists indeed in measuring the distance between p,
and I', by using the following tools and properties:

e Formally setting o = 0, the right hand side of the porous medium equation
involves the harmonic Fokker-Planck operator L,

Lf=Af+2div(yf).
e Under suitable assumptions on ¢, the following convergence is classical (see
eg. [1]),
Wy (e¥¢,T) < Wy (eF9,T) < e > Wa (¢,1).

e In view of [16],
1

Int

Wi(eo(®),T) S
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This explains the rate announced in Theorem 5.5, where, among others, we
match the error estimate from Theorem 5.2 with this estimate, typically at
T = (1/2Cy) In(1/0).

e The duality and regularizing techniques introduced in [16] for the case o = 0
are resumed to deal with the case 0 < 0 < 1.

e We use fine estimates for 7., 7, — 79 and v,,.
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