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Abstract

In this work, we review part of the results obtained in [12] for computing can-
cellations for dispersive PDEs with random initial data. The idea is to get a new
combinatorial perspective on the cancellations discovered by Deng and Hani (see
[16]) in the context of Wave Turbulence when one wants to derive rigorously
wave-kinetic equations. This new perspective is based on decorated trees developed
for low regularity schemes, together with a well-chosen arborification map that
rewrites these trees into linear combinations of words. With this new combinatorial
basis, one develops graphical rules to compute cancellations.
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1 Introduction

Perturbative expansions based on decorated trees and Feynman diagrams have
become one of the main tools in the context of Wave Turbulence. In [15, 16, 17],
Deng and Hani developed a rigorous justification for wave-kinetic equations. The
main strategy of the proof involves summing infinitely many Feynman diagrams
built out of some decorated trees. More recently, using the same ideas, a long-
time derivation of the Boltzmann equation has been provided in [18]. The main
combinatorics developed in these works are molecules, which are a type of Feynman
diagrams. All the careful analysis for obtaining bounds on these diagrams before
resummation is performed via a sophisticated cutting algorithm on these molecules.
This formalism is also used for detecting cancellations in [16, Section 3.3], which
they refer to as “miraculous cancellations”. The authors have to come back to the
iterated integrals associated with these molecules for computing them.
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In [12], an alternative combinatorial formalism has been proposed for computing
the cancellations between Feynmann diagrams observed in [16, Section 3.3]. The
aim of the seminar was mainly to present the part of [12] that covers [16] as other
cancellations could be understood via the formalism developed in the present note
(see Remark 1.1), which shows the large scope of such an approach.

The main idea is to introduce a general unified framework for computing and
understanding the cancellations coming from Wave Turbulence. We start by recalling
the decorated tree formalism used from [11] for encoding low regularity schemes
for dispersive PDEs, that are schemes that minimise the regularity on the initial
data by embedding the resonance into the discretisation. This allows us to expand
the k-th Fourier coefficient of the solution of a dispersive PDEs in the form of a
B-series. This expansion is formed of oscillatory integrals which are multi-linear
in the random Gaussian initial data. This is the subject of Section 2, which is
written with the cubic non-linear Schrodinger equation as the main example for this
paper. However, the formalism proposed could be applied to any dispersive PDEs.
The decorated tree formalism together with the B-series expansion are extension
of the classical B-series for ODEs (see [13]). Moreover, this formalism draws its
inspiration from decorated trees and B-series that appeared in Regularity Structures,
when one wants a systematic way to solve singular SPDEs (see [24, 8, 3]).

In Section 3 equipped with this expansion, one wants to understand the behaviour
of the quantity of interest in Wave Turbulence that is E(|u|?). We use the Wick
formula for computing this expectation as the random initial data is Gaussian. We
can write then an expansion using the formalism of [1] which replaces decorated
trees by pairs of decorated trees where the leaves come in pairs. These pairings
among the initial data come from the Wick formula. Then, the main idea of [12] is
to change the perspective by using a crucial identity given in Proposition 3.1 by

S G (1.1)

where the 7y, are i.i.d Gaussian complex random variables and it is the type of
noise used for randomizing the initial data. One applies the identity (1.1) for each
propagator inside the iterated integrals. One can interpret this repeated analytical
transformation in a combinatorial way via a well-chosen arborification map a. This
map allows us to move from decorated trees to words on a well-chosen alphabet.
These words will also encode iterated integrals, but these integrals be simpler, as
now they are on a simplex of the form 0 < ¢; < ... <, < t where the ¢; are the
time variables of integration. The definition of a is dictated by the form of the
equation and the identity (1.1). This map is inspired by the arborification used in
[10] for rewriting the Poincaré-Dulac normal form proposed in [22] for dispersive
equations. The idea of arborification was first introduced by Ecalle in the study of
dynamical systems (see [19, 20]). Let us also stress that the idea of the arborification
is to repeatedly cut some edges in a trees and to put the decorated node as letters.
This is a reminiscence of the Butcher-Connes-Kreimer Hopf algebra (see [13, 14])
used for renormalising Feynman Diagrams and understanding the composition of
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B-series. It is also similar in spirit to the various cutting algorithms designed
for Wave Turbulence in [15] (see the proof of the Rigidity Theorem) and for the
Boltzmann equation in [18].

Once the tree-based iterated integrals have been rewritten via words, one can
conduct combinatorial arguments (change of the colors for some leaves, order on
some letters) in order to compute the cancellation observed in [16]. We terminate
Section 3 with several examples of computations with these combinatorial rules.
We end this introduction with a couple of remarks that provide some perspectives.

Remark 1.1 The formalism developed in [12] can also be applied to the cancellations
that appear in [4] which showed that the <I>§ (Gibbs) measure is invariant under the
dynamics of the three-dimensional cubic wave equation. Indeed, it is possible to
derive an identity similar to (1.1) for the wave equation with random initial data and
to rewrite the iterated integrals appearing in the expansion of the solution of the
wave equation with the help of words. The graphical rules are a bit different, as one
has to proceed with some integration by parts. This is in agreement with the idea
that one cannot ignore the specificities of various dispersive equations. Therefore,
some parts of the combinatorics depend crucially on the dispersive PDEs. One
can still state a MetaTheorem (see [12, Metathm. 1]) saying that a well-chosen
arborification and words formalism are an essential tool for computing cancellations
for dispersive PDEs.

Remark 1.2 In the context of parabolic singular SPDEs, cancellations have also
been computed with some graphical rules. It started in [23] where a hidden
logarithmic cancellation was first observed for the KPZ equation. The approach
started to become more systematic in [25, 26] as more renormalisation constants
have to be computed. Therefore, graphical rules have to be introduced. These rely
on the fact that the heat kernel K is non-anticipative, therefore, it loops in some
oriented Feynman diagrams, which allows improved estimates. Moreover, one uses
the following relation in the context of the KPZ type equations

(0:K % 0, K)(2) = %(K(z) + K(—=2)) (1.2)

where * is the space-time convolution. One does not use exactly this identity in
the computation, but a version true up to a small error (See [26, Lemma 6.11]).
Equipped with this formalism, one is able to compute and check cancellations in
[9] for the generalised KPZ equation. It boils down to tedious computations on
Feynman diagrams when one repeatedly applies (1.2) and some integrations by parts
in order to reduce the diagram to a primitive diagram where rules cannot be applied
anymore. This cancellations allows us to consider solutions that are “geometric”,
meaning that they satisfy the chain rule property.

Remark 1.3 The cancellations observed for the generalsied KPZ in [9] identities
have been pushed further in [21] with general integration by parts identities. They are
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used for quasilinear SPDEs to show the locality in the solution of the counter-terms
that appear in the renormalised equation (see [7] for a general statement). These
cancellations have been understood at a more conceptual level in [6], where the
chain rule symmetry has been characterised as the kernel of a linear map defined on
decorated trees. The dimension of this kernel and its basis are computed only for
space-time white noise in [6]. The full subcritical regime is treated in a systematic
way via operad theory and homological algebra in [5]. The specific case of dimension
one is considered in [2] with multi-indices and elementary techniques.

Understanding cancellations for singular SPDEs via symmetries for some singular
SPDE:s in the full subcritical regime has been obtained only recently and requires
advanced algebra. One expects to explain the cancellation obtained in [16, 4]
as a consequence of symmetry coming from the equation. One can think about
the symplectic nature of the equation. It is still an open question to get a more
fundamental argument that justifies these cancellations.
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2 Decorated trees for dispersive PDEs

In this section, we introduce the decorated trees and B-series formalism when one
expands solutions of dispersive PDEs with iterated integrals. The formalism exposed
here is coming from [11]. We focus on the cubic non-linear equation Schrodinger
equation without loss of generality. This equation is given by

O 4+ iDu = ip?|ul®u, u(0,z) = v(z). (2.1)

where 2 € T¢ = [0, L]%. The random initial data v is given by

1 .
v@) = 73 > we™ L = g

d
kezd

where ZdL = (L7 'Z)*and w : R? — [0, +00) is a given Schwartz function. The 7,
are i.i.d centred complex Gaussian random variables satisfying for k, ¢ € Z%

E(nel*) =1, E@pme) = 0.

Here, the parameter 1 is the strength of the non-linear interaction and L is the size
of the box considered. The initial data v is said to be well-prepared in the context
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of Wave Turbulence. The idea is to understand the behaviour of E(|uy, ]2) when the
size of the box L tends to infinity and j to zero. One expects E(|uy|?) to solve a
kinetic-wave equation up to a certain kinetic time. We keep these notations as the
cancellations we are interested in were found in the context of Wave Turbulence in
[16]. Equation (2.1) can be rewritten in Duhamel form as

t
u(t) = eSu + iuz/ =98 [y (s)|Puls)ds.
0

In Fourier space, one has

t
up® = e o +ig2 Y / e IR gy (8)upy (8)uny (5)ds(2.2)
k=—k1+ko+ks 0

where pointwise product in physical space @u? is sent to convolution product in

Fourier space. Here, k; comes with a minus sign in k = —ky + k2 + k3 due to
. _ ; . 41,2 ; . ;o2

the conjugate @. Moreover, e*2 is sent to e ***" and e ~**2 is sent to ***" . One

iterates (2.2) by replacing uy;(t) by

we, (8) = e vy, + 6(),

with j € {1,2,3}. We obtain the following first order approximation of the k-th
Fourier coeflicient u(%):

—itk2 . —itk2
Uk-(t) —e itk v + ZM2 § e itk
k=—ki+ko+k3

t
/ eZSkQ (elsk%@kl)(e_mk% (N )(e_ZSk‘g’ng)dS + ©(t2)'
0

One can encode the previous Duhamel iterates using a decorated tree series. We
denote by U/ (v, t) the first iterated integrals of size r of the Duhamel expansion.
These are integrals with 7 integrations in time. One has

lur(t) — Up(v, 1) = 6" 1)

where the regularity asked on the initial data hidden in the notation © corresponds
to the regularity needed to define the first iterated integrals up to order r. Decorated
trees are used to provide a precise description of U; (v, t). One uses the following
B-series type formula

T
Urw,ty= > ;C)F(f)(HT)(t) (23)
TeT,,

where " is a suitable set of decorated trees of size 7, S(T') is a symmetry factor and
T(T) is an elementray differential associated with 7" depending on the initial data v.
The map II sends 7" to an oscillatory integral. Such a formalism is reminiscence
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of the B-series (named after Butcher) that describes numerical schemes for ODEs
and PDEs. It has been introduced in [11] for describing low regularity schemes. It
is also largely inspired from the treatment of singular stochastic partial differential
equations (SPDEs) via regularity structures in [24, 8, 3] where a local ansatz for the
solutions takes a similar form. One can notice that the decorated trees encode at the
same time iterated integrals (II'7")(t) and elementary differentials Y (7T")(v). Below,
we describe the series for » = 2. One has

I2 = {To, Ty, To, T3, k; € Z%},
where

DD

@\@?

where for T, k = —k1 + ko + k3, for T, k = —k4 — k1 + ko + k3 + k5 and for T3,
k=ky+ky — ko — ks + ks. An edge | (resp. i) corresponds to a factor itk (resp.
¢™%*), while an edge | (resp. ) corresponds to an integral iy f(f e~ it=9k* . gg
(resp. —ip? fg eit=9k? ... s ). The dotted edges can be seen as taking the complex
conjugate of the operator. Also, the frequencies add up to the root with a minus sign
for dotted edges. Indeed, for the decorated tree T3, one has

Toz?a le 3 T2:

k=ky—"t3+ks, —l3=k —Fky—ks

where /3 corresponds to the node decoration of the inner nodes not connected to the
root. When one interprets these decorated trees as iterated integrals, one has to order
the time variables following the partial order given by the decorated tree. If two blue
edges lie on the same path to the root, the edge closer to the root corresponds to a
variable in time bigger than the one associated with the other blue edge. One has

(Ty)(t) = e

t
(II7)(@) = i/ﬁ/ e—l(t—S)kQezs(kz%_k%_kg)ds
0

¢ s (2.4)
Ty (t) = — ,U4 / e—i(t—s)kQ ez‘s(ki—kg) / e—i(s—r)zg eir(kf—kg—kg) drds
0 0

t S
(IIT3)(t) = p* / o it—s)k? —is((i+k3) / ois—1) Sir(—RIHE3+ED) g1
0 0

The size of a decorated tree 7" is denoted by |T'| and corresponds to the number of
blue edges in 7. This is also the number of integrations in time inside (II7")(¢). One
has

MT)(t) = 6¢Th.
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The symmetry factor S(1) corresponds to the number of internal symmetries of the
tree 1" taking the edge decorations into account but not the node decorations. One
obtains

STy =1, ST)=2, S =2, S =4.

The 2 in S(171) and S(1%) comes from the fact that one can permute the two leaves
decorated by ks and k3. For T3, one can permute k4 and ks in addition which gives
an extra factor 2. The elementary differential Y (7")(v) corresponds to a product
of initial data associated with the leaves of a decorated tree. One has to take into
account also a factor connected to the structure of the tree: In the case of the NLS
equation, this factor is 2 for each node . One gets

3
Y(T0)W) = meyv/we,  TTDW) = 20k, My s | [ v/ Ty

j=1

5
T(TZ)(U) = 277k177k47lk277k377k5 H \/wk;j’ (25)
i=1

5
T(T3)(’U) = 477]]6277]/6377]61 Nk H \ wkj .
j=1

3 Cancellations via arborification

In the previous decorated trees, we have assumed that the frequencies on the leaves,
the k; are independent. This means that one has a summation for each of the k;. In
Wave turbulence, the quantity of interest is E(|uy, |2). Using the B-series for uy and
truncating to the correct order, one gets:

E(ue = Y Lymym<nE(XT)@)TT)0))
T, T2€9]
(3.1)
(7)) AT

o™ .
sy say o)

For computing the quantity E(Y (77)(v)Y(13)(v)), we recall the Wick formula for
computing expectations of product of random Gausssian variables. Let I be a finite
set and (X;);cs a collection of centred jointly Gaussian random variables. Then

E(HXZ) = > ][ Exx)) (3.2)

i€l peP) {i,j}ep

where 9P (1) are partitions of I with two elements of I in each block of the partition.
Below, we provide an example of computation for 7 and 77 defined in (2.4). One
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has from (2.5)

3
E(Y(To)@)TT)®) = B, s k) V0r | | /Ty

J=1

_ _ B B 3 (3:3)
= (B Tks YEk, Tey) + BTy Bty Tey)) /05 | [ /08,

Jj=1

= (Mg by =k} T Lihmbodnfk—ks}) Wk Wk, -

In the application of the Wick formula, we have excluded the terms of the form
Ey, Tij) because they are zero due to the constraint on the noise . We have also
used the fact that

EMkmks) = Lip=p,)-

One can then rewrite (3.1) using pairs of trees that encode the pairings among the
noise given by the previous indicators. One has

> () T(T)w)
mpg

2y
Efurl") = ST S(Ty)

(IIT1)()(T)(E) + O .
F=T1-The6],

where 77, T are taken to be in J,” with |T1| + |75| < r, and one assumes some
pairing between the leaves of 77 and T5. The elementary differential T is defined as
the same as Y but without the 7. The symmetry factor S does not depend on the
frequency decoration, therefore it is the same definition with the pairings. The factor
mp counts the number of pairings that give the same object. In the computation
(3.3), one can symmetrise the result in k2 and k3 to see that one gets the same value
twice. For the formula above, we are using the notations from [1]. Let us illustrate
these new objects with an example ' = Ty - T given by

&)

T():GFa le

Then

AIT)(t) = itpPe ™™ ST = ST) =2, mp =2,
T(To)w) = g, T(T)W) = 2wk, /wp.

In the following, we will use the shorthand notation:

T(T)(v)
S(T)

(IIT)(v, t) == (IIT)().
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Now, we work in a more general case where some of the leaves come in pairs, but
not necessarily all of them. We want to understand cancellations observed in [16]
between the associated oscillatory integrals and to propose a new systematic way to
compute them. As an example, let us consider the following decorated trees:

where —¢; = k1 — kg — ks and k = k1 — ko + k5. The oscillatory integrals are
given by

(1) (v, ) = —p*we, \/Wey /Wy n/Whes

t s
/ o it=9)k? gis(k—L]) / e i(s—k3 gir(k3—ki—) g1
0 0

(TT3)(v, t) = Wiy /Wiy /Why VW

t s

—i(t— 2 2 2 a2 i 2_ 1.2 1.2

/ e i(t—s)k ezs(k3+k5)/ 61(8 r)llezr(kQ ki k3)d?"d8
0 0

If we suppose that |k3 — £1| < L', one can make the following identification up to
a small error:

Wo, = Wy

One can notice from the explicit expression of the iterated integrals described above
the following cancellation:

(T 4 T5)(v, t) ~ 0.

This is exactly the first of the three (families of ) “miraculous cancellations” appearing
in [16]. We want to derive a combinatorial formalism that explains this and the other
cancellations. We first start with a simple observation that rewrites any internal
edge of the previous tree as two edges:

Proposition 3.1 One has
eI — B e iKny). (34)

Proof. It is an immediate consequence of the definition of the noises 7. Indeed,
one has

E(e™ ™ npe=ioFny) = TR Egmy) = 70K,
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Then, the consequence of the previous proposition is that one can view the propagator
eis=Dk a5 a pairing of T¢ given by
5 = T AT, 1) = e .

Here, for a leaf colored in green, we omit the ,/wy, in the interpretation of the
decorated tree as an oscillatory integral. Then

eMﬂW:E@ﬁﬁmwmmmmg.

Below, we provide another example of a decorated tree with the green color on some
leaves and give its oscillatory integral

\ (3.5)
TS = L

(TS (v, 1) = i\ /wWky /Why /W

t s

—i(t— 2 2 2 a2 g 212 1.2

/ e i(t—s)k ezs(k3+k5)/ ez(s T)Zlezr(kQ ki k3)d7"d8.
0 0

and

Now, the main idea for computing cancellations is to apply Proposition 3.1 to the
—i(t—s)k? :

propagators e that correspond to the blue internal edges of a decorated tree.

We introduce a new combinatorial structure based on words that will be appropriate

for describing the oscillatory integrals after this transformation. We consider words

on an alphabet A whose letters are given by:

? @ Q@ ,
s b S (3.6)
where for the last letter, one must have

b+ by — U3 — Ly = 0. (3-7)

The third letter of (3.6) is close in spirit to what is happening for the hard sphere
dynamic used for the long-time derivation of the Boltzmann equation (see [18]).
Indeed, one can assume that the plain edges correspond to two particles that get a
shock and the dotted edges to the particles after the shock. The identity (3.7) shows
a conserved quantity in this dynamics. This is one of the fundamental combinatorial
reasons why the algorithms developed for the non-linear Schrédinger wave-kinetic
equation (see [15, 16, 17]) also work for Boltzmann.

They are also in A letters where some leaves have been colored in green. We
consider the words whose rightmost letter is taken among the first two letters of
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(3.6), on this alphabet that we denote by 7(A). Below, we provide an example of

such a word:
@,o og..o ?
W2 = '..”. ':”’ s

with 1 + k1 — ko — ks = O and ks + k5 — ¢1 — k = 0. One interprets the previous
words as integrals in time over a simplex via a map II*. One defines the map 114
inductively on the construction of the words by starting with the letters a € A:

<ﬂAT><v, 1) = e
Qgg ©®
f[ A ’ o —it(kZ+k2—03—k?)
( * )(Ua t) = W5/ Wy, € .

One has more letters but their interpretation follows the same rules as above. Then,
for a non-empty word W and a letter a € A, one has

t
(A Wa)(v,t) = p2(14a)(v, t) / (TAW)(v, s)ds.
0

where Wa is the word that has for rightmost letters a and the rest of the word is
given by W. It is the concatenation of W with a. Then

t
- _itk2 s 2 2_p2_
(HAW2)(,U,_L_):’LL46 itk / mme 1S(k3+k5 11—k)
0

S
o 42+k27k27k2
/0,/wglﬁ/wk1\/wk26 A=k =R drds.

One introduces a product LUl on T'(A) called shuffle product. It is given inductively
for two words au and bv with a, b € A by:

au Wby = a(u W bv) + blau W v), alwl=1Wa=a. (3.8)

Here, 1 denotes the empty word, the neutral for L. Now, we define a natural map a
called arborification between the decorated trees and T'(A). One defines a as

0OeH 6Oe6H | ®

a(%‘l” )=.& ,a( i ) =ida(} - T)T,

et ® C@0®
a<.\ ) = i(—i)*(a(} - Tz)U-lCl(T - T3>ma(T - T4>>.§;1~"’ ,(3’9)

Ty T3

5T @ ages
a(.\ ) = i(=i)(a(§ - T2) W a(T + 13)) S

XVI-11
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where we have assumed that k, ¢, /3, {3 are respectively the frenquencies associated
with the roots of T, T3, T3, T4. The product -, is the merging root product by taking
two decorated trees and identifying their root. One has for example

? QOB Q@O

b N = o

Let us comment briefly on the recursive formula (3.9). Every blue edge in the
decorated tree is duplicated into two brown edges. This is a combinatorial version
of a repeated application of Proposition 3.1. One has a factor ¢ for each plain blue
edge and a factor —¢ for each dotted blue edge. The shuffle product is used for
transforming integrals over a tree-shaped domain for integrals in time into an integral
over a simplex. Using this transformation, one can have the following words:

:_@@goqggoT
@%gw
a ”?’ﬁfxﬁyjagﬁ’T.

A similar arborification map has been used in [10] for describing Poincaré-Dulac
Normal forms. One observes that

(ITy)(v, t) = (Ta(T))(v, t) = (T Wa)(v, t).

The next theorem shows that this identity is true in general and connects the two
formalisms via decorated trees and words:

Theorem 3.2 One has for every decorated tree T
D), t) = A a@)(w, D).

This theorem has been first stated in [12, Thm 2.3] where one can find a proof
of this result. The previous theorem allows us to switch from decorated trees to
words which could be easier to compute cancellations. For example, making the
identification wy, ~ wy, boils down to intervene the color of two pairs of leaves.
This can be encoded via a linear map on words that we denote by 1y, ¢, . Below, we
show one example of computation

PTI atin 2l (W ol SRS

This allows us to show a combinatorial proof of the first cancellation:

@@@
AR
" P‘) _ (HA.Q,@@ 90 T)
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~ (T 4, ( .%@@ .ﬁv’. T))

This cancellation is up to a small error coming from the approximation wy, ~ wy, .
The second cancellation in [16] is between two pairs of decorated trees described
below

@ @) (k)
Q1o - age @\ @
T1 = d and T2 "
where ... means that these two branches are connected to bigger trees. This

cancellation happens under the condition that the two node decorations at the base
of each of the trees are the same, i.e.

—k1+ ko +ks+ro—r1=—hy + ha+ ha,

and that the trees containing the above subtrees are otherwise identical. We have that

_ e90p o@? ? .9
a(@\%@> = —f@?‘@ *® I ¢
“(@') = Z.@ T = iblT

it
a(@\:’@) = .%@@ ‘@? . = *be:s?

where the condition

—k1+ko+ks+ro—1r1=—h1+ hs+ hs

can be rewritten as
by =4y, L3=1/Lg.

The last branches with a green node in the computation above belong in general to a
bigger letter. We now make the choice

hi =ki, ho=ky, hy=401=Fkz+ry—11.
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This way, we obtain that
ar =by, az=0b, az=bs.

From the definition of a in (3.9), if 77, T5 are the two trees respectively, there exist
u, v in the word algebra T'(A) such that

a(Th) =i(arag Was W u)v
a(Tz) = —i(by W bobs W u)v = —i(ag W ajas W u)v.

Therefore, from the definition of the shuffie product (3.8), we have
a(Th) + a(Ts) = i(aszaiaz) Wu)v — i(agaas W u)v. (3.11)

In particular, we observe that the terms with the letters a1, as, a3 in this order cancel
out. It turns out that from an analytical point of view, these are all the “problematic”
terms, in the sense that )

I (a(Th) + a(Th)

can be estimated directly using [16, Lemma 7.1]. A third cancellation can also be
computed in the same way (see [12, Sec. 2]).
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