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Some asymptotic profiles for the viscous Burgers equation with

infinite mass

Eliot Pacherie ∗

CNRS and Cergy University

Abstract

This is a summary of the papers [6], [7] done in collaboration with Tej-Eddine Ghoul and Nader Masmoudi
and [2] done in collaboration with Nicola de Nitti. We are interested in the long time behavior of solutions of
the viscous Burgers equation for a class of initial data with infinite mass. We show that, up to a rescaling, they
converge to a limit profile that has a discontinuity. We investigate this profile and explain how to understand
this discontinuity point.

1 A discontinuous asymptotic profile

We consider the viscous Burgers equation

∂tf − ∂2
xf + f∂xf = 0

on the real line with an initial data f0 ∈ C1
loc(R,R) that satisfies

f0(x) ∼
κ±
|x|α , f

′
0(x) ∼

−ακ±
|x|1+α

(1.1)

when x → ±∞ for some κ± > 0 and α ∈]0, 1[. This function is not integrable as it decays too slowly at infinity,
but the solution of the viscous Burgers equation for this initial data is globally well posed for positive time. We are
interested in the long time behavior of this solution, and see [3], [4], [5], [9], [10], [11] for other results for different
types of initial data and for similar equations. Here, the function u converges (in L∞(R) for instance) to 0 when
t → +∞, so we want to do a rescaling to see the asymptotic profile of the solution.

It has been shown in Theorem 1.5 of [6] that there exists zc ∈ R depending on α, κ± such that

tα/(1+α)f(t1/(1+α)z, t) → p(z) (1.2)

for any z ̸= zc when t → +∞, where p is a bounded function that does not cancel.
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Figure 1: Graph of the function z → p(z). The point of discontinuity is zc.

The convergence is uniform in z as long as we remove a neighborhood of zc. The function p is smooth except
at zc, where it is discontinuous. This result was done for κ+ = κ− in [6] but the generalisation is not too difficult to
prove. Remark also that this converges depends only on the behavior at ±∞ of the initial data, hence changing it
by a compactly supported function (or even an integrable function) does not affect the long time behavior. In that
sense, the profile p is a global attractor in the class of functions behaving like κ±/|x|α at ±∞ in a C1 way. Let us
discuss this result in the next subsections, then we will give the key elements of its proof in subsection 1.4.

1.1 Comparison with the heat equation

If we consider instead the heat equation ∂tg − ∂2
xg = 0 on the real line with an initial data

g0(x) ∼
κ

|x|α , g
′
0(x) ∼

−ακ

|x|1+α

for some κ > 0 and α ∈]0, 1[ when x → ±∞, then we can show (see Proposition 1.1 of [7]) that

tα/2g
(
t1/2z, t

)
→ κ√

4π

(
1

|x|α ∗ e−x2/4

)
(z)

when t → +∞, uniformly in z ∈ R.
There are two main differences compared to (1.2): the scalings in time are not the same, and for the heat

equation, the limit profile is continuous (the convolution of two functions has the smoothness of the smoothest
function of the two). Remark also that this means that ∥g∥L∞(R) ∼ t−α/2 when t → +∞, while for the viscous

Burgers equation, ∥f∥L∞(R) ∼ t−α/(1+α), and that α/(1 + α) > α/2 since α < 1. This means that the Burgers term
improves the decay of the solution in this class of initial data. This implies that in the viscous Burgers equation,
because of this scaling, the viscosity becomes negligible for large times.

This can be seen if we look at the equation on h(z, ε(t)) = tα/(1+α)f
(
t1/(1+α)z, t

)
. With

ε(t) := t(α−1)/(α+1) → 0

when t → +∞, then
1− α

1 + α
ε∂εh+

α

1 + α
h+ ∂zh

(
z

1 + α
− h

)
+ ε∂2

zh = 0. (1.3)

The term ε∂εh corresponds to the derivative in time, and ε∂2
zh the viscosity, that is, in this scale, multiplied by

ε ≪ 1. This means that the asymptotic profile p is in some sense a profile for the Burgers equation, without
viscosity. We are going to focus more on this in subsection 1.3.
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1.2 The boundary layer interpretation of the discontinuity

We will show in subsection 1.3 that although zc depends on α, κ+ and κ−, the function p for z < zc depends only
on α and κ−, and for z > zc it depends only on α and κ+. This can be interpreted in the following way: for z < zc,
we see the effect of the tail of the initial data at −∞, and for z > zc we see the tail at +∞. The point zc is where
both effect clash.

This can be interpreted as a boundary layer effect, that is a layer of transition between two dominating effect.
This is more classical in PDEs with actual boundaries (where the boundary condition dominates near the boundary,
but no longer as soon as we are a little away from it). Another way to interpret this “clash” at zc is the following.
If we look at the equation (1.3) for h = p+ g and we linearized in g, we see that this linear equation transports the
function g towards z = zc.

This implies, at least formally, that p is a stable solution (and even a global attractor) at this scale because any
perturbation of it is transported to be “hidden” in the discontinuity. We will see later that, in fact, if we zoom near
z = zc, we will not have a limit profile that is a global attractor for all initial data satisfying (1.1).

1.3 The construction of the profile p

Taking ε = 0 (that is t = +∞) in equation (1.3) yields the equation satisfied by p: for z ̸= zc,

(
z

1 + α
− p

)
∂zp+

α

1 + α
p = 0. (1.4)

Remark that this is a degenerate first order ODE (as the term factor of ∂zp) can cancel if p(z) = z/(1 + α). In the
following figure, the blue lines are the solutions of this equation, the red line is Id/(1 + α) where the degeneracy of
the ODE happens. Remark that 0 and Id (the two black lines) are also solutions of the equation.

We can show that all solutions that are in the sector

A = {(z, y) ∈ R2, y > max(0, z)}

behave like κ1/|x|α for some κ1 > 0 when x → −∞, and all solutions in the sector

F =

{
(z, y) ∈ R2,

z

1 + α
> y > 0, z > 0

}

behave like κ2/|x|α for some κ2 > 0 when x → +∞. The profile p is then obtained in the following way: in A there
exists a unique solution behaving like κ−/|x|α at −∞, say Y−, and we define p(z) = Y−(z) for z < zc, and similarly,
in the sector F , there exists a unique solution Y+ behaving like κ+/|x|α at +∞, and p(z) = Y+(z) for z > zc.

We can check that zc > 0, and in fact, zc itself has a geometric interpretation: it is the only value such that

Y+(zc) + Y−(zc)
2

=
zc

1 + α
.
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That is once the two blue lines of sector A and F are chosen by the values of κ+ and κ−, the jump between them
happened at the only point where the red line can be in the middle of the jump. The two dotted green lines are
such that the red line is the middle between them and the two black lines. This is a Rankine-Huigonot condition,
we will come back to it in subsection 2.1.

It is of interested to note that Y− is an unbounded exact solution of the rescaled Burgers equation, and Y+ is also
an exact solution of the rescaled Burgers equation, which is bounded but not defined on the full real line. These two
objects are thus very degenerate, especially because we are looking at a problem where the solutions are bounded
and on the full real line. The profile p is still composed of pieces of Y±, in a way to hide the unboundedness of Y−
and the problem of the definition of Y+. In other words, in this problem with bounded solutions, we see pieces of
unbounded profiles.

1.4 Sketch of the proof

The proof of (1.2) is done in [6]. It relies on the Hopf-Cole formula [1], [8] and a rescaling. We define the function

Ht(y, z) =
−(z − y)2

4
− t−(1−α)/(1+α)

2

∫ yt1/(1+α)

0

f0,

and we check that

tα/(1+α)f(zt1/(1+α), t) =

∫

R
tα/(1+α)f0(yt

1/(1+α))et
(1−α)/(1+α)Ht(y,z)dt

∫

R
et

(1−α)/(1+α)Ht(y,z)dt

.

When t → +∞, for y ̸= 0 we have that tα/(1+α)f0
(
yt1/(1+α)

)
→ κ±/|y|α, where the ± in κ± is the sign of y.

Since (1− α)/(1 + α) > 0, for t large, we can show that Ht(y, z) is of size independent of time, and thus (at
fixed z ∈ R), t(1−α)/(1+α)Ht(y, z) is mainly concentrated near the maximums of Ht(., z). Therefore, the value of∫
R et

(1−α)/(1+α)Ht(y,z)dt will be almost equal to the same integral but only in a neighborhood of the maximums of
Ht(., z).

We can deduce from these two arguments that, if for t large enough the function Ht(., z) has only one global
maximum, denoted y∗(z, t), then

∣∣∣∣tα/(1+α)f(tα/(1+α)z)− κ

|y∗(z, t)|α
∣∣∣∣ ⩽ Kνt

−(1−α)/2(1+α) (1.5)

where Kν > 0 depends on

ν := max{|Ht(y1, z)−Ht(y2, z)|, y1, y2 are localmaxima ofHt(., z)},

with, in particular, Kν → +∞ when ν → 0.
Then, by working on the function y → Ht(y, z), we show that for t large enough and any z ∈ R, this function

has only at most two candidates, denoted y±(z, t), that can reach the global maximum of Ht(., z). When t → +∞,
they converge respectively to solutions of the implicit problems

z = y∗±(z) +
κ±

|y∗±(z)|α
.

We then show that there exists zc > 0 such that, for z < zc the maximum is reached only by y−(z, t), and for
z > zc, and only by y+(z, t). We can check that for t large enough, |y−(z, t)− y+(z, t)| is never 0, and in (1.5) we
have

y∗(z, t) =

{
y+(z, t) if z > zc
y−(z, t) if z < zc

,

leading to the discontinuity of p(z) = limt→+∞ κ±/|y∗±(z)|α for z ̸= zc (where the ± is the sign of z − zc). We can
check that this definition of p is compatible with equation (1.4).
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2 Investigating the discontinuity

The fact that (1.2) happens for z ̸= zc implies that there is still some information to be understood near z = zc
when t → +∞ for solutions of the viscous Burgers equation. Our goal here is to show and explain some results
about that.

Remark that imposing simply f0(x) ∼ κ±/|x|α when x → ±∞ is not very precise, in the sense that f0(x) −
κ±/|x|α can be for instance non integrable, or identically 0 at infinity. The profile p simply depends on the first
order of the tails at ±∞ of f0, but what happens neat z = zc will depend on the rest of f0. We want to give some
examples of that.

2.1 Construction of an approximate profile and application

2.1.1 The profile hε

Our goal here is to construct an approximation of p for large time that is continuous, and converges to p in some
sense when t → +∞. Looking at (1.3), let us fix some ε > 0 small and try to solve the ODE problem





α

1 + α
hε + ∂zhε

(
z

1 + α
− hε

)
+ ε∂2

zhε = 0

hε(z) ∼
κ±
|z|α when z → ±∞.

(2.1)

This is a second order ODE with two conditions at ±∞, so not yet a Cauchy problem. Furthermore, in the limit
ε → 0 this is a doubly degenerate equation: the term with two derivatives disappear, and the equation at ε = 0 is
itself degenerate as the term in front of ∂zhε can cancel.

We can solve this problem by a shooting method:

Lemma 2.1 (Proposition 1.3 of [7]) For any ε > 0 small enough, there exists zc(ε) > 0 and a(ε) ∈ R with

zc(ε) → zc, a(ε) →
p(z−c )− p(z+c )

2

when ε → 0 such that the solution of the Cauchy problem





α

1 + α
hε + ∂zhε

(
z

1 + α
− hε

)
+ ε∂2

zhε = 0

hε(zc(ε)) =
zc(ε)

1 + α
, h′ε(zc(ε)) =

−a(ε)2

2ε

satisfy (2.1).

We can also show that ∥hε − p∥L∞(R\[zc−γ,zc+γ]) → 0 when ε → 0 for any fixed γ > 0.

With ε(t) = t(α−1)/(α+1) → 0 when t → +∞, the function hε(t) is thus a smooth approximation of p. This
means that for large times, we expect the function f solving the viscous Burgers equation to be of the form

f(x, t) ≃ t−α/(1+α)hε(t)(t
−1/(1+α)x).

2.1.2 An example of new profile near the discontinuity

With this profile, we can construct an initial data for which, in large time, we can describe what is happening near
z = zc.

Proposition 2.2 Consider the viscous Burgers equation ∂tf −∂2
xf + f∂xf = 0 for an initial time T > 0 large, and

with the initial condition
fT (x) = T−α/(1+α)hε(T )(T

−1/(1+α)x).

Then, with a := (p(z+c )− p(z−c ))/2 we have that for any x ∈ R,

tα/(1+α)f
(
t1/(1+α)

(
zc + t−(1−α)/(1+α)x

)
, t
)
→ a tanh(2ax) +

p(z+c ) + p(z−c )

2
.
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This is a direct corollary of Theorem 1.4 of [7]. The initial data fT satisfy fT (x) ∼ κ±/|x|α when x → ±∞
and as such (1.2) apply. Here, we take z = zc + t−(1−α)/(1+α)x for some x ∈ R, so z ≃ zc when t → +∞. When
x → ±∞ the profile we obtain here converges to p(z±c ), meaning that we have “resolved” the discontinuity. That
is, near z = zc, up to a new rescaling in time, we see a smooth profile, that connect the two limits of p on the right
and left of the discontinuity. This is also a feature seen in several boundary layer problems.

2.1.3 A family of profiles near the discontinuity

In [7], we compute such profiles for initial data at time T that are not necessarily equal to fT but that are close to
it using energy arguments.

In that case, the result of Proposition 2.2 is modified. Take for instance an initial data at time T of the form
fT + gT , where gT is compactly supported and small in H1(R) (the smallness depends on T ). Let us denote
ft(x) = t−α/(1+α)hε(t)(t

−1/(1+α)x) and write the solution of the viscous Burgers equation as ft + g.

For the viscous Burgers with initial data of finite mass (i.e.
∣∣∫

R f0
∣∣ < +∞), the mass of the solution is a

conserved quantity. It also appears in the profile for large time of the solution, see [11]. Here,
∫
R fT = +∞, but

remarkably, if
∣∣∫

R gT
∣∣ < +∞ then

∫
R g is a conserved quantity.

This conserved mass will still be visible in the limit profile. We can show that, for such an initial data of the
form fT + gT described above, with M =

∫
R gT small, there exists a function x → νM (x) depending only on M

such that for all x ∈ R,

tα/(1+α)f
(
t1/(1+α)

(
zc + t−(1−α)/(1+α)x

)
, t
)
−→ a tanh(2ax) +

p(z+c ) + p(z−c )

2
+ νM (x)

when t → +∞. The function νM does not cancel (except if M = 0) and
∫
R νM = M . We see that, although by

(1.2) the profile p is a global attractor for z ̸= zc, this is not the case for z = zc, as νM still depends on the initial
data. This is in fact more generic than the situation described above, see subsection 2.2.

Although not proven, it is likely that there exists XM ∈ R such that

a tanh(2ax) + νM (x) = a tanh(2a(x−XM )).

2.1.4 Generalisation to other equations

The proof of these results does not rely on the Hopf-Cole formula, but on ODE technics and energy estimates.
As such, it can be applied to other equations than the viscous Burgers equation, for instance

∂tf − ∂2
xf + ∂x

(
f2

2
+ f3

)
= 0.

In that case, after the rescaling in time, the term ∂x(f
3) will be negligible compared to the Burgers term, and the

energy estimates will still hold. But for this equation, we can not use the Hopf-Cole formula, so the convergence (1.2)
for general initial data (and not just small perturbation of a specific profile) is an open problem in this equation.

2.2 Embedded discontinuous profiles

Here, we want to show that the results of subsection 2.1 are not generic. They rely on the fact that f0 − κ±/|x|α
is integrable at ±∞. If this is not the case, then it is not possible to resolve the discontinuity as described above.
Here is an example of that.

Proposition 2.3 ([2]) Consider the solution of the viscous Burgers equation ∂tf − ∂2
xf + f∂xf = 0 with an initial

data f0 satisfying

f0(x) =
κ1

|x|α +
κ2

|x|β + o
(
1/|x|β

)
, f ′

0(x) = − ακ1

|x|1+α
− βκ2

|x|1+β
+ o

(
1/|x|1+β

)

when x → ±∞ for κ1, κ2 > 0, α ∈]0, 1[ and β ∈
]
α, 1+α

2

[
. Then, for any x ̸= 0,

t(β−α)/(1+α)
(
tα/(1+α)f

(
t1/(1+α)

(
zc + t−(β−α)/(1+α)x

)
, t
)
− p

(
zc + t(β−α)/(1+α)x

))
−→ q(x)

Eliot Pacherie
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when t → +∞, where q is constant on ] − ∞, 0[ and on ]0,+∞[, and is discontinuous at x = 0 for almost all
β ∈

]
α, 1+α

2

[
.

In this result, we zoom around the discontinuity by taking z = zc + t−(β−α)/(1+α)x for some x ∈ R, yet when
t → +∞ the limit profile still has a discontinuity at x = 0. By taking an initial data of the form

f0(x) =
∑

n∈N

2−n

|x|αn
+ o (1/|x|)

for a well chosen increasing sequence (αn)n∈N, we have an example where the asymptotic profile has a discontinuity,
and although we can keep zooming on it, with new scales, the discontinuity does not disappear after any arbitrary
number of rescaling (see Theorem 1.2 of [2]).

3 Some related open problems

The problem of the long time behavior of the viscous Burgers equation with infinite mass initial condition is a good
playing ground to see and study degenerate asymptotic profiles. We give here a few follow up questions that can
be of interest:

• What happens in the critical case α = 1 ?

• Does (1.2) still hold if we consider the Burgers equation without viscosity ? What can happen near the
discontinuity then ?

• Does the approach of section 2.1 work for ∂tf − ∂2
xf + f2∂xf = 0 or other similar equations ?

• In Proposition 2.3, the limit profile q is piecewise constant and the convergence is not uniform in x. Can we
improve on that, and can we find specific initial data, in the spirit of section 2.1, where we can “resolve” the
second discontinuity ?

• The convergence (1.2) holds for κ+, κ− > 0, but we can in fact show (in [7]) that it holds for any κ+, κ− ̸= 0
except if κ− < 0, κ+ > 0. What is happening in this last case ?
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