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Journées Equations auz dérivées partielles
Aussois, 2-6 juin 2025
RT AEDP (CNRS)

Freidlin—Géartner formula and asymptotic profile in reaction-diffusion
equations

Luca Rossi

Formule de Freidlin-Gadrtner et profil asymptotique dans les équations de
réaction-diffusion

Résumé

Nous abordons la question du comportement a long terme des solutions d’équations de réaction-
diffusion dans des milieux périodiques. Nous commengons par décrire la forme asymptotique de ’en-
semble d’invasion, caractérisée par la formule de Freidlin-Gértner. Nous exposons une preuve de cette
formule, qui est valable pour des termes de réaction de type général. Nous présentons ensuite des
résultats récents, obtenus en collaboration avec H. Guo et F. Hamel, pour les équations (faiblement)
bistables. Ils comprennent une version réguliere de la formule de Freidlin—Gértner et la convergence
en profil vers les fronts de propagation pulsatoires pour les solutions ayant un support initial borné
ou non borné.

Abstract

We address the question of the large-time behavior of solutions to reaction-diffusion equations in
periodic media. We start with the description of the asymptotic shape of the invasion set, which is
characterized by the Freidlin—Gartner formula. We outline a proof of the formula that holds true for
general types of reaction terms. We then present some recent results, obtained in collaboration with
H. Guo and F. Hamel, for (weakly) bistable equations. They include a regular version of the Freidlin—
Gértner formula and the convergence in profile towards pulsating traveling fronts for solutions with
either bounded or unbounded initial support.

1. Introduction

Reaction-diffusion equations provide a fundamental framework for the study of propagation phe-
nomena in various fields of physical and life sciences. A central question is to understand the
large-time behavior of solutions arising from localized initial data.

In homogeneous environments, propagation occurs with a constant speed and the asymptotic
shape of the invaded region is a ball. In periodic media, however, propagation becomes anisotropic:
the speed depends on the direction, leading to a family of spreading speeds and to a nontrivial
asymptotic shape.

Another important source of complexity arises when considering initial data with non-compact
support. In this case, the geometry of the initial support shapes the asymptotic set of spreading,
and convergence to traveling fronts is more subtle.

In this note we will review the following topics:
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e expression of the asymptotic set of spreading through the Freidlin—Gértner formula;
e a unified proof of the formula taken from [23] that applies to general reaction terms;

e some recent results from [17] about a “regular” Freidlin-Gértner formula, as well as the
convergence in profile towards pulsating traveling fronts.

2. Benchmark: the homogeneous case

Before turning to heterogeneous media, it is instructive to recall the classical results in the homo-
geneous setting. These provide the intuition and the guiding principles for the general case.
Consider the equation

Oru — Au = f(u), t>0, zeRY, (2.1)

where the function f vanishes at 0 and 1, which represent, respectively, extinction and full invasion
states. We further assume that f is of one of the following types:

Monostable f > 01in (0,1)
a sub-class of which is the Fisher-KPP non-linearity
satisfying in addition f(s) < f/(0)s for s >0

Ignition 36 € (0,1), f=0in[0,60], f >01in (0,1)

1
Bistable 36 € (0,1), f<0in (0,0), f>0in (6,1), with / f>0.
0

In population dynamics, the Ignition and Bistable cases refer to the weak and strong Allee effect
respectively.

2.1. Planar traveling fronts

In all the cases: Monostable, Ignition and Bistable, the equation (2.1) admits planar traveling
fronts, that is, for a given direction e € SV¥~1, solutions of the form
u(t,x) = ¢(z - e —ct),
with
¢(-00) =1,  ¢(+o0) =0.

The quantity ¢ € R is called the speed of the front, and ¢ is called the profile. The latter satisfies
the ODE ¢" + ¢¢’ + f(¢) = 0 in R. In the Monostable case, there exists a minimal speed ¢* > 0
such that planar traveling fronts exist if and only if ¢ > ¢*. In the Ignition and Bistable cases,

there exists a unique possible speed ¢ = ¢* > 0 for which a traveling fronts exists (and is unique
up to shift). In all the cases, we refer to ¢* as the critical speed of fronts.

2.2. Spreading from compactly supported data

A fundamental result due to Aronson and Weinberger describes the large-time behavior of invading
solutions emerging from compactly supported initial data, in all cases: Monostable, Ignition and
Bistable. Invasion means that the solution converges locally uniformly to 1 as ¢ — 4o00; see [1] for
some sufficient conditions.

Theorem 1 ([1]). Let u be an invading solution to (2.1) with a compactly supported initial datum
ug > 0,%# 0. Then

li inf wu(t =1 ife<c”
t;rgl()(ﬁlr%ctu(,x)) if c < c”,
and

lim ( sup u(t,m)) =0 ifc>c.

t—o00 |I|ZCt
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This result shows that propagation occurs in every direction with the same asymptotic speed
c*, which coincides with the minimal speed of planar fronts. More precisely, the upper level sets

Ex(t) = {z ¢ RN s u(t,z) > \}, A€ (0,1),

of the solution expand as the ball of radius ¢*¢, up to a o(t) term, thus, rescaling by 1/¢, one has
1
%E/\(t) — B~ as t — +oo,

in the sense of the Hausdorff distance, where B« is the ball of radius ¢*. The rescaled limit B«
is referred to as the asymptotic set of spreading (or invasion set) of the solution. This reveals that
a symmetrization of the initial datum occurs along the evolution. A result of Jones [21] actually
improves this conclusion, showing that the upper level set E)(t) remains at bounded Hausdorff
distance from some expanding ball (that a fortiori is of the form B, with m(t) = c¢*t + o(t), by
Theorem 1). However, it is not true in general that such a distance converges to 0 as t — o0,
see [24, 25, 31].

2.3. Convergence to planar traveling fronts

Heuristically, the reason why the solution with a compactly supported initial datum propagates
with the minimal speed ¢* of planar fronts, in any direction, is that it is “becoming locally planar”
and therefore it is approaching a planar traveling front. More precisely, for a solution u as in
Theorem 1, the following convergence holds for any e € SV ~1:

u(t,x +me(t)e) = p(x-e) as t— +oo locally uniformly in z € RV,

where ¢ is the profile of the minimal/unique (in the Monostable/Ignition or Bistable case) planar
traveling front, and m,. : RT™ — R is a suitable shift function. We refer to [3, 7, 9, 13, 22, 27|
for the precise statements of this result for the different types of reaction term. One knows from
Theorem 1 that m(t) = c¢*t+o(t). It turns out that the amplitude of the “gap” ¢*t —m.(t) depends
on the type of nonlinearity, as well as on the dimension N, due to curvature effects. There is a vast
literature on this topic, especially in the Fisher-KPP case, where the problem can be tackled with
both PDE and probabilistic techniques, see [5, 9, 13, 19, 22].

2.4. Limitations and motivation

In homogeneous media:
e propagation is isotropic,
e a single speed c¢* characterizes the dynamics,
e the asymptotic shape is a ball.

In periodic media, none of these properties remain true.

3. Propagation in periodic heterogeneous media

Let us consider now reaction-diffusion equations in periodic heterogeneous media. These equations
have the form
ou— V- (A(z)Vu) — q(x) - Vu = f(x,u), t>0, z RV, (3.1)

Throughout this note, we assume the following standing hypotheses. The terms A(x), ¢(z) and
f(z,-) are smooth and ZN -periodic in x, that is,

Vhez™, A(-+h)=A4, q(-+h)=q, f(-+h-)=f

The matrix field x — A(z) = (ai;(x))i<ij<n is symmetric positive definite, the vector field
r+ q(z) = (¢:i(7))1<i<n satisfies

divg =0 in RY, / g(x)dz =0
(0,1)N
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and the function f satisfies
f(x,0) = f(x,1) =0 forall € RY,
35€(0,1), f(a,-) is nonincreasing in [S,1].

We complete equation (3.1) with an initial datum 0 < ug < 1.

3.1. The asymptotic set of spreading

In analogy with the homogeneous framework, our goal is to determine the asymptotic set of spread-
ing of solutions of (3.1).

Definition 2. We say that a solution u to (3.1) admits an asymptotic set of spreading W C RN
if W coincides with the interior of its closure and satisfies

lim (min u(t,tx)) =1 for any compact set C C W,
t—+oo0 \zeC

lim (max u(t,tm)) =0 for any closed set C C RN\ W.
t—+4oo \zeC

(3.3)

The asymptotic set of spreading provides one with a description of the upper level sets E)(t),
A € (0,1), for large t. Namely, if the initial datum wug is compactly supported then

1
;E,\(t) - W as t — +oq,

in the sense of the Hausdorff distance, see [17, Proposition 2.7]. As said before, in the homogeneous
framework the asymptotic set of spreading for invading solutions with compactly supported initial
data is W = B.~. In the heterogeneous setting, the asymptotic set of spreading, if it exists, is not
expected to be symmetric.

The asymptotic set of spreading encodes the spreading speed in any direction e € SNV~ which
is defined as a quantity w(e) > 0 satisfying

tl}inoo u(t, cte) =

1 if0<c<w(e),
0 ife>wle).

One has that
W={re:ec SN 0<r<w(e)}.

3.2. The Freidlin—Géartner formula

Using large deviation probabilistic techniques, Freidlin and Géartner [14] proved the existence of
the spreading speeds for compactly supported initial data, for the Fisher-KPP equation in periodic
media. They obtained the following formula:
k
w(e) = min ﬁ,

zerN Z - €
z-e>0

where k(z) is the periodic principal eigenvalue of the linear operator
L.:=V-(AV)=22-AV+q- -2+ (=V-(A2) —q-z+2z- Az + 9, f(z,0)).

Some of the ideas of [14] laid the ground for the singular perturbation theory of viscosity solutions,
see e.g. [11]. Several years later, in [4] (see also [28]), it has been shown that, for given e € SV 1,
the quantity ¢*(e) := minyso k(Ae)/A coincides with the critical (or minimal) speed of pulsating
traveling fronts in the direction e, hence Freidlin—Géartner’s formula can be rewritten as

(9

1n .
EESN—I 6 -e
£-e>0

(3.4)

w(e) =

Pulsating traveling fronts, introduced in parallel ways by Shigesada, Kawasaki and Teramoto [26]
and Xin [30], are the natural generalization of planar traveling fronts to the periodic setting.
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Definition 3. A pulsating traveling front for (3.1) in a direction e € S¥~! with a speed ¢ € R is
a solution of the form

U(t,d?) = (,25(11771‘ e — Ct)v
where ¢(z, z) is periodic in x and satisfies

¢(r,z) > lasz— —oc0 and ¢(z,2) — 0as z — +o0.

Unlike classical traveling waves in homogeneous media, these fronts oscillate in space due to
periodic coefficients. They can be seen as perturbations of planar fronts, indeed they are almost
planar, meaning that their level sets are trapper between parallel hyperplanes.

The existence of pulsating traveling fronts in the Monostable, Ignition and (under suitable
assumptions) Bistable cases, has been derived in [2, 9, 15, 28, 30, 29]. In the Monostable case, they
exist if and only if ¢ > ¢*(e), whereas in the Ignition and Bistable cases they exist if and only if
¢ = c*(e), for some value c*(e) > 0.

In what follows, we refer to ¢*(e) as the critical speed of pulsating traveling fronts in the direction
e, which is the minimal one in the Monostable case, and the unique one in the Ignition-Bistable
cases.

One eventually derives from the Freidlin—Gértner formula the following expression for the as-
ymptotic set of spreading;:

W= ﬂ {zeRY : z-e<c(e)}.

eeSN—1

that is, W is the Wulff shape of the envelop set of the speeds ¢*(e) of pulsating fronts. One deduces
in particular that W is convex.

3.3. The asymptotic set of spreading for general reaction terms

In the work [23] it is proved that the Freidlin—-Gértner formula holds whenever pulsating traveling
fronts exist. This result recovers the existence of the asymptotic set of spreading derived by Wein-
berger [28] through the analysis of the Poincaré map from the point of view of discrete dynamical
systems. In [28], the formula involving the speeds of fronts is only obtained in the Monostable case.

We define the Monostable, Ignition, Bistable nonlinearities in the heterogeneous framework as
follows:

Monostable Vs € (0,1), i ,8) >0, ,8) >0,
onostable s€(0,1) Inelﬂlgjlvf(x s) ;Ié%)}\(’f(x s)

360€(0,1), VY(zx,s)cRY x[0,6], f(zx,s)=0,

Ignition .
Vse 9, 1 s 5 > 0, 5 > 07
s€(6,1), min f(z,s) max f(,s)
J0€(0,1), Ouf(z,-) <0 and min f(-,s) <0 in (0,0],
Bistable RN

Ve € SV there is a pulsating front with speed ¢*(e) > 0.

Observe that the definition of the Bistable case is more implicit, since it assumes the existence of
the pulsating fronts, which allows one to apply Theorems 1.4 and 1.5 of [23]. We refer to [6, 12, 9, 15]
and the reference therein for some sufficient conditions for the existence of pulsating fronts in the
Bistable case.

Theorem 4 ([23], The generalized Freidlin-Gértner formula). Let the Monostable, Ignition or
Bistable condition hold. Let u be an invading solution of (3.1) with a compactly supported initial
datum ug. Then u admits an asymptotic set of spreading, given by

W= () {zeRY : z-e<c(e)}, (3.5)

eeSN-1

where ¢*(e) is the critical speed of pulsating traveling fronts in direction e.
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We point out that, in the KPP case, any nontrivial solution is “invading”, while in the other

cases, invasion occurs provided the initial datum ug is “not-too-small”; see [8, 17] for the precise
result.

Theorem 4 extends to general reaction terms the Freidlin-Gértner’s formula (3.4) for the spread-
ing speed, as well as the asymptotic description of the upper level sets: Ex(t) ~ tWW up to a o(t)
error.

3.4. Sketch of the proof of Theorem 4

We now outline the strategy of the proof of Theorem 4. Define the set W by (3.5). The goal is to
show that W fulfills the two limits (3.3) in Definition 3.3. The first one is a lower estimate of the
asymptotic set of spreading, the second one is an upper estimate. We start with the latter, which
is much easier.

The upper estimate

Since the constant 1 is a solution to (3.1), it follows from the parabolic strong maximum principle
that u(t,r) < 1 for all t > 0, z € RN. Moreover, for any ¢t > 0, u has a Gaussian decay in x,
because its initial datum is compactly supported. On the other hand, it is known that pulsating
traveling fronts decay exponentially. Then, for any e € SV~1, letting ¢, be the profile of the front
associated with the critical speed ¢*(e), one can find a quantity L. > 1 such that

Vi>1, zeRY, u(t,tr) < ge(z,x - e — c*(e)t — L)

(recall that ¢.(-,—o00) =1). One then infers by comparison that, for any € > 0,

lim su max u(t,tr) | < lim max te tr e — c*(e)t — L
t—>+00p ({z-e>c*(e)+a} ( )> ({x-e>c*(e)+5} (be( ( ) €)>

= o(z, = 0.
max ¢e(w, +00)

Since, by a compactness argument, any closed set C' C RY \ W is contained in the union of a finite
number of sets of the type {x-e > c¢*(e) + €}, e € SV71, £ > 0, one eventually deduces the second
limit in (3.3).

The lower estimate

The novelty of the approach in [23] lies in proving the convergence to 1 simultaneously in all
directions, whereas related works in the literature deal with one direction at a time. This enables
one to exploit the geometrical properties of the evolving sets tV. Indeed, it turns out that these
sets evolve with a normal velocity of ¢*(v), where v is their outer normal, at least when W is
smooth. Let us provide some details.

Assume by way of contradiction that (3.3) fails for some compact subset C of W, i.e.

A := liminf (minu(t,tx)) < 1.
t—+oo \zel
Let us consider another compact set K, which is in addition smooth, star-shaped with respect to
the origin, and satisfies
C C int(K) € W.
It follows from the inclusion C' C int(K) that

VneN, liminf (min ult + n,tx)> <A
t—+o0 \z€K

Take an arbitrary n € (A,1). We now look for the first contact time/point between the function
u(t + n,x) and the expanding plateau nl;x. Namely, for any n € N, there is a time ¢,, > 0 such
that

ty 1= min{t >0 : minu(t+n,tx) < 77}
reK
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(the above set is nonempty by the contradictory assumption). In other words, the following hold:

(3.6)

Vtel0,ty), Ve e K, u(t+mn,tx)>n
Fa, € K, ulty+n,tpe,) <n.

Since wu is invading, one infers that ¢, — 400 as n — +oo. Moreover, choosing 1 > S from
condition (3.2), one infers from the parabolic strong maximum principle that necessarily z,, € 9K
(otherwise u(t, +n,-) would have a local minimum at ¢,x,,). We denote by v(z,,) the outer normal
to K at x,. The situation is depicted in Figure 3.1.

ce-ulty,+n,) =1 -

u(t, +n,-) >n 5

Figure 3.1: The first contact point (¢,,z,) between tK and the level set
{ut+n,-) =n}.

We call
Un(t, ) == u(ty + 0+t thx, + ).

Conditions (3.6) rewrite as

{Vt<0, V€ (ty+)K — {thzn}, unl(t,z) >n 57

u,(0,0) = 7.

Now, the crucial observation is that, being K € W star-shaped with respect to the origin, the
definition (3.5) of W implies that the family ¢K evolves by normal velocity less than ¢*(v), where
v is the outer normal. In addition, since K is (uniformly) smooth, the set tK approaches a half
space as t — 400, locally around its boundary points, because letting p be the radius of the uniform
ball conditions satisfied by K, then tK fulfills the ball conditions with the radius ¢p, which tends
to infinity as ¢ — 4o00. Using these properties, one deduces that, for any z € 9K, there holds

VteR, (tn + ) K — {tnz} — {z-v(z) <o(2)t} as n— oo,

locally uniformly, with o(z) < ¢*(v(z)). A rigorous derivation of this limit is given in the proof
of [23, Theorem 2.3].

As a consequence, it follows from (3.7) that the family (u,)nen converges locally uniformly (up
to subsequences, by parabolic estimates) toward a function @(t,x), defined for all ¢ € R, which
satisfies

Vt<0,Vaz : z-v<oat, u(t,z)>n, u(0,0) =n, (3.8)
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with 0 < ¢*(v), where v is the limit of (a subsequence of) the exterior normal vectors v(z,) to K.
Moreover, @ is an entire solution of the same equation (3.1) (up to a translation). But by (3.8), its
upper level set En(t) moves “too slowly” in the past in the direction v compared with the critical
front ¢,, namely,

Vt<0, E,(t)>{zeRN : z-v<ot},
with ¢ < ¢*(v). Because > S, one can indeed show by comparison with ¢, that the above
property yields & = 1, contradicting the equality %(0,0) =7 in (3.8).
This completes the proof of Theorem 4.

4. Convergence towards pulsating traveling fronts

We now present some recent results obtained in the paper [17] in collaboration with H. Guo and
F. Hamel, concerning the asymptotic profile of solutions.
Besides the standing hypotheses of Section 3, we assume throughout this section that the states
0 and 1 are weakly stable, in the following sense:
360 €(0,1/2), s+ f(z,s) is non-increasing in [0, d] and decreasing in [1 — 4, 1].
and moreover that

SN—I

there exists a pulsating traveling front in any direction e € , with speed ¢*(e) > 0.

These conditions encompass both the Ignition and the Bistable cases of Section 3.3.
Under these hypotheses, the speed c¢*(e) in any direction e is unique, and the pulsating front is
unique up to shift in ¢t. We denote it by

Pe(t,z) = de(z, 2 € — c*(e)t).

4.1. The Q-limit set

As mentioned in Section 2.3, in the homogeneous setting, solutions emerging from compactly
supported initial data converge in profile to planar traveling fronts. The analogous result in the
periodic setting is a fundamental open problem in the theory of reaction-diffusion equations. To
address this question, we considered in [17] the Q-limit set of a solution

Y e LYY« u(ty,zn +-) oY L2 (RY),
Qu) := for some sequences (t,)nen in RT diverging to +oo
and (z,)nen in RY
This set is composed by all possible asymptotic profiles of u. It can also be written as
Qu) = |J Q(w),
ecSN—1
where
Y e L°RY) - u(ty,z, +-) — ¥ in LS, (RY) as n — 400,
Qe(u) := for some sequences (t,)nen in RT diverging to +oco

and (2, )nen in RY \ {0} such that In e

|1‘n| n—+oo

is called the Q-limit set of w in the direction e.

4.2. Compactly supported initial data
We first focus on compactly supported initial data.

Theorem 5 ([17, Corollary 1.7]). Let u be an invading solution to (3.1) with a compactly supported

initial datum ug. Then, for any e € SV, one has

De(t, - + : (t,y) e R x RN, € is a minimizer
Q) o 4 el () o b mam U 0.1},
in the expression of w(e) in (3.4)
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Furthermore, if the boundary of the asymptotic set of spreading W (given by (3.5)) is everywhere
differentiable, then

Qu) D {Pc(t,-+y) : (ty) eRxRY, ee SV '} U {0,1}.

Theorem 5 asserts that the profile of a pulsating traveling front appears around the level sets
of the solution in any given direction e, along some sequence of times. This occurs even in the
direction where the asymptotic set of spreading W exhibits a corner, i.e. where the Freidlin—
Gartner formula (3.4) admits multiple minimizers. Corners may actually exist, as shown in [16,
Corollary 6.2], hence the Q-limit set in the corresponding directions contains the profiles of several
distinct pulsating fronts. If, on the contrary, W is everywhere differentiable then all pulsating
traveling fronts, in every direction, appear as limit profiles of the solutions, along some sequences
of times and points.

It is natural to wonder whether the equality actually holds in Theorem 5 when OW is everywhere
differentiable, i.e.

Qu) = {@c(t,- +y) : (t,y) e RxRY, eeSN_l} u {0,1}.

As we have seen, such conclusion holds for homogeneous equations (where W is a ball), but in
the periodic setting it has only been derived in dimension N = 1, for f either of the Bistable
type [6, 10, 30, 29], or of the Fisher-KPP type [20]. To our knowledge, Theorem 5 is the first
convergence-to-front results for periodic equations in dimensions higher than one.

4.3. General initial data

We finally consider initial data that are not compactly supported. In such a case, the asymptotic
set of spreading is not determined by just the family of speeds of pulsating traveling fronts, but
also by the initial support of the solution. For instance, if ug = 1y with U being a cone with vertex
at the origin, and W), is of class C*', where W, is the asymptotic set of spreading of invading
solutions with compactly supported initial data (given by (3.5)), then u has the asymptotic set of
spreading W = U + W, [18]. Actually, due to the possible unboundedness of the asymptotic set of
spreading, one has to relax the Definition 2 by restricting to compact subsets C also in the second
condition in (3.3).

Theorem 6 ([17, Theorem 1.5]). Let u be a solution to (3.1) admitting an asymptotic set of
spreading W. Let z € OW be a point where W satisfies the interior and exterior ball conditions,
and let v be the outer normal to W at z, and z := z/|z|. Then the following properties hold:

(i) z-v=c"(v) ;

(i) Qz(u) D {@u(t,- +y): (t,y) e R x RN} U{0,1}.

We point out that under the current hypotheses, cf. Section 4, the invasion property holds
for large enough initial data, hence in particular whenever it admits a nonempty asymptotic set
of spreading W. This implies that W contains a neighborhood of the origin and thus z # 0 in
Theorem 6.

It is easily seen that, in the case of compactly supported initial data, where W is given by the
Freidlin-Géartner formula (3.5), at any point z = w(Z)Z € W where W admits a tangent plane,
the expression (3.4) for w(Z) is uniquely minimized by £ = v, where z := z/|z| and v is the outer
normal to W at z, that is,

z-v=c"(v).

Therefore, we refer to the above identity as the “regular Freidlin—Gértner formula”. Theorem 6
shows, first, that such formula holds for any solution u at every regular point z of W without
requiring the boundedness of the support of the initial datum, and second, that the Q-limit set
of u in the direction Z contains profiles of pulsating traveling fronts. Regular here means that W
satisfies both the interior and the exterior ball conditions, i.e. there exists an open ball B (resp. B’)
such that B C W (resp. B’ C RN \ W) and z € 9B (resp. z € B’). The simultaneous validity of
the two conditions implies in particular that ¥V has a tangent plane at z.

A generalization of Theorem 6 is provided by [17, Corollary 1.6] which deals with non-regular
points of W by using the notion of generalized normal set — i.e. the set of limits of outer normals
of regular approximated points.
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4.4. Outline of the proofs

The proof of Theorems 5 and 6 rely on the same basic idea, which can be viewed as a variant
of Berestycki—Nirenberg’s sliding method. It is also similar to the proof of Theorem 4 outlined in
Section 3.4. We recall that there we focused on the first contact time/point between u(t + n,x)
and the expanding plateau nl;x. In the proof of Theorem 6, the goal is to replace the plateau with
®,,, the pulsating traveling front in the direction of the outer normal v. However, in order to do
that, one has to make the pulsating traveling front compactly supported, which is achived by:

(1) making its profile ¢, (z, z) radial in the variable z;

(2) decreasing ¢,,, which results in a subsolution for values close to the states 0 and 1, thanks
to their stability.

One then focuses on the first contact time/point between u(t + n, x) and this perturbed pulsating
traveling front, lets the perturbation go to 0 and eventually finds a contact point between a limit of
space/time translations of u, and the original pulsating traveling front ®,,. One eventually concludes
by the strong maximum principle that these two functions coincide, that is, @, € Q;(u).

The regularity of W at z is crucial in this argument in order to control the location of the
contact points and close the argument.

5. Discussion

The results presented in this note show that pulsating traveling fronts are not only special solutions,
but fundamental building blocks of the long-time dynamics. Even when the solution does not
converge globally to a single wave, its asymptotic behavior is governed by these fronts both locally
(profile emergence) and globally (spreading sets).

Theorem 4 describes the global geometry of invasion: the solution spreads linearly in time, and
the shape of the invaded region is determined by the speeds of pulsating traveling fronts through
their Wulff shape W. In homogeneous media, YW would be a ball; in the periodic framework it is
generally anisotropic.

Section 4 is concerned with the convergence towards pulsating traveling fronts. The results
contained there do not claim full convergence of the solution to a single front, but rather the
appearance of front profiles along subsequences. The global dynamics might in principle be more
complicated.
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