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Commutators, mean-field, and supercritical mean-field limits for
Coulomb/Riesz gases

Matthew Rosenzweig

Commutateurs, limite de champ moyen et limite de champ moyen supercritique pour
les gaz de Coulomb/Riesz

Résumé

Cet article est un complément a ’exposé de I'auteur intitulé « Commutator estimates and mean-
field limits for Coulomb/Riesz gases », présenté aux Journées Equations auz Dérivées Partielles 2025
a Aussois. L’objectif est de fournir une présentation concise et accessible des estimations fines de
commutateurs récemment obtenues pour les énergies modulées associées aux interactions de type
Coulomb/Riesz, ainsi que d’expliquer comment ces estimations conduisent & des résultats optimaux
pour les limites de champ moyen et de champ moyen supercritique de la dynamique des gaz de
Coulomb/Riesz, via la méthode de 1’énergie modulée. L’exposé s’appuie principalement sur les tra-
vaux [129, 131] avec Serfaty et [84] avec Hess-Childs et Serfaty.

Abstract

This paper is intended as a companion to the author’s talk “Commutator estimates and mean-field
limits for Coulomb/Riesz gases” at the 2025 Journées équations aux dérivées partielles in Aussois.
The goal is to provide a concise, accessible account of sharp commutator estimates recently obtained
for modulated energies associated to Coulomb/Riesz interactions and how these estimates lead to
optimal results for mean-field and supercritical mean-field limits of Coulomb/Riesz gas dynamics via
the modulated-energy method. The exposition centers on the works [129, 131] with Serfaty and [84]
with Hess-Childs and Serfaty.

1. Introduction

When studying systems of N distinct points Xy = (z1,...,2zx) € (R with interaction energy

> glwizy), (1.1)

1<i#j<N

. . o 1 N
one is led to comparing the sequence of empirical measures py = « > ;_; 0z, to an average,
or mean-field, density p. This comparison is conveniently performed by considering a modulated
energy, or (squared) “distance” between py and p, defined by

1 1 & 1 &
Fy(Xn.p) =3 /(Rd)z\A g(z,)d (N ; Ou; — u) (x)d <N ; Sy — u) (v), (1.2)
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where A C (RY)2 denotes the diagonal. Physically, the quantity corresponds to the total energy
of a system of N discrete charges located at the positions x; neutralized by a background charge
distribution p with the infinite self-interaction of each charge removed, the latter corresponding to
the excision of the diagonal.

The quantity (1.2) originated in the study of the statistical mechanics of Coulomb/Riesz gases
[116, 133, 135, 136] and was later used in the derivation of mean-field dynamics [39, 112, 138] and
following works. The notion of modulated energy to prove a stability estimate is classical, with
the term first appearing to this author’s knowledge in the influential work of Brenier [13]. In the
nonsingular case, where the diagonal may be reinserted, the modulated energy coincides with the
square of what is known in the statistics literature as maximum mean discrepancy (MMD) [58,
59, 60], a type of integral probability metric [110]. MMDs for varying choices of kernels are widely
used in statistics and machine learning contexts as distances between probability measures (see,
e.g., [81, 93, 108]).

An essential point in this comparison is to control derivatives of Fy along a transport v : RY —
RY, i.e. the quantities

dn
a t:OFN((]I + tv)@N(XN)7 (I + tv)#pu)

5 [ V) s (0la) o)y ), (13)

(R4)2\A
where T : RY — RY is the identity, (I + tv)®N(Xy) = (21 + tv(x1),..., 25 + tv(zy)), and :
denotes the inner product between the tensors. Here, V®" denotes the n-tensor with components
(0)aed)-

For applications to the mean-field limit, v is the velocity field of the limiting dynamics as
N — oo. For applications to central limit theorems (CLTs) for the fluctuations (the next-order
description), v is the gradient of a test function evolved along the adjoint linearized mean-field
flow [27, 86], and these inequalities are at the core of the “transport” approach to fluctuations of
canonical Gibbs ensembles [5, 98, 115, 139] (cf. loop/Dyson—Schwinger equations in random matrix
theory, e.g. [4, 9, 10]).

The desired control is a functional inequality of the form

|(13)| S 01<FN(XN,,U) + CQN_Q), (14)

where a € (0, 0] depends on d, g, C; > 0 is a constant depending on d, g, n, v, and Co > 0 depends
on d,n,g, u. As observed in [121], the expressions (1.3) may be viewed as the quadratic form of
a commutator, akin to the famous Calderén commutator [24, 30, 31, 137]. Indeed, ignoring the
exclusion of the diagonal,

00 =00 Vg @)ty = 1. [0 Ve (15)
where (-, )72 denotes the L? inner product. For this reason, estimates of the form (1.4) are called
commutator estimates. The expressions (1.3) also have a stress-energy tensor structure, a point on
which we elaborate in Section 2.1.

The discussion so far has concerned a general (conditionally) positive definite kernel g. To have
any hope of showing a functional inequality of the form (1.4), one needs to impose some assumptions
on g. Of particular interest and relevance for applications are singular interactions, model examples
of which are the log/Riesz potentials' given by

Lo -y, s#0

1.6
—log|z —yl, s=0. (1.6)

g(z,y) =glz —y) = {
We consider any dimension d > 1 and assume that —2 < s < d. Up to a normalizing constant
C4,s, the potential g is the fundamental solution of the fractional Laplacian (—A)T = V|4, e
|V|d—sg = Cd,s60. The cases 0 <s < d and —2 < s < 0 are respectively referred to as the singular

and nonsingular regimes because of the behavior of g at the origin. The restriction s > —2 is natural

1The log case being the s — 0 limit of the Riesz case, the term “Riesz” will always include the log case.
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because the Riesz potential ceases to be conditionally positive definite at s = —2.2 The restriction
to the potential regime s < d, in which g is locally integrable, is to exclude the hypersingular
case, which is not of the mean-field type considered in this paper (e.g. see [72, 73]). The case
s = d — 2 corresponds to the classical Coulomb potential from electrostatics/gravitation. Based on
this threshold, it is convenient to call the interaction sub-Coulomb if s < d — 2 and super-Coulomb
if s > d — 2. More generally, long-range interactions of the form (1.6) play an important role
in physics [36], approximation theory [8], and machine learning [1, 65, 80, 81], just to list a few
areas. Motivations for considering systems of the form (3.1) are extensively reviewed in the lecture
notes [140].

Specializing to Riesz potentials and focusing on the first-order n = 1 case, the control (1.4) was
first proved by Leblé and Serfaty [98] in the 2D Coulomb case, then generalized by Serfaty to the
super-Coulomb case [138]. The proof relied on the identification of the aforementioned stress-energy
tensor structure in (1.3) and using integration by parts. Subsequently, the author [121] used the
commutator structure in (1.3) to give a new proof in the Coulomb case. This commutator perspec-
tive was then used together with Q.H. Nguyen and Serfaty [112] to show the desired functional
inequality for the full singular regime as well as a broader class of Riesz-type interactions including
Lennard—Jones-type potentials. The argument of [112] has also been extended to the nonsingular
regime in the joint work [132] with Slepcev and Wang. As recognized in [131], the stress-energy
and commutator perspectives are in fact two sides of the same coin. These functional inequalities
are crucial not only for proving CLTs for fluctuations of Riesz gases [98, 115, 139], but also for
deriving mean-field limits [33, 112, 118, 123, 124, 131, 138] and large deviation principles [82].
They have also been used to show the joint classical and mean-field limits for quantum systems of
particles [52], and the supercritical mean-field limits of classical [69, 106, 125, 129] and quantum
systems of particles [117, 122]. The reader will see two applications, mean-field and supercritical
mean-field limits, below.

The main problem for these functional inequalities has been to determine the optimal size of
the additive error, i.e. the exponent « in (1.4), which a priori depends on d and s. In formulating
optimality, the appropriate comparison is with the minimal size of Fn (X, p). When 0 <'s < d, it

is known that F(Xy, ) + 26Wile=)q > _c||ul|i .Ni-1 for C = C(d,s) > 0 and this lower

bound is sharp [84, 131]. The log term in the s = 0 case is not an additive error like Hu||§(X,N5*1, but

rather the right quantity to consider is F(Xy, p) + %1520. In controlling the magnitude
of (1.3), one needs a right-hand side which is also nonnegative. Thus, the best error one may hope
for is of size N3~'. When —2 < s < 0, the modulated energy is nonnegative (it is a squared MMD
as mentioned above), and its minimal value is oc N@~! [83]. Moreover, the functional inequality
holds without additive error because the interaction is nonsingular [132].

Only very recently has the program to show the sharp Na~! error rate been completed by the
author and collaborators: first, the Coulomb case [98, 125, 139], then the entire (super-)Coulomb
case [131], and finally the entire singular Riesz case [84]. The completion of this program has yielded
the sharp rates of convergence for the mean-field limit in the modulated energy distance, as well as
rates for supercritical mean-field limits under optimal scaling assumptions. It has also been crucial
for studying fluctuations around the mean-field limit in and out of thermal equilibrium [86, 98,
115, 120, 126, 139).

In the remainder of this paper, we describe the results and applications advertised in the pre-
ceding discussion. The body is organized as follows. In Section 2, we present our sharp commutator
estimates in the form of Theorem 2.1, discuss their proof (Sections 2.1 and 2.2), followed by local-
ized and higher-order variants Theorems 2.5 and 2.6 (Section 2.3), and conclude with a discussion
of transport regularity and defective estimates (Section 2.4). In Section 3, we turn to mean-field
limits, recalling the background and main result Theorem 3.1 (Sections 3.1 and 3.2), and then
explaining the role of commutator estimates and modulated energy in the proof of Theorem 3.1
(Section 3.3), including the regularity assumptions (Section 3.4), and end with some comments on
the positive-temperature generalization known as modulated free energy (Section 3.5). Finally, Sec-
tion 4 is devoted to supercritical mean-field limits: we review the combined mean-field /quasineutral

2We say that a kernel k : R4 x RY — R is conditionally positive definite (CPD) iff for any signed Borel measure
p with zero mass, it holds that \[(Rd)? k(z,y)dp(x)dp(y) > 0.
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regime (Section 4.1); discuss scaling assumptions and prior work (Section 4.3); present an infor-
mal version of the main result Theorem 4.1 (Section 4.5); outline the method of proof; and close
with comments on optimality (Section 4.6) and extensions to the sub-Coulomb (Section 4.7) and
non-monokinetic regimes (Section 4.8).
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2. Commutator estimates

We elaborate on the commutator estimates for Riesz potentials highlighted in the introduction. To
compactify the notation, given a point configuration X, reference measure u, vector field v, and
n € N, let us write

N ®2
AnlXn, p,v] = /(Rd)2\A Ve(r —y) - (v(z) —v(y))d (;, Z Oz — u) (z,9). (2.1)

Summarizing the state of the art for global, first-order commutator estimates is the following
theorem, combining the results of [84, 112, 127, 131, 132]. In particular, taking p = oo in (2.4),
(2.5) below yields the announced sharp Né~! additive error. As commented above, there is no
additive error in the nonsingular case (2.7). Comparing the sub-Coulomb estimates (2.5) and (2.6),
the transport regularity in the latter is optimal even though its additive error is not, while the
additive error in the former is optimal even though the transport regularity is not. We discuss
this point more in Section 2.4. Later, in Section 2.3, we discuss generalizations of Theorem 2.1 to
localized and higher-order commutators.

Theorem 2.1. Let —2 <s <d. Let p € L' N L? for ;8- < p < oo with [pqdp =1, and associated
to u, define the length scales

= (Nlpllze) ™, (2.2)

1

ko= (NFT ||l 10) 7, (2.3)

When —2 <'s <0, assume that f(]Rd)2 lgl(z — y)d|u|®? < co to ensure that the modulated energy is

finite. Let v be a Lipschitz vector field. Then for any pairwise distinct point configuration Xy €
(ROHN | the following hold.
[131] If s > max(0,d — 2), then

lo )\ —1
A (X ]| < O Vo]~ (FN<XN,M>— A o+ Gyl o™ ) (2.4)

[84] If 0 < s < d — 2, then for any a € (d,d + 2),
IAl [XNvlf(‘aUH

2 log/\ A=)
< C(IVollzee +IVIZ0ll| 29 Tas2){ Py (Xwv, 1) = 5 Lsm0 + Cpllpllze A , (29)
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[112, 127] and for any d_‘sj_l <p < o0,

AuXn, p0]] < C(IVollw + 91T 0l Toca2)
1)

x(FN<XN,M>+OP||M||M"“’£ (1~ (log k) 1e=o) ). (2.6)

[132] If —2 < s < 0, then

A1 ]| < O IVl + V1T 0l ao Tocqa ) Fav(X, 1) (2.7)

In all cases, the constant C' > 0 depends only on d,s and the constants C,,C, > 0 additionally
depend on a,p, respectively.

Remark 2.2. Here, optimality is understood in the “worst case” sense, i.e. that there exists a point
configuration Xy that achieves the bound. This should be contrasted with the “average” sense,
where Xy ~ fn € P((RY)YN) and one estimates Ex 7y [|(1.3)]]. It is well-known that averaging
may produce smaller errors. For instance, if fx ~ p®V (i.e. p-iid), then Ex oy [/(1.3)]] &= N7
More generally, one can prove high-temperature/entropic commutator estimates for bounded inter-
actions [90, 102] and even some Riesz cases [37].

Remark 2.3. Theorem 2.1 (and its proof) hold mutatis mutandis on the flat torus T¢ where g is
now taken to be the solution of |V|¢~g = cq (6o — 1).

Given a measure v with density in S(RY) and fRd dv = 1, letting f = v — u, we can find a
sequence of pairwise distinct point configurations X such that, as N — oo,

o) = 5 [ e =)@ Sty = ST (28)
and Ay [ Xy, g, v] =
5 [ Vel —y) (@)~ o) f@ fwdrdy = S [0 VIV L (29)

(R4)2
Thus, a commutator estimate with an additive error involving the singular centered measure
% Zfil 0y, — p implies a commutator estimate without an additive error for the regular cen-
tered measure f. More precisely, Theorem 2.1 implies the following standard or unrenormalized
commutator estimate (see [112, Proposition 3.1]).

Proposition 2.4. Letd > 1 and —2 < s < d. Then there exists C' > 0, depending only on d and
s, such that for all f,g € S(RY),® we have

’/Rd)2 () - Ve(z - )f(%‘)g(y)dxdy‘

< C(IVollzw + V1T 0l 2 Locaz) IF1], 2

In fact, as we describe below, the philosophy of [112, 121, 131], and to a more implicit degree [39,
98, 138, 139], proceeds in the reverse order: first show the unrenormalized commutator estimate of
Proposition 2.4, then combine it with a renormalization procedure to allow for the irregular test

(2.10)

measure % vazl 0z,- It is this renormalization step, which is the most technically involved part
of the proof, that leads to the additive N-dependent errors in the singular case 0 < s < d. For
this reason, the estimates (2.4), (2.5), (2.6) are sometimes referred to as renormalized commutator
estimates to distinguish them from the unrenormalized estimate (2.10). In the nonsingular case
—2 < s < 0, no renormalization is necessary, and one can apply a commutator estimate directly,
leading to the absence of additive errors in (2.7).

We will only discuss the proofs of the (super-)Coulomb estimate (2.4) (Section 2.1) and the sub-
Coulomb estimate (2.5) (Section 2.2), as these are two sharp, singular cases. The reader interested
in the proof of the nonsharp sub-Coulomb estimate (2.6) may consult [112]. The estimate (2.7),
shown in [132], follows from a straightforward extension of the method of [112].

. d
3If s = 0, then we implicitly assume f, g are zero-mean to avoid the low-frequency divergence in H™ 2.

VII-5



2.1. Coulomb/super-Coulomb case

Following the chronology of the literature, we start with the (super-)Coulomb case s > max(0,d—2)
as considered in [131].

As in prior works [39, 98, 138], the starting point is the electric reformulation of the modulated
energy (1.2) as a (renormalized) version of the energy

/Rd IVhnl?, by =g (un — p), (2.11)

where hy denotes the electric potential and as before, py is the empirical measure. This re-
formulation is valid for the Coulomb case. In the super-Coulomb case, we may instead use the
Caffarelli-Silvestre extension procedure [22]. It allows to view g as the kernel of a local operator
—V - (]#|"V:) and replace (2.11) by the same quantity with weight |z|7, once working in the ex-
tended space R4*!, with z being the (d + 1)-th variable. The fact that such a procedure is not
available in the same way if s < d — 2 (one has to consider Dirichlet-type energies with higher
derivatives; see, e.g., [32, 148]) is what restricts us so far to the range s > d — 2.

The key to the proof of inequalities such as (2.4) was the observation of a stress-energy tensor
structure in the left-hand side. More precisely, letting

(Th)ij = 26lh8jh - |Vh|25m (2.12)
denote the stress-energy tensor (from classical mechanics or calculus of variations) associated to
h, it is well-known that if h is smooth enough, then

V - T, = 2VhAR, (2.13)

where the divergence may be taken with respect either rows or columns, as the tensor is symmet-
ric. Ignoring the question of the diagonal in (1.2), the main point is that in the Coulomb case,
using (2.13), one may rewrite the left-hand side of (2.4) after desymmetrization as

2 1
2/ v(z) - Ve(z —y) d(uy — ) = — / v-VhyAhy = — / vV -Thy. (2.14)
(Rd)2 Cd,s JRd Cd,s JRd

An integration by parts then allows to formally conclude, since [pu [Thy| < [go [VAn|?, which is
the energy. The preceding reasoning is purely formal because |Vhy|? diverges near each point
of the configurations (this is related to the diagonal excision), and this computation needs to be
properly renormalized, which is the main technical roadblock in the proof. Things work the same
in the Riesz case, after extending the space and adding the appropriate weight. We refer to [131,
Section 3] for the details.

Considering a pure stress-tensor approach to the proof of higher-order estimates (2.38) for
n > 2, it is unclear that an algebraic manipulation like (2.14) can be found, leading to delicate
proofs in [98, 139] which do not seem extendable to n > 3. In [131], we are able to exhibit a
suitable, albeit more complicated, stress-tensor structure in the higher-order variations (1.3). This
structure requires us to consider not just the electric potential iy, but also iterated commutators
of it. Let us describe this more precisely at first order in the Coulomb case. We will discuss the
higher commutators later in Section 2.3.

Given a measure f in RY of integral 0 (think of f = uy — p), b/ = g f its Coulomb potential,
and a vector-field v, we define the first commutator of h' as

K (x) = /Rd Ve(z —y) - (v(z) —v(y)df(y)- (2.15)
It is a commutator because it can be rewritten as
il =g« (V- (f)+v-Vgxf=—-hV") 4y VS (2.16)

In fact, the commutator xf is intimately tied to the stress-tensor itself, via the relation (2.14),
which can be rewritten in general as

2cd75/ /ffdw:cd,s/ nfdw+cd75/ n“’df:—/ vV - [VRI, VhY]
Rd Rd Rd Rd

= / Vo [VAS, VA", (2.17)
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where
[Vh!,VR"] = 8ih 8;h" + O;h 0;h — VRS - V6, (2.18)
is the bilinear generalization of the stress-energy tensor T}, from (2.12), which we note is symmetric.
Considered separately, each term in the definition of the function 7 is one derivative less regular

than h'; however thanks to its commutator structure, some compensation happens. By choosing
w = —%Aﬁf , integrating by parts on the left-hand side, and using Cauchy—Schwarz on the

right-hand side, we can show the H' control
/ V! |2 < OHV@HLOO/ VhI 2. (2.19)
Rd supp Vv

Compared to classical proofs of commutator estimates via paraproducts, the proof of (2.19) is
remarkably simple, thanks to the use of the stress tensor. Moreover, the right-hand side is localized
to the support of the transport, something not evidently obtainable with classical proofs.

2.2. sub-Coulomb case

We now discuss the sub-Coulomb case s < d — 2 following the later work [84] joint with Hess-Childs
and Serfaty. In fact, the cited work gives a new proof for the full Riesz case 0 < s < d, but the
estimates are worse in the (super-)Coulomb case in terms of their transport regularity assumptions.
We comment more on this point in Section 2.4.
There are two main ingredients in the proof: (1) a new potential truncation scheme based on an
integral representation of the Riesz potential and (2) commutator estimates of Kato—Ponce type.
The starting point for the first ingredient is the identity

dt
- (2.20)

oo
YV #0, g(x) = c¢,d,s/0 975, ()
where ¢ is any sufficiently nice radial function with nonnegative Fourier transform QAS >0, ¢(x) =
t=d¢(x/t), and C¢.d,s depends on ¢,d,s. In the log case s = 0, the integral has to be renormalized
at large scales to obtain a convergent expression due to the fact that log|z| does not decay at
infinity. The reader may consult [84, Section 2] for precise assumptions ensuring the validity of the
identity. The formula, which is a consequence of scaling, expresses that the Riesz potential is a
weighted average of the family of approximate identities {¢; };~0. In [134, Chapter 6], Rubin refers
to this as a “wavelet type representation.” The identity (2.20) may also be understood in terms of
the scaling/inversion properties of Mellin transforms [49, Appendix B].
The utility of the representation (2.20) is that it conveniently allows us to truncate the singularity
of the Riesz potential simply by cutting off the integral for small ¢. More precisely, given a scale
n > 0, we define the truncated potential

dt

£0(2) = Cpas / 1)

n

(2.21)

The truncated potential has several important properties that are crucial to the analysis (see [84,
Lemma 2.1] for all of the properties of g,):

(1) While g is singular at the origin, g, is finite and bounded by g(n).
(2) g, is a positive definite kernel (i.e. repulsive, or with nonnegative Fourier transform).
(3) gy < g and the difference g — g, decays rapidly at scale n outside the ball B(0,7).

Without using the representation (2.20), it is not easy to construct a truncation g, satisfying all
of the three requirements at once, and a standard mollification procedure fails to do so. Moreover,
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the choice of ¢ will require care. Thanks to these properties, splitting Fy (X, 1) into

1 1 & .
Fn(Xn,p) = 5 /(Rd)2 gy(z — Z/)d<N Z‘Smi - H)
i=1

1 1 & ’ (0)

&n
+ x d E O, . (2.22
2/( ayn, (8 — &n)( Y) <N 20 .u> ON ( )

where the diagonal can be reinserted in the first integral up to the well-controlled last term on
the second line, we easily obtain two sets of controls by Fy. The first is on the first term on the
right-hand side, which is nonnegative (thanks to the repulsive nature of g, ) and is the square of
a genuine MMD. The second is a control on the second term on the right-hand side which, up to
well-controlled additive error terms, is also nonnegative and, thanks to properties of g, controls
ﬁ Do 2 g(x; — x;), i.e., the interaction energy coming from particle interactions at small scales.

See [84, Proposition 2.11] for the precise statements of these controls. The former control allows

to show in [84, Proposition 2.15] that the modulated energy controls the squared inhomogeneous

Sobolev norm || +; ZZJ\LI O, _u”iI*LE’ for any £ > 0, up to O(A4~*) error (i.e. coercivity). Choosing
2

n o< N=1/¢ (the microscale), the latter control allows to bound in terms of the modulated energy
the interaction energy due to nearest neighbors at the microscale, a fortiori bounding the number of
points with nearest-neighbor distance below the microscale, see [84, Corollary 2.14]. Let us mention
that the potential truncation introduced here plays a key role in our forthcoming work [83] on
optimal quantization via MMDs with kernels having power law-type spectra (e.g. Riesz).

In contrast to [112, 116, 131, 138], there is no need to consider a smearing/regularizing of the
charges d,,, nor to use smearing radii that are point-dependent and configuration-dependent; we
only need to consider the truncated potential g,. In these previous works, the strategy behind
an estimate of the form in Theorem 2.1 is to first prove an estimate valid when the diagonal is
reinserted and % Zf\il 05, — p is replaced by a more regular distribution f. One then reduces to
this regular setting by replacing the point charges d,, by smeared charges 5;?” and estimating the
error from this replacement, the so-called renormalization step. Important to implementing the
renormalization is to show that the modulated energy controls both the potential energy of the
difference & SN 5" — i and the small-scale interactions.

The strategy in [84] differs crucially in two regards. First, rather than regularize % Ef\il Op; — 4
through smearing, we regularize g through the truncation g,.* Second, to prove an estimate for
g, we use the definition (2.21) to reduce to proving estimates for

N ®2
/(Rd)z(v(l‘) —v(y)) - v¢(x ; y)d(;f ;53;1 - #) (z,9), t € (0,00), (2.23)

d—sdt
et

which we integrate over (1, 00) with respect to the measure . Provided the dependence on v
in our estimate is scale-invariant, this reduces to proving an estimate for t = 1.

We now come to the second main ingredient of our proof. The identity (2.20) is valid for a large
class of scaling functions ¢, but not all choices of ¢ will yield the desired estimate. Indeed, it is a
elementary Fourier computation that no estimate of the form

|, 0@ o) Vo - @i <C, [ de-pf@iw) (220
(Re)2 (R4)2

can hold when (E decays super-polynomially (e.g. Gaussian). It turns out that a good choice for ¢ is
a Bessel potential, i.e. qAﬁ(f ) = (2n&) 72, which is the kernel of the inhomogeneous Fourier multiplier
(V)2, where we use the Japanese bracket notation (x)® := (1 + |z|?)*/? for a € R and x € RY. The
Bessel potential is a screening of the Riesz potential which preserves its local behavior at the origin
but avoids the issues at low frequency that lead to the slow spatial decay of the Riesz potential.
Setting h := ¢ % f and using that (V)2h = f, the choice of Bessel potential reduces to proving a

4The work [18] also directly regularized the interaction g at small length scales. However, the procedure in that
work is completely different than in [84], limited to the spatially periodic setting, and does not yield optimal error
estimates.
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product rule for (V)2/2. Such product rules are known as Kato-Ponce estimates in the harmonic

analysis literature on account of their origins [91]. This is the content of [84, Proposition 3.1], which
is the main technical lemma. Here, we rely on commutator estimates of Li [101], as well as a local
representation of fractional powers (V)#/2 via dimension extension (see [84, Section 3]), analogous
to the representation for the fractional Laplacian popularized by Caffarelli and Silvestre [22].

The parameter a for the Bessel potential is subject to constraints. We need a > d, so that ¢
is continuous, bounded. On the other hand, if a is too large, then we will not be able to obtain
an estimate whose dependence on v scales properly. This leads to the constraint a < d + 2. Even
with the constraints on a, it is somewhat remarkable that an intermediate inhomogeneous estimate
allows for a homogeneous estimate in the end.

The identity (2.20) itself suggests a class of potentials beyond the exact Riesz case by replacing
the function t4~* with a general function of ¢ that is pointwise controlled above and below by t4%.
We call these Riesz-type potentials. The reader may find their proper definition in [84, Section 2.2]
and should compare this class with the related, but different, class of Riesz-type potentials previ-
ously introduced in [112]. In fact, the estimate Theorem 2.1(2.5) is obtained as a special case of a
more general functional inequality for Riesz-type potentials (see [84, Theorem 4.1]).

2.3. Localized and higher-order estimates

Having discussed first-order estimates, let us now see how to obtain the second- and higher-order,
possibly localized, estimates using stress-tensor and commutator structures, following [131]. The
results discussed in this subsection are limited to the (super-)Coulomb case. It is unclear how to
obtain (sharp) higher-order estimates in the sub-Coulomb case with the method of [84]. For more
discussion on this problem, see [84, Section 1.5] or [84, Sections 5.2, 5.3].

Ignoring the question of renormalization, and sticking to the Coulomb case, we have seen
in (2.14) (combining with (1.3)) that the first variation of the modulated energy along the transport
map I+ tv is

1
2¢qs

/ v-V . T de = / Vo : T de. (2.25)
R¢ R¢

To compute the second variation of the modulated energy, we thus need to compute the first
variation of div T}, when again px and p are pushed forward by I+ tv. In view of the expression
for T, in (2.12), it suffices to compute the derivative of hl; (with obvious notation) at ¢ = 0, and
since hy = g * (uny — 1), the definition of the push-forward yields that

4
dt

2¢qs

Ry = —g* (div(v(puy — p)) = —hIVEEN=0) — grn = _ 4 Fhy, (2.26)
t=0

after using (2.16). The L? norm of the gradient of this expression is one derivative more singular
than the energy [oq [Vhn|?. Still with f = py — p, inserting (2.26) into the variation of (2.25),
we can decompose the second-order variation as

1
Cd,s JRd

Thanks to the H' estimate (2.19) for the commutator &/, the first term on the right-hand side
can be directly controlled by C,, [ |Vhx|? as desired, while the second one can be transformed into
similarly controllable terms (albeit C, is now quadratic in v and depends on v, V®?v) by means of
integration by parts of the advection operator v - V.

This argument can then be iterated at next order by introducing the family of n-th order
commutators £(9-F = hf and

007+ ([Vhn, VK| — [Vhy, V(v - Vhy)]). (2.27)

R = Ve ) s (v(e) — o) df (), (228)
together with “transported” commutators
wT = [ Ve =y t(y) : (v) — o)), (2.29)
and observing the elegant recursive formula
8tn§n)’f = m§”“)*f —v- Vfi,(fn)’f, (2.30)
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where t is the same parameter as in the transport map I+ twv. In other words, the high-order “time-
dependent” commutators K,E”)’f satisfy a hierarchy of transport equations with a source coupling
the (n+1)-th order commutator to the n-th order commutator. An iteration of the same argument

as for (2.19) using this recursion allows to prove the estimate

V™2 < 0, VK2, (2.31)
Rd supp Vv

valid for general functions f such that the right-hand side is finite, with the constant C, now being

n-linear in v and involving derivatives up to order n of v. One can see the relation (2.31) as an

L2-based regularity theory for arbitrary-order commautators.

The discussion so far has been limited to the Coulomb case, the complete details of which are
presented in [131, Appendix A]. In generalizing to the Riesz case s # d—1,d — 2, we run into issues.
The vector field v may be trivially extended to RIt* with k = 1 if s > d — 2, by fixing the last
component to zero, g may be trivially extended through radial symmetry, and all distributions f on
RY viewed as living on the boundary RY x {0}. Consequently, x("-f may be viewed as a function
on R4k, Going through the computations above, all integrals f]Rd should be replaced fRd w2
where ¥ = s+ 2 —d — k. The obstruction lies in obtaining the L? gradient bound (2.31) by duality.

Setting L = —div(|z["V"), we would like to take w = iLli(”)’f i foe £y and then

integrate by parts to conclude an estimate for [pq,. |2|7|V k(™) f|2. However, this choice for w is a
priori not supported on RYx {0}*. If supp ¢ ¢ R x {0}¥, it is not necessarily true that g+ Lo = cq .59,
for a test function ¢ on R4tk unless v = 0. This forces us to come up with a new approach.

The starting point is the observation Lg = cq4 s6o in R*, which underlies the Caffarelli-Silvestre
representation of the fractional Laplacian as a degenerate elliptic operator in R4t%. From this
observation, it follows that ™/ satisfies the equation

LT = cqo(=1)" > 05, 0"+ 0y, v Flpay oy — (|2 00 - ")

oES,
—n|z| 0w - d;v VT fn(n — 1)|2]7(8;0)%2 : "D (2.32)

where S,, denotes the symmetric group on [n] and a repeated index denotes summation over that
index. In the right-hand side, v is a vector field on RITK that “morally” is like V&™) while
@ is a symmetric matrix field on Rtk that morally is like V&2, (see [131, (4.12), (4.14)]
respectively, for the precise definitions). The right-hand side of (2.32) is good because it only
depends on lower-order (i.e. n — 1, n — 2) commutators. Following the standard method for the L?
regularity of elliptic equations, we want to obtain an estimate for [5q, |2|Y|V£(™:/|2 by testing the
equation (2.32) against x(":F and using an induction hypothesis that will guarantee good bounds
on the lower order commutators and their derivatives. There is however a difficulty involving the
nondivergence form of the right-hand side of (2.32) and L? estimates for ")/ (see the beginning
of [131, Section 4.1] for elaboration), which requires the use of a Poincaré inequality when n > 3
and yields an estimate that deteriorates when ¢, the size of the support of v, gets large.

As a result, when suppv is not compact, which is not the case for the aforementioned CLT
application, this approach does not work, and the right-hand side of (2.38) is infinite. However,
obtaining unlocalized L? commutator estimates is much easier and may be done following the
method of [112]: integration by parts and the difference quotient characterization of the Sobolev
seminorm =" when s > d —2, and the L? boundedness of Calderén d-commutators when s = d—2.

For the precise statements of the results described above, we refer the reader to [131, Theo-
rem 4.1] (and more generally, Section 4.1), which is our omnibus L? regularity estimate for com-
mutators.

This discussion has so far left aside the question of renormalization, which is that of dealing
with the singularities of the Dirac masses in hy, and which is arguably the most delicate part
of the analysis. As mentioned in Section 2.1 for the first-order estimates, the renormalization is
handled as in [138] and subsequent works via a charge smearing and potential truncation at a
lengthscale crucially depending on each point x; and proportional to its nearest-neighbor distance.
The renormalization in the n > 2 case is much more delicate, occupying the largest part of the
paper and requiring several innovations.
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First, replacing the Diracs in the left-hand side of (2.38) by their smearings 55;:”) will not allow us

to apply our unrenormalized commutator estimate unless s = d—2 because (10ra» {03« — % Zi\il 59(;31')

is not supported on RY x {0}*. To overcome this difficulty, we introduce a new smearing pg:”),

obtained simply by mollifying the Dirac in RY, and estimate the electric energy difference of the two
regularizations in terms of the modulated energy. We can then directly apply our L? commutator
bound to p— % ﬁil iji). A novelty compared to previous work is that we will choose the mollifier
to have vanishing moments up to high enough order in order to obtain optimal error rates. For the
details of the described construction and estimates, see [131, Section 5.1].

Second, to handle the error from this smearing, we establish an L°°-based regularity theory for
commutators (see [131, Sections 4.5-4.6]), which shows that the L> norm of “horizontal” derivatives
V&M g:f where V, = (01,...,04), restricted to arbitrarily small balls can be estimated in
terms of the L? norm of Vk(™:f in a double ball. Commutator estimates do not typically allow
such localization, and therefore this result may be of independent interest. The proof relies on
regularity theory for second-order divergence-form elliptic operators with A, weights a la Fabes et
al. [45] in the extended space RYt* which, by the Caffarelli-Silvestre extension, may be viewed
as a regularity theory for the fractional Laplacian. The proof also crucially uses the commutator
structure in the form of equation (2.32) for Lx(")/ along with recursions for x-f v/ and
p(™:f When ¢ = 1, this local regularity theory may be avoided with cruder estimates, which have
the benefit of requiring less regularity on the vector field v. However, when ¢ < 1, these cruder
estimates give errors that scale sub-optimally.

Third, we improve truncation errors estimates from [138], obtaining the optimal dependence on
, and show new localizable mesoscale interaction energy estimates, which generalize those of [139]
to the Riesz case. See [131, Sections 2.2-2.3].

The complete details of the renormalization step may be found in [131, Section 5.2] and more
generally, Section 5 of the cited work. Having discussed the proof strategy and main innovations,
we conclude this subsection with statements of the main results.

The first theorem is a global estimate, which does not require any localization of the vector field
v. The additive error term is A4~ oc (N ~1+%), which is the announced optimal estimate. Compared
to the localized estimate (2.38) below, the regularity requirement for v is not dependent on the
order n of the commutator. As the reader may check, if s > d — 1, we only need ||Vv||p~ (m = 0)
to achieve the sharp error \475. If d — 2 < s < d — 1, then we also need ||[V®2v| = (m = 1). If
s =d — 2, then we additionally need ||V®3v||L~ (m = 2).

Theorem 2.5 (Global estimates). There exists a constant C > 0 depending only d,s such that
the following holds. Let p € L'(RY) N L>®(RY) with [pep = 1. If s < 0, suppose further that
f(Rd)2 lg(z — y)|d|u|®? < co. Let v : RY — RY be a Lipschitz vector field, suppose that A < 1,

where X\ = (N||,uHLoc(]Rd))’%. For any integers m > 0 and n > 1, there exists a constant C > 0

depending only d,s, m,n such that the following holds. Let v : RY — RY be a C™! vector field. For
any pairwise distinct configuration Xy € (RHY | we have

log A

An X 10 < COIVlL)" (Fov (v ) = (S

)10+ ClluflzX**)

m+1 q

log A
+C Z ZD'U,q,T Am,—i—l + )\m-l-l—q (FN(XNa,u) _ (%)15:0 + C||M||L9°/\d_s)
qg=1 r=0
1, s+q#d
+ Amtl .

ez {log(l/)\), st+qg=d

([l Loe X457, s+q>d

AN e (1= X757 4 lpllpr, s+g<d |, (2:33)
[[pell o log(L/A) + llpll e, s+q=d
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where

Dy g = > IVE 0] e -+ [ VO oo [ V0l[7 (2.34)

1<cy,...,cr
c1+-tcr=m+1—(q—r)

In studying the fluctuations of Coulomb/Riesz gases on mesoscopic lengths N~1/¢ <« ¢ <« 1,
it is crucial that commutator estimates admit a local form, in which the right-hand side can be
expressed in terms of the modulated energy restricted to the region where v is supported (up
to boundary errors). Such estimates are key analytic input to the transport method for proving
CLTs [98, 115, 139] (see [140, Part 3] for a consolidated treatment).

Our second theorem is a localized generalization of Theorem 2.1, as well as a higher-order
version. Now, the modulated energy on the right-hand side is localized to a region comparable
to the support of v and the estimate scales with the diameter of the support. The additive error
term is in N='X\97% oc (N~2+3) per point, which is optimal. However, the error now depends on
higher-order derivatives of v and deteriorates when the size of the support of v gets large. We
mention that Theorem 2.6 was an important component to the recent work [115] of Peilen and
Serfaty on the fluctuations of super-Coulomb Riesz gases.

To formulate the result, let Q C RY, meant to represent suppv. Associated to €, define the
microscopic length scale

A= (N||H||Lao(ﬂ))7%7 (2.35)

which can be thought of as the typical inter-particle distance, and define 0= {z : dist(z, Q) < %/\}.
We will use ¢ to denote the typical size of Q (or of supp v), which may also depend on N and whose
only constraint is to remain larger than the microscopic scale A. Finally, we let Iq .= {1 <i < N :
x; € Q} and use # to denote the cardinality of a finite set.

Theorem 2.6 (Localized estimates). There erxists a constant C > 0 depending only d,s such
that the following holds. Let € L*(RY) N L>®(RY) with [pop = 1. If s < 0, suppose further that
f(Rd)2|g(a: —y)|d|p|®? < co. Let v : RY — RY be a Lipschitz vector field and Q be a closed set

containing a 2X\-neighborhood of supp Vv, where X is defined as in (2.35) and A < 1. For any
pairwise distinct configuration Xy € (RN, it holds that

(2.36)

[ALX N, 0] < CJ[ Vol (/
Q

~\d—
|z|7|VhN~|2+C#IQ”M|L°°(Q)>‘ s)
k 4 '

N

X [—2,0]

Here, hny is the truncated electric potential and ¥ = (r;)N., is the nearest-neighbor type distance
defined by

N
1 1
hng = N E_l g.(-—x) —g*p, g, =min(g,g(r)), r:= I min(r]n;ié? |z — ], )\), (2.37)

where we use the radial symmetry of g to abuse notation.

Suppose in addition that v € C?"~ b1 and that ' is a ball of radius ¢ containing a A\-neighboorhood
of suppv and 0 contains a 50-neighborhood of V',% where X, ¢ satisfy min(\,A/¢) < 3. For any
n > 2, we have

A X, 0] < C Y (EVE 0| oo )P S N~ e

p=0 1<et, Cn—p
n—p<ci+-+cn_p<2n

, , #lol|pll oo (@) A
X [V || - -+ [V 9| poo </ 2| Vhy el + C L=(€) . (2.38)
ok

Qx[—¢, N
where C' > 0 may depend on n and the summation of the c; is understood as vacuous when p =n.

Note that the estimate (2.38) does not allow to take Q2 = RY because that would mean ¢ = oo,
in which case the right-hand side is infinite. This is an unfortunate limitation of the result, one we

5For integer k > 0 and real o € [0,1], C*® denotes the inhomogeneous Holder space of k-times continuously
differentiable functions whose k-th derivative is a-Hoélder continuous.
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believe is technical. We refer the interested reader to [131, Section 4.1] and [84, Section 5.3] for a
discussion of the issue and possible ways to circumvent it.

Remark 2.7. While the conditions on Q,Q’, A may appear circular upon first read, it is indeed
possible for them to hold. See [131, Remark 1.4] for details.

2.4. Transport regularity and defective estimates

Besides the sharpness of the additive errors in these commutator estimates, discussed above, an-
other important question, which we recently considered in the joint work [84] with Hess-Childs and
Serfaty, is the optimal regularity assumption for the transport velocity v in the aforementioned
commutator estimates. Compared to the former, the latter question has received little attention in
the literature.

It is natural to ask whether the Lipschitz assumption on v may be weakened while still preserving
the scaling. For example, can ||Vvl||p~ be replaced by [|[Vv||saro? It is also unclear whether, in
the sub-Coulomb regime s < d — 2, the additional term of the form || |V|%v||L% is necessary and

how small the exponent a may be taken. By Sobolev embedding, |||V|%11||L27d2 < |V|%v|| 20 for
a— La/_

2(d 4+ 1) > a’ > a. Moreover, there is a gap between our two sub-Coulomb estimates (2.5), (2.6).

This regularity question is motivated by applications. It is a general principle in PDE that if
an equation has a scaling invariance, then a natural function space to study the equation is one
that is invariant under the equation’s scaling [92]. Such scaling-critical or scaling-invariant spaces
are expected to be thresholds for the well-posedness/ill-posedness of the equation along with other
phenomena, such as finite-time blowup vs. global existence.

When V¢ = 0, the reader may check that if i is a solution to the mean-field equation (3.3) with
B = oo, then fi(t, ) == au(bt, cx), for a,b,c > 0, is also a solution provided that bed=2~5 = a. Fixing
b =1 so that the solution lifespan is preserved under rescaling, yields the relation a = ¢#=275. For
1 < p < o0, the reader may check that

~ —s—2—4d
IFillze = 77275 |u) o, (2.39)

which implies that p = ﬁ is the scaling-critical exponent. Thus, the potential can be at most
Coulomb in order for there to be a critical LP space. More generally, letting W®? denote the
homogeneous Bessel potential (fractional Sobolev) space (see, e.g., [141, Section 3.3] or [53, Sec-
tion 1.3]), we see that WP is a critical space if and only if a = % + s+ 2 — d. Other scales of
function spaces, such as Holder-Zygmund spaces (see, e.g., [141, Section 4]), are also interesting
to consider as critical spaces.

When u € Wotst2—dp , for 1 < p < oo, some basic Fourier analysis shows that the associated
mean-field velocity v = MVg * p is in WHtle, Unfortunately, W5 TP does not embed into the

homogeneous Lipschitz space W1, If f € W%H’p, then one only has ||V f|lppmo < C||fHWA+1.p.
41,

Even when s +2 —d = k is an integer and taking p = oo, having p € W* does not imply
that v € W1, This is problematic because all of the commutator estimates of Theorem 2.1
feature ||Vv||p on the right-hand side. Thus, to show mean-field convergence when the mean-field
density u' belongs to the critical space, it would be desirable to have a commutator estimate with
a regularity assumption that is satisfied when u € Vb tst2-dn,

In [84], we showed that estimate (2.10) can fail if either of the vector field norms is weakened.
We also showed necessary conditions for analogous commutator estimates to hold for a broader
class of interaction potentials. In particular, the norm controlling v must involve enough derivatives
to compensate for the high-frequency decay of g. This demonstrates a more general principle of
regularity trade-off between the interaction and transport for commutator estimates. All of these
results, which may be found in [84, Section 3], are obtained through explicit counterexamples. Given
that the renormalized commutator estimates of Theorem 2.1 imply unrenormalized commutator
estimates, the problem reduces to showing counterexamples when % Zf\il 0z, — v is replaced by a
zero-mean Schwartz function.

The second contribution of [84], motivated by applications to mean-field convergence at scaling-
critical regularity, concerns substitutes for the functional inequality of Theorem 2.1 when consid-
ering the mean-field vector field v = MVg * p for i in a critical space. The results of the previous
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paragraph give a negative answer to the possibility of a commutator estimate holding in this case,
regardless of the size of the additive error. That said, a defective commutator estimate still holds,
by which we mean that there exists a locally integrable function p : [0,00) — [0, 00), called the
defect, such that for all € > 0,

A1, 0] < p(OC (Far(Xv, ) + CuN ™) + N (Fy (X, ) + CUNT), (2.40)

where a > 0, 5,7 > 0 and C,,C,,C,,, CL > 0 are constants depending on d,s and quantitatively
on norms of v, i, respectively. As we will explain later in Section 3.4, if p(¢) = O(|loge|) ase — 0T,
then a defective commutator estimate suffices to conclude an estimate for the modulated energy
that in turn implies mean-field convergence.

In [84, Theorem 2.6], we showed a new defective estimate with p(e) = O(|loge|?) for 6 €
(0,1). Previous work [123, 124] by the author, limited to the Coulomb case, had obtained a defect
corresponding to 8 = 1. This improvement is made possible by the celebrated Brezis—Wainger—
Hansson inequality [21, 71]: if 1 < p < 00, 1 < ¢ < 00, and ag > d, then

VEESE). e <Ol s, (1 +log"F* (1 " ”fW>> (2.41)

1Al 50

where C' = C(d,p,a,q) > 0. Remark that the exponent pp%l is sharp. Brezis and Wainger [21,
Theorem 1] first proved the estimate (2.41), which is a generalization of an earlier d = p =
2 inequality due to Brezis and Gallouét [20]. Independently, Hansson [71] proved an equivalent
inequality expressed in potential-theoretic language, and an alternative proof of (2.41) is also given
in [44]. The inequality (2.41) is a substitute for the false endpoint Sobolev embedding || f||r~ <

~

I/ ||ngp, except when d = p = 1. In some sense, it is also dual to the famous Trudinger-Moser
inequality [109, 144] (see [21, Theorem Al).

3. Mean-field limits

We transition to applications of Theorem 2.1, beginning with sharp rates of convergence for the
mean-field dynamics of Riesz gases. This section draws on the works [84, 84, 131] joint with Hess-
Childs and Serfaty.

3.1. Background and motivation

In recent years, the study of mean-field limits for interacting particle systems has seen significant
progress. A basic model is the first-order system

1 .
dat = ~ > MV.g(al,2h)dt — Vi(zl)dt +/2/pdW], i€ [N], (3.1)
1<j<N:j#i
where 8 € (0, 00] has the interpretation of inverse temperature, W1, ..., Wy are iid d-dimensional

Wiener processes, and the stochastic differential dW; is understood in the Itd sense. Here, g is an
interaction potential to be specified, and V! is a (possibly time-dependent) external field. M is a d xd
matrix with real entries that specifies the type of dynamics, with M = —I (gradient/dissipative)
and M antisymmetric (Hamiltonian/conservative) being the most common. We assume that

ME-€<0 VEeRd, (3.2)

which is a repulsivity assumption. One can check that our assumption (3.2) for M ensures that
the energy for (3.1) is almost surely (a.s.) nonincreasing, therefore if the particles are initially
separated, they a.s. remain separated for all time, so that there is a unique, global strong solution
to the system (3.1).

The mean-field limit refers to the convergence as N — oo of the empirical measure p associated
to a solution XY of the system (3.1). Assuming the initial points X% are such that u%, converges
to a sufficiently regular measure u°, a formal calculation leads one to expect that for ¢ > 0, ub;
converges to the solution of the mean-field equation
1

Opp = div((V — MVg * p)p) + 3

Ap. (3.3)
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Convergence of the empirical measure is qualitatively equivalent to propagation of molecular chaos
(see [50, 79] and references therein). This means that if f%(z1,...,zx) = Law(X%) is u-chaotic
(i.e. the k-point marginals fR., — (u°)®*¥ as N — oo for every fixed k), then fi = Law(X})
is pl-chaotic. There is also the stronger notion of generation of chaos, discussed in [130], which
expresses that f& becomes p'-chaotic as t — co.

Mean-field limits for systems of the form (3.1) have a long history, beginning with regular drifts
(typically, Lipschitz) [38, 142] and then progressing to increasingly more singular interactions over
the years. A proper review of this history is beyond the scope of these pages. The interested
reader may consult the survey [28], the lecture notes [50, 51, 87, 89, 140], and the introductions
of [112, 138]. Instead, we focus on the much more recent and challenging treatment of singular
interactions, specifically log/Riesz potentials, which we consider here under the same assumptions
as above, focusing on the zero temperature case 8 = oco. At the end, in Section 3.5, we comment
on the positive temperature case.

Mean-field convergence for the full range —2 < s < d has only been resolved in the last few years:
the nonsingular case —2 < s < 0 [132], the sub-Coulomb case s < d—2, [25, 75], the Coulomb/super-
Coulomb case d —2 <'s < d [6, 26, 39, 138], and the full singular case 0 < s < d [112]. These
advances are due in large part to the modulated-energy method, which we review in the next
subsection.

Other techniques, such as based on weighted estimates for hierarchies of cumulants or marginals,
can show propagation of chaos even for some Riesz interactions [15]. This approach is better
suited to the positive temperature/diffusive case, in contrast to our zero-temperature setting, where
stronger results are known [15, 16, 42]. Although unable to treat the full potential Riesz range,
these approaches do have advantages in terms of working for both first- and second-order dynamics,
are robust to the precise form of the interaction, and in some cases achieve sharp rates [85, 94, 95,
146], though for essentially at most log singularities. These results imply probabilistic statements
about the mean-field convergence rates, but they do not imply the deterministic convergence rates
obtainable with our methods.

3.2. Main results

The optimal rate of convergence as N — oo of the empirical measure u; to the solution u* of (3.3)
in the distance Fy is N@~1. The reason is that minimizers Xy of Riesz interaction energies with
a suitable confinement V in RY or on the flat torus are known to satisfy |Fx (X, v )| oc Ni—1
where py is the minimizer of the mean-field energy, called the equilibrium measure (see Section 4.1).
This has been shown for the (super-)Coulomb case [116, 133, 135, 136], the general singular case
0 <'s < d on the flat torus [74], and for the nonsingular case —2 <'s < 0 [83]. Since minimizers
are critical points of the energy, it follows that when V! = VV, they yield stationary solutions
of (3.1) with M = —I and 8 = oo. Similarly, py is a stationary solution of (3.3). Sharp rates
for the nonstationary case were only completely established recently: the Coulomb case [124, 139],
(super-)Coulomb case [131], full singular case [84], and the nonsingular case [132].

Theorem 3.1 below summarizes the state of the art for mean-field convergence (at zero temper-
ature) in the full potential Riesz case —2 < s < d with the sharp rate. The d — 2 <'s < d portion
is taken from [131], the 0 <'s < d — 2 portion from [84], and the —2 < s < 0 portion from [132].
Remark that there is no additive N~ error in the nonsingular case —2 < s < 0 because for
any suitable g, it has been shown that miny, Fx(Xy, ) oc N3~ in particular nonnegative.
As explained in the next subsection, the proof is a quick consequence of the by now standard
modulated-energy method and Theorem 2.1. Following the statement, we record some remarks on
the theorem’s assumptions and implications.

Theorem 3.1. Let g be of the form (1.6), and suppose that for some a € (d,d+2) and T > 0, V

satisfies

T
/ <||VVtLoo+|||V5VVt|| w1l aso +[|[VITV %1_2<5<0)dt<oo. (3.4)
0 L2 0<s<d—2 Ld-s
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Assume the equation (3.3) admits a solution u € L°([0,T],P(RY) N L>®(RY)) such that
f(Rd)2 lgl(x —y) d(/ﬁ)®2 < oo for every t € [0,T] and

da—

T
a d—s
N@h) = / <||Vut|Loo + ||\V\5ut||L a1 a>o +[[[V]7? u'|] 2 1_2<5<0>dt < 00,
0 2 0<s<d—2 Ld=s

where u' = —MVg * u* + V. (3.5)
There exists a constant C > 0, depending only on d, s, such that for any solution Xy of (3.1),

log(N|p* || =)

2Nd 15:0+C‘|Mt||i‘x’Na_l

t 1 N T oo s s
< CeNO Fy(XR %) + sup (Og( " )1s—o+0||uf||sz"1> . (36)
T€[0,t] 2Nd

FN(X}s\fa /-Lt) +

Consequently, if imn 00 Fn (X%, u0) =0, then phy, — pt for every t € [0, 7).
Remark 3.2. When V' = 0, the norm |||/ ~. Consequently,

<1og(N||/fLoo) _ log(NIx%]lz=~)

sup Lo+ Clul|f N1 (3.7)

T€[0,t]

T -1
2Nd 15:0+C||lu ||L°°Nd ) 2Nd

Remark 3.3. The reader may check that the above condition for V! = —ctz + ®!(z) is satisfied,
where fOT|ct|dt < 00, and fOT(||V<I>t||Loo + IV
tion (3.5) for pu' follows from a number of works of in the PDE literature. We refer to [138,

Section 1.3] for references in the (super-)Coulomb case and [84, Section 5.2] for direct verification
in the sub-Coulomb case.

Remark 3.4. By a standard argument (see, e.g., [138, Remark 3.7] or [127, Remark 1.5] for
details), Theorem 3.1 implies propagation of chaos for the system (3.1). However, this “global-to-
local” argument in general leads to a suboptimal rate [94].

%QDtHL% 1,52)dt < oco. The regularity assump-

3.3. Modulated energy and commutators

Since the empirical measure 'y associated with the microscopic system (3.1) is a weak solution of
the mean-field equation (3.3), a natural approach for showing mean-field convergence is a weak-
strong stability estimate for (3.3). For Riesz interactions, such stability is conveniently formulated
in terms of the modulated energy due to its coercivity, vanishing of the modulated energy metrizes
the convergence of ul; to u'.

The modulated energy approach to mean-field convergence consists of establishing a Gronwall
relation for F (X%, u'), where XY is a solution of the microscopic system (3.1) and p' is a solution
of the mean-field equation (3.3). The key observation is that Fy (X%, u') satisfies the dissipation
inequality (see, e.g., [138, Section 3.1])

SRR < [ Vgl - ) (o) - u' () (- ), (38)
(S RAVAN

where u! is the mean-field velocity from (3.5). The right-hand side is exactly a first-order commu-
tator expression with v = «!. Importantly, the transport only depends on the mean-field density
pt, not the empirical measure k. The beauty of the modulated-energy method is that with this
inequality in hand, one can apply the estimates of Theorem 2.1 and conclude by Grénwall’s lemma.
For the exact details on closing the differential inequality and obtaining the estimate (3.6) stated
in Theorem 3.1, we refer to [131, Section 6] or [84, Section 5.1].

3.4. Optimal regularity assumptions

The assumption that u® € L is not so important and can be greatly relaxed at the cost of
worsening the rate of convergence. More fundamental is the condition (3.5) in the statement of
Theorem 3.1, needed to apply Theorem 2.1, which enforces some regularity for uf. Given the
relationship between the scaling-critical regularity and that for which uniqueness is expected to hold

for (3.3), it is natural to ask if the result holds when u® belongs to the critical space e tst2—dp
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2d

for 1 < p < oo. Provided that p < =7,

one has |||V|%ut||L 2

2 S Hlu’t”W%+s+2—d,p' But

2
in general, Vu! is only in BMO when pu! € Wrtst2-97  Ag we observed in [123, 124], even in
this borderline regularity case, one can still obtain a Gronwall-type® estimate for the modulated
energy, which is weaker than (3.6) but still suffices for proving mean-field convergence. Tying back
into the discussion of Section 2.4, the key ingredient was a defective commutator estimate. These
works [123, 124] considered only the Coulomb case, where the natural scale-invariant space is L™,
and had a short-time restriction for d > 3.

In [84, Theorem 2.8], we used our new defective commutator estimate to generalize the results
of [123, 124] to the entire Riesz case without any restrictions on the interval of time for which
mean-field convergence holds. In the sub-Coulomb case, we showed that if the initial mean-field
density u°® € Lﬁ, which is scaling-critical, then there is a unique global solution to the mean-
field equation (3.3) which is a (quantitative) mean-field limit of the microscopic system (3.1). For
details on closing the resulting differential inequality for the modulated energy after applying the
defective commutator estimate, we refer to [84, Sections 2.3, 4.4].

3.5. Positive temperature

So far, we have only discussed the zero-temperature case § = oo. At positive temperature 8 < oo,
where the dynamics of (3.1) are now stochastic, the pure modulated-energy approach described
above can be extended, considering now moments of the modulated energy, at least in the sub-
Coulomb case s < d — 2. This restriction is due to the It6 correction to the evolution of the energy,
which is not clear how to suitably control when s > d — 2 (barely missing the Coulomb case). We
refer to [82, 84, 127] for details on this extension and the resulting convergence rates.

For gradient dynamics (i.e. M = —I) at positive temperature, Bresch et al. [17, 18, 19] beau-
tifully observed that the modulated energy combines naturally with the previously used relative
entropy [48, 64, 90, 128] in the form of the modulated free energy

Ex (ki) 1= ZH( | (1)) + Bty [y (Xt

_ logKw,5(1")

N (3.9)

= HOA 1 Q)

where H is the relative entropy/KL divergence. The second equality is the reformulation in terms of
the modulated Gibbs measure and partition function introduced by the author and Serfaty [130],

e~ BNFN(Xn,u)

dQn,p(p) = Kn 5 ()

dp®N, Kyg(p) = / dNe’BNFN(XN’”)du@)N(XN). (3.10)
(R)

The quantity (3.9) is well-suited to proving entropic propagation of chaos [17, 18, 19, 23, 33, 128,
130] and can even handle logarithmically attractive interactions [17, 19, 34]. Commutator estimates
play the same essential role in the positive temperature setting. More precisely, if f} = Law(X}),
the original BJW quantity can be written in our notation as

4. Supercritical mean-field limits

We conclude with the second application of our sharp commutator estimates to supercritical mean-
field limits. Namely, these estimates combined with a modulated-energy scheme allow to derive the
Lake equation from the Newtonian N-body problem in the joint mean-field and quasineutral limit
for (super-)Coulomb Riesz interactions under optimal scaling assumptions. The material in this
section is drawn from the joint work [129] with Serfaty.

6More precisely, an estimate in the form of Osgood’s lemma (see, e.g., [2, Section 3.1.1]).
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4.1. Background and motivation

Consider a Newtonian system of N particles with a pairwise interaction potential g and external
confining potential V:

bf = —yvi — ﬁ D A<i<N i Vg(af —af) — 3VV(a}) L<i<N. (4.1)

J €
(2f,07) = (@, v7),

The positions and velocities are assumed to belong to RY. Here, v > 0 is the friction coefficient,
and € > 0 is a small parameter, possibly depending on N, which encodes physical information
about the system. In contrast to the first-order dynamics in (3.1), the dynamics in (4.1) are now
second-order. For concreteness and because are results will ultimately be for this class, we will
limit our attention to (Coulomb/super-Coulomb) Riesz potentials. Though, much of the discussion
at this stage makes sense for more general interaction potentials.

We are interested in the large N and small € limit of (4.1), the latter of which we interpret as a
quasineutral limit elaborated on in the next subsection. There are two (mathematically equivalent)
motivations for our setup.

The first motivation is non-neutral plasmas [114] (see also [107, 147] for relevance to trapped
neutral systems). The system (4.1) models the evolution of a trapped system of ions near ther-
modynamic equilibrium, meaning the spatial density uf == % Zf\il 6765 is close to the equilibrium
measure py . This equilibrium measure is defined as the probability measure that minimizes the
macroscopic or mean-field energy

ey = [ Vant [ glo - pdu)duty). (12)
Rd (Rd)2

We refer to [140, Chap. 2] for details on the equilibrium measure in this Coulomb/Riesz context,

as well as for its connection to the solution of the fractional obstacle problem, which will be also

discussed below. One can see the equilibrium measure as a generalization of the uniform measure

on a torus when considering an infinitely extended trapped system.

The second motivation comes from two-species globally neutral systems. In this setting, the
empirical spatial density pl; is close to a fixed density y, representing the density of a stationary
background of an oppositely charged species of particles (e.g. heavy positively charged ions). Al-
ternatively, one may think of this as a one-component plasma with a nonuniform background. In
this case, the term —VV (z!) on the right-hand side of the second line of (4.1) should be replaced
by the attractive force +V (g * p)(x!) due to the background.

The settings for each of these motivations are mathematically equivalent. The latter corresponds
toV=—gxp+3 f(Rd)2 g(z — y)dp®?. While the former corresponds to considering a background
density such that V(g * u+ V) = 0 in the support of p. This is in particular achieved when (but
not only when) p is equal to the equilibrium measure uy .

Under suitable assumptions on the external potential V', our goal is to show that if the initial
empirical spatial density p$; = % Zivzl dze — py as N — oo and the initial velocities v ~ u°(z7),
for a macroscopic vector field u° on RY, then the total empirical measure % Zf\il 6(15’1,:) associated
to a solution of (4.1) converges as € — 0 and N — oo to the monokinetic measure ﬂv’(l’)aut(z) (v),
where u? satisfies the Lake equation

{8tu+7u+u~Vu=—Vp (4.3)

div(pyu) = 0.

In particular, when g is the Coulomb potential, we give a microscopic counterpart to the proof of
the quasineutral limit for Vlasov—Poisson with monokinetic data by Barré etal. [3].

Note that if py is constant and v = 0, then (4.3) is nothing but the incompressible Eu-
ler equation. The pressure p is a Lagrange multiplier to enforce the incompressibility constraint
div(pyu) = 0. Multiplying both sides of the first equation of (4.3) by py and taking the divergence,
the pressure p is obtained from the velocity u by solving the divergence-form elliptic equation

— div(uy Vp) = div? (vu®?) = div(pyvu - Vu). (4.4)
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Equation (4.3), which is also sometimes called the anelastic equation, appears in the modeling
of atmospheric flows [104, 113] and superconductivity [29, 40, 43] and has been mathematically
studied in [3, 40, 99, 100]. The equation also arises as a mean-field limit for Ginzburg-Landau
vortices with pinning and forcing [43] have shown that the equation. Additionally, the Lake equation
has been shown [105] to be a mean-field limit for a model of vortices in shallow water with varying
topography [119].

4.2. The combined mean-field and quasineutral limit

To see how the equation (4.3) appears as a formal limiting dynamics for the empirical measure
of (4.1), we argue as follows.

Suppose that the parameter € > 0 is fixed. Analogous to the derivation of the equation (3.3) in
Section 3.1, the mean-field limit in this context refers to the convergence as N — oo of the total
empirical measure f} _ = & PO d.¢, where z{ := (2f,v}), to a solution f of the Viasov equation
with friction '

Oife +v-Vfe — E%V(V +gxpie) - Vo fe —divy(yvf) =0

He = fRd dfe(-,v) (4.5)

f€|t:0 = fso
When g is Coulomb and 7 = 0, the equation (4.5) is known as Vlasov—Poisson. More gener-
ally, for g as in (1.6), the equation is called Viasov-Riesz. It is a difficult problem to derive the
Vlasov—Poisson/Vlasov—Riesz equation directly from (4.1). While the case of regular potentials g
(e.g. globally C*1) [11, 38, 41, 111] or even just potentials with bounded force Vg [88] is well
understood, the Coulomb case in general remains out of reach except in dimension 1 [76, 143]. To
our knowledge, the best results for singular potentials are limited to forces Vg which are square
integrable at the origin [15, 77, 78] (which barely misses the 2D Coulomb case) or are for Coulomb
potentials with short-distance vanishing cutoff [7, 46, 47, 54, 96, 97].” Recently, Duerinckx and
Serfaty [138, Appendix] proved the mean-field limit for the Vlasov—Poisson equation (and more
generally super-Coulomb Vlasov—Riesz®) for monokinetic/cold initial data, for which the Vlasov—
Poisson equation reduces to the pressureless FEuler—Poisson equation. Putting aside this question
of rigorously showing the mean-field limit, we seek to formally derive the Lake equation (4.3) from
the Vlasov equation (4.5) in the limit as € — 0.

The regime under consideration is when the spatial density u! converges to the equilibrium
measure py as € — 0 (this is an assumption). Decomposing the potential

Vtgkpe=V+gxuy)+gx(ue —pv), (4.6)
the fact that, by characterization of the equilibrium measure, V +gx* uy is constant on the support
of py implies that

V(V +g*pue) = Vg (e —pv), = €suppuy. (4.7)
Assuming that the renormalized electric potential difference Eiz g * (e — py) has a weak limit p as
e — 0, we see that the weak limit f := lim._,q f. satisfies the equation

Of +v-Vuof =Vp-V,f —div,(yvf) =0
v = oo df(-v) (4.8)
f |t:0 = f°,
where f° is the weak limit of f2.
Let us now define the current J(z) := [pq vdf(z,v) associated to (4.8). Integrating both sides
of the first equation in (4.8) with respect to v, then using that the spatial density is equal to uy

for all time, we find that div.J* is constant in time. After some calculus (see [129, Section 1.1] for
the computation), one finds that

oJ + div/ v22df (-, v) = —yJ — uy Vp. (4.9)
Rd

“If one adds noise to the velocity equation in (4.1), corresponding to the Viasov-Fokker—Planck mean-field limit,
then the 2D Coulomb case has been shown [16]. See also [42] for some Riesz cases.

8Combining the total modulated energy introduced in this work with the commutator estimate Theorem 2.1(2.5),
one can extend this result to the sub-Coulomb Vlasov—Riesz equation as well.
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This equation is not closed in terms of (J, p), since the second term on the left-hand side requires
knowledge of the second velocity moment of f, which in turn depends on third moment and so
on (this is the famous closure problem for moments of the Vlasov equation; see, e.g., [145]). But
making the monokinetic or “cold electrons™ ansatz f(x,v) = puy(x)d(v — u(z)), it follows that
J = pyu. Since py is independent of time, substituting this identity into (4.9) yields

(4.10)

py Ou + div(puyu®?) = —py (yu + Vp),
div(pyu) = 0.

Assuming that py is positive on its support, we see that (4.10) is equivalent to (4.3).

In the plasma physics setting of Vlasov—Poisson, the limit ¢ — 0 is called the quasineutral
limit, and the equation (4.8), in the case puy = 1, is called the kinetic incompressible Euler (KIE)
equation [12]. The inhomogeneous case of (4.8) does not seem to have previously appeared in the
literature. Nowhere in the above reasoning did we assume a specific form for g (e.g. Coulomb). This
demonstrates a certain universality of the KIE for this kind of singular limit, which appears to be
new. In this plasma physics setting, the distribution function f models the evolution of electrons
against a stationary background of positively charged ions. After a rescaling to dimensionless
variables, the parameter e corresponds to the Debye (screening) length of the system, which is the
scale at which charge separation in the plasma occurs. When the Debye length is much smaller
than the length scale of observation, the plasma is said to be quasineutral, since it appears neutral
to an observer. The rigorous justification of the quasineutral limit is a difficult problem and has
been studied in [13, 14, 55, 56, 57, 61, 63, 66, 67, 68, 70, 103]. We refer to the survey [62] and
references therein for further discussion.

The preceding formal calculations suggest that in the limit as N + ¢~ — oo, which one can
physically interpret as a combined mean-field and quasineutral limit, the empirical measure ffv . of
the Newtonian system (4.1) converges to a solution f* of the KIE (4.8), which reduces to the Lake
equation (4.3) for monokinetic solutions. Thus, we expect that if the particle velocities v! ~ u'(z;),
then the empirical measure fjt\,ﬁ converges to the measure &, (g (v)py (x) as N + =1 — oo, where
u' is a solution of (4.10). A more general interpretation of the limit as N + 7! — oo is as
a supercritical mean-field limit of the system (4.1). This terminology coined by Han-Kwan and
Tacobelli [69] refers to the fact that the force experienced by a single particle in (4.1) formally
diverges as N — oo, compared to being O(1) for the usual 1/N mean-field scaling.

1

4.3. Scaling assumptions and prior work

The convergence of fi _ t0 0yt () (v) v (x) Was previously shown by Han-Kwan and Tacobelli [69] in

the spatially periodic Coulomb case (i.e. z € T9) when V = 0 and py = 1 assuming eNTETT 5 00
as €+ N~! — 0, where u! is a solution of the incompressible Euler equation. In this work, they
recognized (building on the aforementioned work [138, Appendix] for the mean-field limit) that
the modulated-energy method may be also used for this supercritical limit provided one adds a
suitable O(e?) corrector to the background spatial density in the definition of the modulated po-
tential energy. We elaborate more on this idea in Section 4.5 below. Their proof may be viewed as
a generalization of Brenier’s [13] modulated-energy approach to proving the quasineutral limit of
Vlasov—Poisson with monokinetic data to allow (via renormalization) for the solution of Vlasov—
Poisson to be a sum of Diracs. As in all modulated-energy approaches, the key tool is the commu-
tator estimate (1.4) and sharper additive errors allow to treat a large range of scaling relations for
e, N.

In the same setting, this convergence was subsequently improved by the author [125] to
e 2N~4 — 0 as e+ N~! — 0 using a sharp commutator estimate for the Coulomb case [98,
125, 139]. Sharper estimates in terms of the dependence on the solution u of Euler’s equation were
also shown. [125] conjectured that the work’s scaling assumption should be in general optimal,
in the sense that the incompressible Euler equation should not be the limiting evolution of the
empirical measure when ¢ 72 < N -3,

9This terminology from in the physics literature stems from the fact that the temperature of the distribution
is zero.
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These previous works are limited to the Coulomb case on the torus, which is an idealized setting
since it assumes a spatially uniform density. Moreover, they left open the question of a rigorous
justification of the universality of the Lake equation with respect to the interaction and confinement
in the sense that it only depends on the equilibrium measure. Finally, they left open the optimality
of the scaling relation between €, N.

4.4. Informal statement of main results

In [129] joint with Serfaty, we settled the above questions for (super-)Coulomb Riesz interactions.
To present the main result of that work, we introduce the total modulated energy

H (Zjy,u') = 2NZIv — ! —FN(XN,uv+52ut )+ oy Zc (4.11)

Here, Z% is a solution of the N-particle system (4.1). The vector field u’ is not a solution of the
Lake equation (4.3) but rather an extension from supp py to all of RY, such that the regularity is
preserved and div(puyu) = 0 (see [129, Section 4]). The physical Cauchy problem for (4.3) is in the
domain supp py subject to a no-flux boundary condition, but the microscopic dynamics Z% are
not confined to supp py. The extension allows us to compare between the two settings.

The first term of (4.11) is the modulated kinetic energy. The second term is the modulated
potential energy previously seen in (1.2). Here, 4 is an N-independent corrector, whose precise
definition the reader may find in [129, Eq. (5.2)] (see also Remark 5.1 there). The third term is

(=g*xu+V-—-c (4.12)

for Robin constant ¢, which is nonnegative and vanishes on supp puy. The quantity (4.11) depends
on both €, N; but since we view ¢ = ¢(N), we omit the ¢ dependence to lighten the notation.

Because the precise, rigorous version requires stating some rather cumbersome regularity as-
sumptions, we only present an informal version of the main result in Theorem 4.1 below. The
interested reader may find the precise statment in [129, Theorem 5.2] and also a generalization of
our findings to the case of regular interactions in Appendix A of the cited work.

Theorem 4.1 (Informal). Suppose that the equilibrium measure py is sufficiently reqular and
Y = supp puv is a sufficiently smooth domain. Assume u is a sufficiently regular solution to (4.3)
on [0, T]. Then there exist continuous functions Cy,Cs,Cs : [0,T] — Ry, which depend on d,s,~,
and norms of u, such that for any solution Z4 = (X%, V%) of (4.1), it holds that

log N log N CiNG™!
Hy (25, ut 1 Hy (2% — 1 27 Cte? ). 4.13
n( N:U)+2dN5250_ <N( N> U )+2dN52 =0t — 5 T (4.13)
In particular, if
log N Ni-t
li Hy(Z%,u%) + —2=1e0 | = 1i = 4.14
5+gri>0< N( N> u ) + QdNEQ —0) nggn*}O 62 07 ( )

then we have the weak-* convegence

fzzstﬁ(sut(m() viz), Vtelo,T). (4.15)

The scaling assumption N37!/e2 — 0 in (4.14) is in general optimal, in the sense that there
exists a sequence of solutions Z% to (4.1) such that - ZZ 102t = Oyr(z)(v)pyv (2) as e + + =0,
but the total modulated energy Hy (Z%;, u") does not Vamsh This follows from essentially the same
reasoning explained in Section 3 for the sharp rate of convergence for the mean-field limit in the
modulated energy distance. Namely, if X3 is a critical point of the microscopic energy

IN £
1<i#j<N

N
HN(XN)::i > g(xi—xj)+ZV(:ri), (4.16)

then Z% = (zf,v))N; with (zf,0!) = (22,0) is the unique (stationary) solution of (4.1) with

i Yi 19 Y1
v = 0, which is moreover independent of €. In particular, if X3 is a minimizer of Hy, then by
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the results of [116, 133, 135, 136] (see [140, Chapters 11-12] for a consolidated treatment), it holds
that < Zivzl o v and
¢ —00

N
1 log N :
~ D (@) +FN (KR i) + 5 Leso = CYNET! 4 0(N3T!) as N = o, (4.17)

— ZdN
L 2

i=
where Cc‘j/,S is a computable constant depending only on d,s, V' that encodes thermodynamic infor-

mation at the microscale. That ((x9) = 0 for each i follows from the fact that minimizing point
configurations lie in supp py, on which ¢ vanishes. Hence,

log N 1 log N Ni-1 Ni-1
HN(ZFV,o)+g1s_o=€2(FN(X}’V,uv)+g1s_o> cy, +o( = ) (4.18)

2dNe? 2dN g2

and we cannot expect vanishing of the total modulated energy in the supercritical mean-field regime
ife<N 5=

In light of the preceding observations, one asks what is the effective equation describing the
system (4.1) as € + % — 0, assuming that ¢ < N o Naively, one might expect that when

ek« N s;Td, this behaves like first sending ¢ — 0 and then N — oco. However, this limit does not
make sense in general. Indeed, multiplying both sides of the second equation of (4.1) by &2 and
letting e — 0 for fixed N, we formally see that the limiting positions X% should be a critical
point of the microscopic energy Hy. If each limiting velocity v! is nonzero, we would not expect
X% to remain a critical point for all . On the other hand, there is no mechanism to force the
velocities to tend to zero even if the initial positions are a critical point of the energy (4.16). In
Section 4.6, we demonstrate this limit fails for the exactly solvable 1D Coulomb case precisely
when e 2Ni~1 = (¢N)~2 does not vanish, showing that there need not be any weak limit for the
empirical measure, even in the simplest setting.

Remark 4.2. Given u°, one can produce statistically generic examples of initial data Z% such
that (4.14) holds. See [129, Remark 1.2] for details.

4.5. Method of proof

We give some comments on the method of proof of Theorem 4.1. The complete details may be
found in [129, Section 5].

The quantity (4.11) is a variant of the total modulated energy originally introduced by Duerinckx
and Serfaty [138, Appendix]| to treat the mean-field limit for Vlasov—Riesz in the monokinetic
regime. The incorporation of the time-dependent corrector {* in the modulated potential energy is
inspired by [69]. The scaling by €2 in uy + 24! reflects O(¢?) fluctuations around the macroscopic
equilibrium spatial density py . The last term in (4.11) is a new contribution of [129] and reflects
that the microscopic system (4.1) is confined by an external potential V', as opposed to being set in
a compact domain, e.g. T¢ as in [69, 125]. Although the ¢ term appears to be only O(1), it is in fact
zero if the particles remain in the support of uy, i.e. the quasineutral assumption is propagated.
In analogy to the relationship between [69] and [13], the total modulated energy (4.11) may be
viewed as a renormalization of the total modulated energy from [3], so as to allow for the Vlasov
solution f! = & ZZ 1 0zt

As with all modulated- energy approaches, the proof is based on establishing a Gronwall relation
for the total modulated energy (4.11). The time derivative of this quantity has several terms that
require different consideration.

The main contribution from the modulated kinetic energy is trivially estimated using Cauchy—
Schwarz. The correction €24’ in the spatial density is to cancel out the contribution of the pressure
in (4.3) when one differentiates the modulated kinetic energy. The main contribution from the mod-
ulated potential energy is a first-order commutator (1.4) with v = @', the extension of the solution
u? of the Lake equation to the whole space, and p = py + €24, To handle this term, we crucially
rely on the sharp estimate Theorem 2.1(2.4), which allows for the scaling assumption (4.14).
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A new term compared to [69, 125], coming from the contribution of the ((x}), is
| X
¥ 2w V) = [ u Ve, (4.19)
i=1

which has no commutator structure. Instead, we bound it by % Zivzl ¢(zt), which is suffi-
cient to close the Gronwall loop. The proof of this bound uses that the no-flux condition satisfied
by u! on the boundary of ¥ = supp uy (a consequence of taking the quasineutral limit) and some
nontrivial results for the regularity of the free boundary for solutions of the obstacle problem for
the fractional Laplacian (see [129, Appendix B]), which may be of independent interest. A term
similar to (4.19) was encountered in [3] in the Coulomb case, where the p}; is replaced by the
spatial density u! of Vlasov—Poisson, but handled by ad hoc arguments using the local nature of
the Laplacian.

There are also several residual terms that have the form fRd 10 d(,uN -y — 5221), where ¢ is
a function of wu,4l. These may be controlled by the modulated potential energy, thanks to its
coercivity, plus errors which are O(¢~2N3~!), hence acceptable.

Combining the estimates for the various terms and appealing to the Gronwall-Bellman lemma
yields the inequality (4.13). The weak convergence of the empirical measure follows from the
vanishing of the total modulated energy (see, e.g., [125, Section 4.2]). This then completes the
proof of Theorem 4.1.

4.6. The regime ¢2 < Ni~! for the 1D Coulomb gas

Consider the 1D Coulomb case with quadratic confinement (i.e. s = —1, g(x) = —|z|, V(z) =
|z|?). Under the assumption that the initial empirical spatial density converges to the equilibrium
measure, there is in general no weak limit for the empirical current as e + N~ — 0 if e 2Ni~! =
£72N~2 does not vanish. Thus, for the supercritical mean-field limit in the (super-)Coulomb Riesz
case, one cannot expect convergence to the Lake equation outside of the scaling assumption (4.14)
in Theorem 4.1. This example uses the exact solvability of the one-dimensional Coulomb gas with
quadratic confinement, which is folklore. We refer to [129, Section 6] for the proof of the proposition
stated below.

Proposition 4.3. There exists a sequence of initial positions X%, with Fn (X%, py) — 0 and
py — v as N — oo, but that if v; = 0 for each 1 < i < N, the associated empirical current

t . 1 Nt
IN =7 2ima vi(sz;f

e converges to zero (which is the unique solution of the Lake equation (4.10) starting from
zero initial datum) uniformly on [0,00) as e+ N—1 — 0 if eN — oo,

o has no weak limit for any t € (0,00) ase+ Nt — 0 if eN 4 oo.

4.7. Sub-Coulomb case

[129] only considered the (super-)Coulomb regime for two reasons. First, at the time of writing,
only the nonsharp commutator estimate of [112] was available in the sub-Coulomb case, and so
(super-)Coulomb was the only case where we could show our results were sharp. Obviously, this is
no longer the case, thanks to Theorem 2.1(2.5). Second, and more importantly, there does not seem
to be an adequate regularity theory for the obstacle problem for higher powers of the fractional
Laplacian (see [35] for some progress in this direction). If one assumes that the equilibrium measure
has full support in RY, or restricts to the torus where full support is easily established under a
smallness condition on the confinement, then all terms involving ¢ vanish. One can then treat the
sub-Coulomb case under the scaling assumption (4.14) by following the same proof in [129].

4.8. The non-monokinetic regime

The modulated-energy approach of [129] is currently limited to the monokinetic regime, as is the
case for the kinetic mean-field limit. Given other approaches are capable of treating the mean-field
limit for second-order systems without the monokinetic ansatz, a natural question is whether one
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can derive the full KIE equation (4.8) as ¢ + N~! — 0, under some scaling relation between & and
N, drawing on these approaches instead of the modulated-energy method.

The answer to this question is not immediately clear. Per our knowledge, the only results deriving
the full KIE (for the uniform density case) are due to Griffin-Pickering and Tacobelli [61, 63], where
one essentially sandwiches together two results: a mean-field limit for a (regularized) Vlasov—
Poisson N — oo and the quasineutral limit of Vlasov—Poisson. This approach imposes a very
restrictive condition on the relation between € and N.

At least in the case of regular interactions (treated in [129, Appendix A]), preliminary calcu-
lations suggest that the modulated-energy approach of this paper can be extended beyond the
monokinetic case, for possibly nonconstant density, through a multi-stream/multi-fluid decompo-
sition, in the spirit of [56]. This direction is the subject of ongoing work.
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