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Journées Équations aux dérivées partielles
Aussois, 2–6 juin 2025
RT AEDP (CNRS)

Semiclassical analysis of the magnetic Laplacian on hyperbolic
surfaces

Thibault Lefeuvre

Analyse semiclassique du Laplacien magnétique sur les surfaces hyperboliques
Résumé

Le Laplacien magnétique sur les surfaces hyperboliques fournit un cadre analytique remarquable,
dans lequel un certain nombre de phénomènes quantiques émergent. La présente note, écrite pour les
Proceedings of the Journées EDP 2025, propose de résumer les principaux résultats obtenus dans [8,
9, 10].

Abstract

The magnetic Laplacian on hyperbolic surfaces provides a rich analytic framework in which a
variety of quantum phenomena emerge. The present note, written for the Proceedings of the Journées
EDP 2025, is a concise overview of the main results obtained in [8, 9, 10].

1. Introduction

1.1. Overview of the results
We are concerned with the semiclassical behaviour of eigenfunctions

k−2∆kuk = (E + εk)uk, uk ∈ C∞(Σ, L⊗k),
where L → Σ is a Hermitian line bundle over a closed oriented hyperbolic surface Σ of genus ≥ 2,
equipped with a unitary connection ∇, and k ≥ 0 is an integer. The induced connection on L⊗k

has curvature F∇k = −ikB vol, where vol is the Riemannian volume form, and throughout the
paper the magnetic field B is assumed to be constant. The results discussed in this note can be
summarized as follows:

• When the energy lies below the critical value E < Ec, the associated classical Hamil-
tonian flow is completely periodic. In this regime, one can show that every flow-invariant
probability measure arises as a semiclassical defect measure (Theorem 1(i)). Moreover,
the Hörmander bound for the L∞ norm of eigenfunctions is saturated by explicit families
of states, which we call magnetic zonal states and may be viewed as analogues of zonal
harmonics on the sphere. They exhibit concentration on a two-dimensional torus in phase
space (Theorem 3(i)). However, unlike zonal harmonics, their L∞ norm only blows up at
a single point due to the absence of “magnetic” conjugate points.

• At the critical energy E = Ec, the picture changes abruptly. The magnetic Hamiltonian
flow becomes conjugate to the horocyclic flow, which is uniquely ergodic. As a consequence,
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the Liouville measure is the only possible semiclassical defect measure (Theorem 1(ii)), and
a form of quantitative unique ergodicity holds. More precisely, one obtains a polynomial
convergence rate of expectation values ⟨Opk(a)uk, uk⟩L2 towards their Liouville averages
(Theorem 2). This quantitative control can in turn be exploited to derive a polynomial
improvement over Hörmander’s L∞ bound for eigenfunctions at the critical energy (The-
orem 3(ii)).

• Above the critical threshold E > Ec, the dynamics enters a genuinely hyperbolic regime:
the magnetic flow is conjugate to a reparametrization of the geodesic flow on the unit
tangent bundle, which is Anosov. The analysis of eigenfunctions in this case falls within
the scope of the Quantum Unique Ergodicity conjecture for negatively-curved Riemannian
manifolds [1, 2, 13, 14], a central and largely open problem in quantum chaos. Namely,
there is a subset of eigenfunctions of density 1 which equidistribute towards the Liouville
measure (Theorem 1(iii)) and it is conjectured that no exceptional subsequences should
exist.

1.2. Setup
Let (Σ, g) be a compact, connected, oriented surface of genus g ≥ 2, equipped with a hyperbolic
metric of constant curvature −1. Let L → Σ be a Hermitian complex line bundle endowed with a
unitary connection ∇. Its curvature is given by

F∇ = −i B vol ∈ C∞(Σ, Λ2T ∗Σ),

where B ∈ C∞(Σ) and vol denotes the Riemannian volume form. The function B will be referred
to as the magnetic field. The associated magnetic Laplacian is defined by

∆L := 1
2∇∗∇ : C∞(Σ, L) −→ C∞(Σ, L). (1.1)

For any integer k ≥ 0, we consider the tensor power L⊗k → Σ endowed with the induced connection
∇⊗k, and define in the same manner a Laplacian ∆k acting on sections of L⊗k. After rescaling by
k−2, the operator k−2∆k enters the semiclassical regime with parameter h := k−1.

Throughout this work, we further assume that the magnetic field B is constant. By the Gauss–
Bonnet theorem, this implies the quantization condition 2B(g − 1) ∈ Z. Our goal is to study the
semiclassical behaviour of normalized eigenstates

k−2∆kuk = (E + εk)uk, uk ∈ C∞(Σ, L⊗k), ∥uk∥L2 = 1, (1.2)

in the limit k → +∞, where E ≥ 0 is fixed and εk → 0.
We say that a sequence (uk)k≥0 satisfying (1.2) converges to a semiclassical defect measure µ

on T ∗Σ if for every symbol a ∈ C∞(T ∗Σ),

⟨Opk(a)uk, uk⟩L2 −→k→+∞

∫
T ∗Σ

a(x, ξ) dµ(x, ξ), (1.3)

where Opk denotes a magnetic semiclassical quantization. We write uk ⇀ µ for this convergence.
The normalization of uk implies that µ is a probability measure, and its support is contained in
the compact energy hypersurface {p = E} ⊂ T ∗Σ, where

p(x, ξ) := 1
2 |ξ|2g

is the principal symbol of k−2∆k. Although the limit (1.3) may fail to exist along the full sequence,
it always exists along subsequences, which we do not always relabel. As we shall see, the structure of
possible defect measures depends crucially on the value of E, leading to three distinct semiclassical
regimes.

1.3. Magnetic flow in phase space
Let ω0 denote the canonical Liouville symplectic form on T ∗Σ, and set

Ω := ω0 + i π∗F∇, (1.4)
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where π : T ∗Σ → Σ is the canonical projection. The form Ω is symplectic and incorporates the
magnetic contribution. The Hamiltonian vector field HΩ

p associated with p is defined by

dp(•) = Ω(•, HΩ
p ),

and the corresponding Hamiltonian flow (Φt)t∈R is called the magnetic flow. Each energy hyper-
surface {p = E} is invariant under this flow and carries a natural smooth invariant probability
measure, the Liouville measure, denoted µLiouv.

Let SΣ be the unit tangent bundle of Σ. We denote by (φt)t∈R the geodesic flow on SΣ, by
(Rt)t∈R the 2π-periodic rotation in the fibers of SΣ, and by (ht)t∈R the stable horocyclic flow. Note
that SΣ = SH2/Γ = PSL(2,R)/Γ for some lattice Γ < PSL(2,R). The three flows defined above
are respectively generated by the following elements in sl(2,R), seen as right-invariant vector fields
on PSL(2,R):

X =
(

1/2 0
0 −1/2

)
, V =

(
0 1/2

−1/2 0

)
, U+ =

(
0 1
0 0

)
.

Define the critical energy
Ec := 1

2B2,

and set

TE =
{

(B2 − 2E)−1/2, E < Ec,

(2E − B2)−1/2, E > Ec.

It is well known (see [10, Proposition 2.5] for instance) that for E > 0, the magnetic flow on
{p = E} is smoothly conjugate to:

(i) the reparametrized rotation flow (Rt/TE
)t∈R when E < Ec (elliptic case);

(ii) the horocyclic flow (ht)t∈R when E = Ec (parabolic case);

(iii) the reparametrized geodesic flow (φt/TE
)t∈R when E > Ec (hyperbolic case).

This is a straightforward consequence of the fact that the magnetic flow on the energy shell {p = E}
is conjugate to the flow generated by

√
2EX −BV on SΣ. Then, given Y ∈ sl(2,R), it is conjugate

to one of the above flows depending on the trichotomy det Y < 0, det Y > 0 or det Y = 0.

2. Quantum limits

2.1. Semiclassical defect measures
The dynamical transition at the classical level for the magnetic flow has a direct quantum coun-
terpart, summarized in the following theorem.

Theorem 1 (Three semiclassical regimes). Under the above assumptions on (Σ, g) and (L, ∇),
the following statements hold:

(i) Low-energy regime. If 0 ≤ E < Ec, then for every probability measure µ on {p = E} that is
invariant under the magnetic flow (Φt)t∈R, there exists a sequence (uk)k≥0 satisfying (1.2)
such that

uk ⇀k→∞ µ.

(ii) Critical-energy regime. If E = Ec, then for any sequence (uk)k≥0 satisfying (1.2), the
associated semiclassical defect measure is the Liouville measure:

uk ⇀k→∞ µLiouv.

(iii) High-energy regime. Fix Ec < a < b. For each k ≥ 0, let (uk,j)j∈Jk
be an orthonormal

family of eigenfunctions of k−2∆k with eigenvalues λk,j ∈ [a, b]. Then there exists a subset
J∗

k ⊂ Jk of density one such that, for any sequence (ukn,jn) with jn ∈ J∗
kn

and kn → +∞,
one has

ukn,jn ⇀n→∞ µLiouv.
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In the high-energy regime E > Ec, the spectrum of the magnetic Laplacian is directly related to
that of the Laplace–Beltrami operator on (Σ, g). In this setting, it is conjectured that the Liouville
measure is the only possible semiclassical defect measure, in accordance with the Quantum Unique
Ergodicity (QUE) conjecture, see [12] and the references therein for further discussion.

The low-energy regime E < Ec is more subtle. It relies on the construction of eigenstates that
concentrate microlocally along prescribed periodic orbits of the magnetic flow. This construction
uses an averaging argument in the spirit of Weinstein [22], see Section 2.3.

The critical regime E = Ec provides a particularly transparent, albeit somewhat degenerate,
manifestation of QUE. Indeed, any semiclassical defect measure must be invariant under the mag-
netic Hamiltonian flow, which coincides on {p = Ec} with the horocyclic flow. Since the horocyclic
flow is uniquely ergodic [15], the Liouville measure is the only invariant probability measure, and
hence the only possible defect measure.

In the low-energy regime, we also obtain more general results regarding the perturbed operator
k−2(∆k + V ) where V ∈ C∞(Σ) is a smooth potential; see [10, Theorem 1.3] for a detailed
discussion. From a geometric viewpoint, perturbing ∆k by a potential is, to some extent, analogous
to perturbing the round metric on the sphere to a Zoll metric. In the forthcoming article [9], the
operator k−2(∆k + V ) is studied on surfaces with negative sectional curvature (not necessarily
hyperbolic) in the regime where E ≃ 0.

2.2. Quantitative Quantum Unique Ergodicity
In the critical regime, we can in fact obtain a quantitative refinement of this convergence. Let
0 < θ < 1

2 be such that θ(1 − θ) ≤ λ1(Σ), where λ1(Σ) denotes the first non-zero eigenvalue
of the Laplace–Beltrami operator on functions. Denote by S∗

c Σ := {p = Ec} the critical energy
hypersurface.

Theorem 2 (Polynomial convergence rate at the critical energy). Assume that (1.2) holds with
E = Ec and that εk ≤ hℓ for some 0 < ℓ ≤ 1/15. Then there exists a constant C = C(ℓ) > 0 such
that, for any symbol a ∈ C∞(T ∗Σ) supported in {p ≤ 10Ec}, one has∣∣∣∣∣⟨Opk(a)uk, uk⟩L2 −

∫
S∗

c Σ
a dµLiouv

∣∣∣∣∣ ≤ C k−θℓ/4100 ∥a∥C17(T ∗Σ).

The exponent appearing in the remainder term is not expected to be optimal, and no attempt has
been made to improve it. Of course, one can take ℓ ≥ 1/15, but then the exponent of convergence
is a priori not better than θℓ(15 · 4100)−1.

The compact support assumption on a may be relaxed: one may equivalently consider symbols
a ∈ Sm(T ∗Σ), using the fact that the eigenstates uk concentrate on the energy hypersurface
{p = Ec}. This modification only produces a negligible O(k−∞) error.

Finally, we mention that related quantitative results in the direction of QUE were recently
obtained by Morin and Rivière [20] in a different semiclassical regime, where the magnetic field is
constant and the semiclassical parameter is the inverse square root of the energy, in the setting of
magnetic Laplacians on the torus.

2.3. Proof ideas
The first eigenvalues of ∆k = 1

2 ∇∗
k∇k acting on C∞(Σ, L⊗k) are explicit and given for 0 ≤ m <

Nk := ⌊kB⌋ by

λk,m = kB

(
m + 1

2

)
− m(m + 1)

2 . (2.1)

As k → ∞, λk,Nk−1 ∼ k2Ec where Ec = 1
2 B2 is the critical energy. See [10, Proposition 2.8].

2.3.1. Weinstein’s periodic operator

Let Πk,m be the L2-orthogonal projector of C∞(M, L⊗k) onto ker(∆k − λk,m), and set:

Ak := k−1
⌊kB⌋−1∑

m=0
mΠk,m. (2.2)
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It can be established that Ak is a (twisted) compactly supported semiclassical operator with
support in the unit disk bundle D∗Σ := {(x, ξ) ∈ T ∗Σ | |ξ| < B}, see [10, Lemma 4.1]. Furthermore,
by (2.1), it can be verified that on the space

Ik :=
⌊kB⌋−1⊕

m=0
ker(∆k − λk,m),

the operator Ak satisfies the algebraic identity

k−2∆k = B

(
Ak + 1

2k−1
)

− 1
2Ak(Ak + k−1). (2.3)

Letting a be the function defined on D∗Σ through the relation

p(x, ξ) = β(a(x, ξ)), ∀ (x, ξ) ∈ D∗Σ,

where β : [0, B] → [0, 1
2 B2] is the function β(s) := Bs − 1

2 s2, a straightforward computation shows
that a is the principal symbol of Ak.

The Hamiltonian flow generated by a (computed with respect to the twisted symplectic 2-
form Ω, see (1.4)) is a 2π-periodic reparametrization of the one generated by p. Observe that by
construction sp(Ak) ⊂ k−1Z≥0 and thus

e2ikπAk = 1. (2.4)

Finally, note that

Πk,m = 1
2π

∫ 2π

0
e−imteitkAk dt. (2.5)

This turns out to be a Fourier Integral Operator in the semiclassical regime k → +∞ with an
explicit canonical relation given by

C = {(Φt(x, ξ); (x, ξ)) : t ∈ [0, TE ], (x, ξ) ∈ {p = E}}.

See [22, 23] for related discussions.

2.3.2. Gaussian beams

The spectral projector Πk,m can be used to produce magnetic Gaussian beams, namely sections
that microlocally concentrate on a periodic bicharacteristic. We fix an energy 0 < E < Ec. Given
any (x, ξ) ∈ {p = E} ⊂ T ∗Σ, its magnetic bicharacteristic (Φt(x, ξ))t∈R is TE-periodic where
TE = (B2 −2E)−1/2. One may associate a Gaussian wave packet ek,x,ξ ∈ C∞(Σ, L⊗k) microlocally
concentrated near the phase-space point (x, ξ).

For a given k ≥ 0, we let mk be an integer such that λk,mk
→ E. By applying the spectral

projector Πk,mk
, one obtains a genuine eigenfunction

fk,x,ξ := k1/4 Πk,mk
ek,x,ξ ∈ C∞(Σ, L⊗k),

satisfying (1.2) at energy E. This construction is detailed in [10, Proposition 4.6]. The resulting
eigenstate fk,x,ξ is an L2 (quasi-)normalized1 magnetic Gaussian beam, whose semiclassical mass
is concentrated along the periodic trajectory generated by (x, ξ).

In particular, modulo renormalization, it converges to the semiclassical defect measure δγ which
is the Dirac mass supported by the periodic bicharacteristic generated by (x, ξ). As any measure
on {p = E} which is invariant by the magnetic flow (Φt)t∈R can be approximated by such Dirac
masses, an elementary argument shows that any flow-invariant measure can be obtained as a
semiclassical defect measure, thus proving Theorem 1(i).

1There exists C > 1 such that C−1 ≤ ∥fk,x,ξ∥L2 ≤ C.
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2.3.3. Quantitative QUE

The proof of Theorem 2 relies on two key ingredients. The first is a quantitative version of the
classical unique ergodicity for the horocyclic flow due to Burger [6], which asserts that for all
0 < θ < 1/2 such that θ(1 − θ) ≤ λ1(Σ) (the first non-zero eigenvalue of the Laplace–Beltrami
operator on functions), the following estimate holds: there exists a constant C > 0 such that for
all T > 0, for all a ∈ H3(SΣ),

sup
v∈SΣ

∣∣∣∣∣ 1
T

∫ T

0
a(ht(v))dt −

∫
SΣ

a(v)dµLiouv(v)

∣∣∣∣∣ ≤
C∥a∥H3(SΣ)

T θ
. (2.6)

The second ingredient is a long-time version of the Egorov theorem. In its standard form, the
Egorov theorem asserts that for every observable a ∈ C∞

comp(T ∗Σ):

eitk−1∆k Opk(a)e−itk−1∆k = Opk(a ◦ Φt) + O(k−1), (2.7)

where the remainder is uniform with respect t ≤ Tk := ε log k, provided ε > 0 is small enough. The
time Tk is called the Ehrenfest time. However, this is not enough to apply (2.6) as we want to go
beyond the Ehrenfest time and use it with polynomial times t ≃ kδ, where δ > 0. Usually, this is
only possible if the flow satisfies parabolic estimates of the form

∥f ◦ Φt∥Cn(T ∗Σ) ≤ Cn⟨t⟩mn∥f∥Cn(T ∗Σ), ∀ t ≥ 0, (2.8)

for all functions f ∈ C∞(T ∗Σ), where mn ≥ 0. However, the estimate (2.8) fails in a drastic way
on T ∗Σ as the magnetic flow (Φt)t∈R is hyperbolic on {p > Ec}, which implies that for all compact
K ⊂ T ∗Σ, n ≥ 0, and f ∈ C∞

comp(T ∗Σ) with support in K,

∥f ◦ Φt∥Cn(T ∗Σ) ≤ Cneγnt∥f∥Cn(T ∗Σ), ∀ t ≥ 0,

and this estimate cannot be improved. The exponent γ > 0 depends on K; it is called a Lyapunov
exponent and is the maximal expansion rate of the flow.

The crucial observation is that, as E → Ec, the hyperbolicity of the flow weakens in such a way
that, in restriction to the critical energy shell {p = Ec}, the parabolic estimate (2.8) holds. More
precisely, for all n ≥ 0, there exists a constant Cn > 0 such that for all f ∈ C∞

comp(T ∗Σ) with
support in {p ≤ E}:

∥f ◦ Φt∥Cn(T ∗Σ) ≤ Cn⟨t⟩mne(2(E−Ec)+)1/2nt∥f∥Cn(T ∗Σ), ∀ t ≥ 0, (2.9)

where x+ = max(x, 0).
As the eigenstates uk ∈ C∞(Σ, L⊗k) satisfying (1.2) with E = Ec concentrate on the energy

shell {p = Ec}, one can replace the observable a in ⟨Opk(a)uk, uk⟩L2 by ak := aχk where χk is a
bump function equal to 1 on {p = Ec}, supported on {p ∈ (Ec − k−δ, Ec + k−δ)} for some δ < 1/2.
This allows to apply Egorov in times t ≃ kδ/2 as the exponential term in (2.9) is then bounded by

exp
(

(2(E − Ec)+)1/2tn
)

≤ exp
(√

2k−δ/2kδ/2n
)

= O(1).

That is we obtain a similar estimate to (2.8). Consequently, the following sequence of equalities
hold for all t ≤ kδ/2, modulo polynomial remainders (here δ > 0 denotes a generic exponent which
may differ from line to line):

⟨Opk(a)uk, uk⟩L2
(1.2)= ⟨eitk−1∆k Opk(a)e−itk−1∆k uk, uk⟩L2

(2.7)= ⟨Opk(ak ◦ Φt)uk, uk⟩L2 + O(k−δ)

= ⟨Opk

(
T −1

∫ T

0
ak ◦ Φtdt

)
uk, uk⟩L2 + O(k−δ)

(2.6)=
∫

{p=Ec}
a(v)dµLiouv(v) ∥uk∥2

L2︸ ︷︷ ︸
=1

+ O(k−δ),

thus proving the claim.
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3. Hörmander’s L∞ bound and magnetic zonal states

3.1. L∞ norm
A general result due to Hörmander [16] states that for elliptic second-order differential operators
on an n-dimensional compact manifold, one has the bound

∥uk∥L∞ ≤ Ck−(n−1)/2∥uk∥L2 ,

where C > 0 is independent of k ≥ 0 and uk is an eigenstate of the operator for an eigenvalue ≃ k2.
We also refer to the earlier works of Levitan and Avakumović [3, 19] for related estimates. In the
present setting, the base manifold Σ is two-dimensional, so the Hörmander estimate specializes to

∥uk∥L∞ ≤ Ck−1/2∥uk∥L2 .

In [8, Theorem 1.1], we establish the following dichotomy:

Theorem 3 (L∞ bounds for magnetic eigenfunctions). The following assertions hold.

(i) Low-energy regime. Assume that 0 ≤ E < Ec. Then there exists a sequence of eigenfunc-
tions (uk)k≥0 solving (1.2) such that

lim inf
k→+∞

k−1/2∥uk∥L∞(Σ,L⊗k) > 0. (3.1)

(ii) Critical energy regime. Assume that (1.2) holds with E = Ec and that εk ≤ hℓ for some
0 < ℓ ≤ 1/15. Then there exists a constant C > 0 such that

∥uk∥L∞(Σ,L⊗k) ≤ Ck1/2−θℓ/155800. (3.2)

In the high-energy regime (E > Ec), the magnetic flow is hyperbolic. It should then follow from
now-standard arguments that, similarly to eigenfunctions of the Laplacian on functions, one has a
Bérard-type

√
log-improvement, that is:

∥uk∥L∞(Σ,L⊗k) ≤ C(log k)−1/2k1/2.

See [4, 5] for further discussion.
In the low-energy regime, the eigenfunctions achieving the optimal growth rate predicted by

Hörmander exhibit a striking similarity with the zonal harmonics on the sphere. They may in fact
be constructed using closely related ideas, and their associated semiclassical defect measures can
be described explicitly; see Section 3.2. Motivated by this analogy, we refer to these eigenfunctions
as magnetic zonal states.

The polynomial gain appearing in (3.2) at the critical energy level is certainly not sharp, and no
attempt was made to optimize the exponent. Determining the optimal rate remains an open prob-
lem. It is actually a straightforward consequence of Theorem 2 once combined with the following
general bound for semiclassical operators established in [8, Proposition 3.1]:

Proposition 4. Let Ph ∈ Ψcomp
h (Σ) be a semiclassical pseudodifferential operator and consider

(uh)h>0 such that
Phuh = (E + o(1))uh, ∥uh∥L2 = 1.

Further assume that p−1(E −δ, E +δ) is compact for some δ > 0, and dξp ̸= 0 on p−1(E −δ, E +δ).
Then for all 0 ≤ ε < 1/2, there exists C > 0 such that for all x ∈ M :

|uh(x)|2 ≤ C

(
h−(n−1)−ε

∫
B(x,Chε)

|uh(x)|2 + h−(n−1)+ε

)
.

This estimate was originally established in [11] for the Riemannian Laplacian, in a slightly
more precise form, following an argument due to Bourgain. To obtain the polynomial improvement
(Theorem 3(ii)), it suffices to combine Proposition 4 with Theorem 2, applied with the function
a = π∗χ, where π : T ∗Σ → Σ is the projection and χ ∈ C∞(Σ) is a bump function localized on
B(x, Chε) (here h = 1/k).

To the best of our knowledge, this phenomenon provides the first example where the asymptotic
behavior of L∞ norms for eigenfunctions of an elliptic operator undergoes such a qualitative change
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depending on the energy range. In particular, it would be interesting to understand the transition
regime as the energy approaches Ec from below.

Sharper versions of Hörmander’s estimate have been studied in various geometric settings, no-
tably on manifolds of negative curvature; see for instance [4, 5, 7]. Polynomial improvements, while
conjectured in several contexts such as negatively curved surfaces [21], are notoriously difficult to
establish and are currently known only in special cases, for example in [17, 18].

3.2. Magnetic zonal states

We now describe the construction of the magnetic zonal states in the energy range 0 < E < Ec,
which are responsible for the saturation of Hörmander’s estimate in (3.1).

Fix a point x ∈ Σ. The corresponding energy shell in the cotangent fiber at x,

C(x, E) := {p = E} ∩ T ∗
x Σ,

is a one-dimensional manifold diffeomorphic to a circle (in the degenerate case E = 0, the set
C(x, 0) reduces to a single point and requires a separate argument).

Since the magnetic Hamiltonian flow (Φt)t∈R is periodic on the energy hypersurface {p = E},
with period TE = (B2 − 2E)−1/2, each point (x, ξ) with ξ ∈ C(x, E) generates a closed bicharac-
teristic:

ΦTE
(x, ξ) = (x, ξ).

Projecting this orbit onto the base manifold via the canonical projection π : T ∗Σ → Σ yields a
smooth closed curve γ : [0, TE ] → Σ.

The magnetic zonal state is then defined by averaging these Gaussian beams over the entire
energy circle C(x, E). More precisely, fixing an arbitrary ξ ∈ C(x, E), we set

uk,x := k1/4
∫ 2π

0
fk,x,Rθξ dθ, (3.3)

where Rθ : T ∗Σ → T ∗Σ is the rotation by angle θ in the cotangent fibers. It can be verified that
1/C ≤ ∥uk,x∥L2 ≤ C for some uniform constant C > 1. The sequence uk := uk,x is precisely the
family of eigenfunctions that achieves the maximal L∞ growth described in Theorem 3(i).

However, it is an open question to determine

Ω := lim sup
k→+∞

k−1/2∥uk∥L∞(Σ,L⊗k) > 0,

where uk ∈ C∞(Σ, L⊗k) is such that k−2∆k = (E+o(1))uk for 0 ≤ E < Ec and ∥uk∥L2(Σ,L⊗k) = 1.
On the sphere, the constant Ω is explicit, and equal to (2π)−1/2. Finally, let us mention that there
should exist an algebraic construction of such magnetic zonal states using the representation theory
of SL(2,R); this is left for future investigation.

3.3. Defect measures of magnetic zonal states

We now turn to the description of the semiclassical defect measure associated with the sequence
of magnetic zonal states (3.3). Microlocally, it can be easily seen that (uk)k≥0 concentrates on the
two-dimensional invariant torus

T2(x, E) :=
{

Φt(x, Rθξ) : θ ∈ [0, 2π], t ∈ [0, TE ]
}

≃ Rt/(TEZ) × Rθ/(2πZ),

where ξ ∈ C(x, E), which is foliated by periodic magnetic trajectories. We denote by LebT2 :=
dθ ⊗ dt the Lebesgue measure on T2(x, E). The following result is proved in [8, Theorem 1.2]

Theorem 5 (Semiclassical defect measure of magnetic zonal states). Let (uk)k≥0 be the L2-
normalized sequence of magnetic zonal states defined in (3.3). Then:

(i) The semiclassical defect measure µ is supported on T2(x, E) and equal to the normalized
Lebesgue measure µ = (2πTE)−1dθ ⊗ dt.
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(ii) Its projection ν := π∗µ is absolutely continuous with respect to the Riemannian volume
volΣ, that is ν = α volΣ for some explicit, upper semi-continuous function α ∈ L1(Σ, volΣ).
In addition, near x, one has

α(y) ∼
y→x

CE

d(x, y) ,

for some explicit constant CE > 0.

The measure ν has full support on Σ provided E ≫ 0 is large enough. This situation is closely
analogous to that of zonal harmonics on the sphere, whose semiclassical measures are supported
on invariant tori associated with closed geodesics. However, the density α only blows up at this
rate at y = x (whereas it blows up at two antipodal points on the sphere which correspond to
conjugate points for the geodesic flow). This is due to the absence of “magnetic” conjugate points
in this context.

References

[1] N. Anantharaman, “Entropy and the localization of eigenfunctions”, Ann. Math. 168
(2008), no. 2, p. 435-475.

[2] N. Anantharaman & S. Nonnenmacher, “Half-delocalization of eigenfunctions for the
Laplacian on an Anosov manifold”, Ann. Inst. Fourier 57 (2007), no. 7, p. 2465-2523.

[3] V. G. Avakumović, “Über die Eigenfunktionen auf geschlossenen Riemannschen Mannig-
faltigkeiten”, Math. Z. 65 (1956), p. 327-344.

[4] P. H. Bérard, “On the wave equation on a compact Riemannian manifold without conjugate
points”, Math. Z. 155 (1977), no. 3, p. 249-276.

[5] Y. Bonthonneau, “The theta function and the Weyl law on manifolds without conjugate
points”, Doc. Math. 22 (2017), p. 1275-1283.

[6] M. Burger, “Horocycle flow on geometrically finite surfaces”, Duke Math. J. 61 (1990), no. 3,
p. 779-803.

[7] Y. Canzani & J. Galkowski, “Improvements for eigenfunction averages: an application of
geodesic beams”, J. Differ. Geom. 124 (2023), no. 3, p. 443-522.

[8] A. Chabert & T. Lefeuvre, “Improved L∞-bounds for eigenfunctions of magnetic Lapla-
cians on hyperbolic surfaces”, in preparation.

[9] L. Charles & T. Lefeuvre, “Semiclassical defect measures for magnetic Laplacians on
surfaces near zero energy”, in preparation.

[10] ——— , “Semiclassical defect measures of magnetic Laplacians on hyperbolic surfaces”, J. Éc.
Polytech., Math. 13 (2026), p. 593-627.

[11] H. Donnelly, “Bounds of eigenfunctions of the Laplacian on compact Riemannian mani-
folds”, J. Funct. Anal. 187 (2001), no. 1, p. 247-261.

[12] S. Dyatlov, “Around quantum ergodicity”, Ann. Math. Qué. 46 (2022), no. 1, p. 11-26.

[13] S. Dyatlov & L. Jin, “Semiclassical measures on hyperbolic surfaces have full support”,
Acta Math. 220 (2018), no. 2, p. 297-339.

[14] S. Dyatlov, L. Jin & S. Nonnenmacher, “Control of eigenfunctions on surfaces of variable
curvature”, J. Am. Math. Soc. 35 (2022), no. 2, p. 361-465.

IV–9



[15] H. Furstenberg, “The unique ergodicity of the horocycle flow”, in Recent advances in topo-
logical dynamics. Proceedings of the conference on topological dynamics, held at Yale Univer-
sity, June 19-23, 1972, Lecture Notes in Mathematics, vol. 318, Springer, 1973, p. 95-115.

[16] L. Hörmander, “The spectral function of an elliptic operator”, Acta Math. 121 (1968), no. 1,
p. 193-218.

[17] M. Ingremeau & M. Vogel, “Improved L∞ bounds for eigenfunctions under random per-
turbations in negative curvature”, 2024, https://arxiv.org/abs/2403.13739.

[18] H. Iwaniec & P. Sarnak, “L∞ norms of eigenfunctions of arithmetic surfaces”, Ann. Math.
141 (1995), p. 301-320.

[19] B. M. Levitan, “On the asymptotic behavior of the spectral function of a self-adjoint differ-
ential operator of second order”, Izv. Akad. Nauk SSSR, Ser. Mat. 16 (1952), p. 325-352.

[20] L. Morin & G. Rivière, “Quantum unique ergodicity for magnetic Laplacians on T2”, 2025,
https://arxiv.org/abs/2411.18449.

[21] P. Sarnak, “Arithmetic quantum chaos”, in The Schur lectures (1992), Tel Aviv, Israel
Mathematical Conference Proceedings, vol. 8, American Mathematical Society, 1995, p. 183-
236.

[22] A. Weinstein, “Asymptotics of eigenvalue clusters for the Laplacian plus a potential”, Duke
Math. J. 44 (1977), p. 883-892.

[23] S. Zelditch, “Fine structure of Zoll spectra”, J. Funct. Anal. 143 (1997), no. 2, p. 415-460.

Thibault Lefeuvre
Université de Paris and Sorbonne Université,
CNRS, IMJ-PRG
F-75006 Paris, France.
Current address: Université Paris-Saclay, CNRS
Laboratoire de mathématiques d’Orsay
91405 Orsay, France
thibault.lefeuvre1@universite-paris-saclay.fr

IV–10

https://arxiv.org/abs/2403.13739
https://arxiv.org/abs/2411.18449
mailto:thibault.lefeuvre1@universite-paris-saclay.fr

	1. Introduction
	1.1. Overview of the results
	1.2. Setup
	1.3. Magnetic flow in phase space

	2. Quantum limits
	2.1. Semiclassical defect measures
	2.2. Quantitative Quantum Unique Ergodicity
	2.3. Proof ideas
	2.3.1. Weinstein's periodic operator
	2.3.2. Gaussian beams
	2.3.3. Quantitative QUE


	3. Hörmander's Lînfty bound and magnetic zonal states
	3.1. Lînfty norm
	3.2. Magnetic zonal states
	3.3. Defect measures of magnetic zonal states

	References

