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Semiclassical analysis of the magnetic Laplacian on hyperbolic
surfaces

Thibault Lefeuvre

Analyse semiclassique du Laplacien magnétique sur les surfaces hyperboliques

Résumé

Le Laplacien magnétique sur les surfaces hyperboliques fournit un cadre analytique remarquable,
dans lequel un certain nombre de phénomenes quantiques émergent. La présente note, écrite pour les
Proceedings of the Journées EDP 2025, propose de résumer les principaux résultats obtenus dans [8,
9, 10].

Abstract

The magnetic Laplacian on hyperbolic surfaces provides a rich analytic framework in which a
variety of quantum phenomena emerge. The present note, written for the Proceedings of the Journées
EDP 2025, is a concise overview of the main results obtained in [8, 9, 10].

1. Introduction

1.1. Overview of the results

We are concerned with the semiclassical behaviour of eigenfunctions
k_QAkuk = (E+ Ek)uk, Ug € COO(E,L®k),

where L — ¥ is a Hermitian line bundle over a closed oriented hyperbolic surface ¥ of genus > 2,
equipped with a unitary connection V, and k > 0 is an integer. The induced connection on L®*
has curvature Fyr = —ikB vol, where vol is the Riemannian volume form, and throughout the
paper the magnetic field B is assumed to be constant. The results discussed in this note can be
summarized as follows:

o When the energy lies below the critical value E < E., the associated classical Hamil-
tonian flow is completely periodic. In this regime, one can show that every flow-invariant
probability measure arises as a semiclassical defect measure (Theorem 1 (i)). Moreover,
the Hérmander bound for the L* norm of eigenfunctions is saturated by explicit families
of states, which we call magnetic zonal states and may be viewed as analogues of zonal
harmonics on the sphere. They exhibit concentration on a two-dimensional torus in phase
space (Theorem 3(i)). However, unlike zonal harmonics, their L> norm only blows up at
a single point due to the absence of “magnetic” conjugate points.

e At the critical energy F = E,, the picture changes abruptly. The magnetic Hamiltonian
flow becomes conjugate to the horocyclic flow, which is uniquely ergodic. As a consequence,
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the Liouville measure is the only possible semiclassical defect measure (Theorem 1 (ii)), and
a form of quantitative unique ergodicity holds. More precisely, one obtains a polynomial
convergence rate of expectation values (Opy(a)ug, uy)r2 towards their Liouville averages
(Theorem 2). This quantitative control can in turn be exploited to derive a polynomial
improvement over Hormander’s L> bound for eigenfunctions at the critical energy (The-
orem 3 (ii)).

e Above the critical threshold E > E., the dynamics enters a genuinely hyperbolic regime:
the magnetic flow is conjugate to a reparametrization of the geodesic flow on the unit
tangent bundle, which is Anosov. The analysis of eigenfunctions in this case falls within
the scope of the Quantum Unique Ergodicity conjecture for negatively-curved Riemannian
manifolds [1, 2, 13, 14], a central and largely open problem in quantum chaos. Namely,
there is a subset of eigenfunctions of density 1 which equidistribute towards the Liouville
measure (Theorem 1 (iii)) and it is conjectured that no exceptional subsequences should
exist.

1.2. Setup

Let (X, g) be a compact, connected, oriented surface of genus g > 2, equipped with a hyperbolic
metric of constant curvature —1. Let L — X be a Hermitian complex line bundle endowed with a
unitary connection V. Its curvature is given by

Fg = —i Bvol € C™(%, A*T*Y),

where B € C*°(X) and vol denotes the Riemannian volume form. The function B will be referred
to as the magnetic field. The associated magnetic Laplacian is defined by

1
Ap:= gV O%(E,L) — C(3, 1), (1.1)

For any integer k > 0, we consider the tensor power L®* — 3 endowed with the induced connection
V®% and define in the same manner a Laplacian A, acting on sections of L®*. After rescaling by
k2, the operator k~2A,, enters the semiclassical regime with parameter h := k1.

Throughout this work, we further assume that the magnetic field B is constant. By the Gauss—
Bonnet theorem, this implies the quantization condition 2B(g — 1) € Z. Our goal is to study the
semiclassical behaviour of normalized eigenstates

k™2 Apuy, = (B + ex)up, u, € C°(S,L%%),  |ugllrz =1, (1.2)

in the limit £ — 400, where E > 0 is fixed and e, — 0.
We say that a sequence (ug)r>o satisfying (1.2) converges to a semiclassical defect measure i
on T*Y if for every symbol a € C*(T*X),

(Opy(a)uk, uk) 2 —>1H+oo/ a(z, &) du(z, §), (1.3)
!
where Op,, denotes a magnetic semiclassical quantization. We write u; — p for this convergence.

The normalization of uj implies that p is a probability measure, and its support is contained in
the compact energy hypersurface {p = E} C T*X, where

p(z.€) = oel}

is the principal symbol of k~2A}. Although the limit (1.3) may fail to exist along the full sequence,
it always exists along subsequences, which we do not always relabel. As we shall see, the structure of
possible defect measures depends crucially on the value of F, leading to three distinct semiclassical
regimes.

1.3. Magnetic flow in phase space

Let wp denote the canonical Liouville symplectic form on T*3, and set

Q:=wy+in*Fy, (14)
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where 7 : T*Y — ¥ is the canonical projection. The form Q is symplectic and incorporates the
magnetic contribution. The Hamiltonian vector field HE associated with p is defined by
dp(e) = Q(e, HZ?),

and the corresponding Hamiltonian flow (®;):cr is called the magnetic flow. Each energy hyper-
surface {p = F} is invariant under this flow and carries a natural smooth invariant probability
measure, the Liouville measure, denoted priouy-

Let S¥ be the unit tangent bundle of ¥.. We denote by (¢:)icr the geodesic flow on SX, by
(R¢)ter the 2m-periodic rotation in the fibers of S¥, and by (h:)ter the stable horocyclic flow. Note
that S = SH?/T" = PSL(2,R)/T for some lattice I' < PSL(2,R). The three flows defined above
are respectively generated by the following elements in s[(2,R), seen as right-invariant vector fields

on PSL(2,R):
(8 ) () e

Define the critical energy
1
E. = 532,

and set
- {(32 —2E)" Y2 E<E,

(2E - B?)~'Y2, E > E..
It is well known (see [10, Proposition 2.5] for instance) that for £ > 0, the magnetic flow on
{p = E} is smoothly conjugate to:
(i) the reparametrized rotation flow (R 1, )ter Wwhen E < E. (elliptic case);
(ii) the horocyclic flow (h;)ier when E = E. (parabolic case);

(iii) the reparametrized geodesic flow (¢, )ter When E > E. (hyperbolic case).

This is a straightforward consequence of the fact that the magnetic flow on the energy shell {p = E'}
is conjugate to the flow generated by vV2EX — BV on SX. Then, given Y € sl(2,R), it is conjugate
to one of the above flows depending on the trichotomy detY < 0,detY > 0 or detY = 0.

2. Quantum limits

2.1. Semiclassical defect measures

The dynamical transition at the classical level for the magnetic flow has a direct quantum coun-
terpart, summarized in the following theorem.

Theorem 1 (Three semiclassical regimes). Under the above assumptions on (X, g) and (L,V),
the following statements hold:

(i) Low-energy regime. If 0 < E < E., then for every probability measure u on {p = E} that is
invariant under the magnetic flow (®;)icr, there exists a sequence (ug)r>o satisfying (1.2)
such that

Uk —k—oo M-

(i) Critical-energy regime. If E = E., then for any sequence (uk)g>o0 satisfying (1.2), the
associated semiclassical defect measure is the Liouville measure:

U —k—oo HLiouv-

(iii) High-energy regime. Fiz E, < a < b. For each k > 0, let (uy ;)jes, be an orthonormal
family of eigenfunctions of k=2, with eigenvalues Ay, j € [a,b]. Then there exists a subset
Ji; C Jy of density one such that, for any sequence (uy,, ;,) with j, € Ji; and k, — 400,
one has

U, Jn —n—oo HLiouv-
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In the high-energy regime £ > E., the spectrum of the magnetic Laplacian is directly related to
that of the Laplace—Beltrami operator on (3, g). In this setting, it is conjectured that the Liouville
measure is the only possible semiclassical defect measure, in accordance with the Quantum Unique
Ergodicity (QUE) conjecture, see [12] and the references therein for further discussion.

The low-energy regime E < E. is more subtle. It relies on the construction of eigenstates that
concentrate microlocally along prescribed periodic orbits of the magnetic flow. This construction
uses an averaging argument in the spirit of Weinstein [22], see Section 2.3.

The critical regime EF = FE. provides a particularly transparent, albeit somewhat degenerate,
manifestation of QUE. Indeed, any semiclassical defect measure must be invariant under the mag-
netic Hamiltonian flow, which coincides on {p = E.} with the horocyclic flow. Since the horocyclic
flow is uniquely ergodic [15], the Liouville measure is the only invariant probability measure, and
hence the only possible defect measure.

In the low-energy regime, we also obtain more general results regarding the perturbed operator
k=2(Aj + V) where V € C*(X) is a smooth potential; see [10, Theorem 1.3] for a detailed
discussion. From a geometric viewpoint, perturbing Ay by a potential is, to some extent, analogous
to perturbing the round metric on the sphere to a Zoll metric. In the forthcoming article [9], the
operator k~2(Ay + V) is studied on surfaces with negative sectional curvature (not necessarily
hyperbolic) in the regime where E ~ 0.

2.2. Quantitative Quantum Unique Ergodicity

In the critical regime, we can in fact obtain a quantitative refinement of this convergence. Let
0 < 6 < 3 be such that (1 — 0) < A(X), where A;(X) denotes the first non-zero eigenvalue
of the Laplace-Beltrami operator on functions. Denote by Si3 := {p = E.} the critical energy
hypersurface.

Theorem 2 (Polynomial convergence rate at the critical energy). Assume that (1.2) holds with
E = E, and that g, < h® for some 0 < £ < 1/15. Then there exists a constant C = C({) > 0 such
that, for any symbol a € C*(T*X) supported in {p < 10E.}, one has

<Opk(a)uk,Uk>L2 —/ adMLiouv S Ck706/4100 ||a||cl7(T*Z).

Sx%

The exponent appearing in the remainder term is not expected to be optimal, and no attempt has
been made to improve it. Of course, one can take ¢ > 1/15, but then the exponent of convergence
is a priori not better than 6¢(15 - 4100)~1.

The compact support assumption on a may be relaxed: one may equivalently consider symbols
a € S™(T*Y), using the fact that the eigenstates uy concentrate on the energy hypersurface
{p = E.}. This modification only produces a negligible O(k~>°) error.

Finally, we mention that related quantitative results in the direction of QUE were recently
obtained by Morin and Riviére [20] in a different semiclassical regime, where the magnetic field is
constant and the semiclassical parameter is the inverse square root of the energy, in the setting of
magnetic Laplacians on the torus.

2.3. Proof ideas

The first eigenvalues of Ay = %v;vk acting on C*° (X, L®*) are explicit and given for 0 < m <
Nk = UCBJ by

1 1
New = kB (m+ L) - mm+ 1) (2.1)
’ 2 2
As k — 00, Mg, N,—1 ~ k*E, where E. = %BZ is the critical energy. See [10, Proposition 2.8].
2.3.1. Weinstein’s periodic operator
Let Iy, be the L2-orthogonal projector of C*°(M, L®%) onto ker(Ay, — Akm), and set:
|kB]—1
Api=E" )" mll . (2.2)
m=0
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It can be established that Ay is a (twisted) compactly supported semiclassical operator with
support in the unit disk bundle D*Y := {(z, &) € T*X | |¢| < B}, see [10, Lemma 4.1]. Furthermore,
by (2.1), it can be verified that on the space

|kB]—1
1y = @ ker(Ak — /\k,m)v

m=0

the operator Ay satisfies the algebraic identity
-2 L 1 -1
k=*A, =B A, + Ek — iAk(Ak + k ) (2.3)

Letting a be the function defined on D*¥ through the relation

p(sc,f) = 6(‘1(3775))’ v (ZE,g) € D*Z,

where 3 : [0, B] — [0, 3 B?] is the function 3(s) := Bs — 157, a straightforward computation shows
that a is the principal symbol of Ay.

The Hamiltonian flow generated by a (computed with respect to the twisted symplectic 2-
form Q, see (1.4)) is a 2w-periodic reparametrization of the one generated by p. Observe that by
construction sp(Aj) C k~1Z>q and thus

kAL — 1, (2.4)
Finally, note that
1 27 . .
Iy = —/ e~ imteith Ay, (2.5)
2T 0

This turns out to be a Fourier Integral Operator in the semiclassical regime k — +o0o with an
explicit canonical relation given by

C={(®u(,8); (x,8)) : t€[0,TE] (z,§) € {p = E}}.

See [22, 23] for related discussions.

2.3.2. Gaussian beams

The spectral projector Ilj ,,, can be used to produce magnetic Gaussian beams, namely sections
that microlocally concentrate on a periodic bicharacteristic. We fix an energy 0 < E < E.. Given
any (z,£) € {p = E} C T*Y, its magnetic bicharacteristic (®;(x,&))ier is Tg-periodic where
Tg = (B?—2E)~'/2. One may associate a Gaussian wave packet ey, ; ¢ € C°°(3, L®*) microlocally
concentrated near the phase-space point (z,§).

For a given k > 0, we let mj be an integer such that A ,,, — E. By applying the spectral
projector Il ,,, , one obtains a genuine eigenfunction

frze = kA g my€k,2,e € COO(ZvL®k)a

satisfying (1.2) at energy E. This construction is detailed in [10, Proposition 4.6]. The resulting
eigenstate fj, ;¢ is an L? (quasi-)normalized! magnetic Gaussian beam, whose semiclassical mass
is concentrated along the periodic trajectory generated by (z,€).

In particular, modulo renormalization, it converges to the semiclassical defect measure ., which
is the Dirac mass supported by the periodic bicharacteristic generated by (x, ). As any measure
on {p = E} which is invariant by the magnetic flow (®;);cr can be approximated by such Dirac
masses, an elementary argument shows that any flow-invariant measure can be obtained as a
semiclassical defect measure, thus proving Theorem 1 (i).

IThere exists C' > 1 such that C~1 < |[f g ¢llp2 < C.
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2.3.3. Quantitative QUE

The proof of Theorem 2 relies on two key ingredients. The first is a quantitative version of the
classical unique ergodicity for the horocyclic flow due to Burger [6], which asserts that for all
0 < 0 < 1/2 such that 6(1 — 0) < A;(X) (the first non-zero eigenvalue of the Laplace—Beltrami
operator on functions), the following estimate holds: there exists a constant C' > 0 such that for
all T > 0, for all @ € H3(SY),

< CHG'HHS(SE).

sup < 2.6
veESY T9 ( )

T
7 [ o= [ )i )

The second ingredient is a long-time version of the Egorov theorem. In its standard form, the

Egorov theorem asserts that for every observable a € Cg5,, (T*%):

itk A Opk(a)e*itk_lAk = Opy(ao®) + O™, (2.7)

where the remainder is uniform with respect ¢t < T}, := elog k, provided € > 0 is small enough. The
time Ty, is called the Ehrenfest time. However, this is not enough to apply (2.6) as we want to go
beyond the Ehrenfest time and use it with polynomial times t ~ k°, where § > 0. Usually, this is
only possible if the flow satisfies parabolic estimates of the form

1f 0 @ellon(res) < Cult)™ [ fllcn (s, Vt=0, (2.8)

for all functions f € C°(T*X), where m,, > 0. However, the estimate (2.8) fails in a drastic way
on T*¥ as the magnetic flow (®;):cr is hyperbolic on {p > E.}, which implies that for all compact
KCcT*3,n>0,and f € C,,,(T*%) with support in K,

omp

I1f o @illcn sy < Cre™|| fllenres), Vit>0,

and this estimate cannot be improved. The exponent v > 0 depends on K it is called a Lyapunov
exponent and is the maximal expansion rate of the flow.

The crucial observation is that, as E — F,, the hyperbolicity of the flow weakens in such a way
that, in restriction to the critical energy shell {p = E.}, the parabolic estimate (2.8) holds. More
precisely, for all n > 0, there exists a constant C, > 0 such that for all f € Cg5,,,(T*%) with
support in {p < E}:

_ 1/2
I1f © @illcn(rsy < Co(t)™ePEZEID T £l 0 sy, Vit>0, (2.9)

where x = max(z, 0).

As the eigenstates up € C°(X, L®%) satisfying (1.2) with E = E,. concentrate on the energy
shell {p = E.}, one can replace the observable a in (Op,(a)ug, ug)rz by ar := axi where xi is a
bump function equal to 1 on {p = E..}, supported on {p € (E.— k=%, E.+k~°)} for some § < 1/2.
This allows to apply Egorov in times ¢ ~ k%2 as the exponential term in (2.9) is then bounded by

exp((Q(E - EC)+)1/2tn) < exp(x/ﬁk“gﬂk‘s/?n) =0(1).

That is we obtain a similar estimate to (2.8). Consequently, the following sequence of equalities
hold for all ¢+ < k%2, modulo polynomial remainders (here 6 > 0 denotes a generic exponent which
may differ from line to line):

1.2 i —1 g1
(Opg (@), ug) 2 = (e A% Opy ()™ Aruy uy) 12

(257)<Opk(ak o @y )ug, uk) 2 + O(k_‘s)
T
= (Op, (Tl / ap o <I>tdt> Uk, Uk )2 + O(kié)
0

(2.6) _
:/ a(v)diLiow (v) |luxllEz +O(k™°),
{p:Ec} H/_/

=1

thus proving the claim.



3. Hormander’s L* bound and magnetic zonal states

3.1. L*° norm

A general result due to Hérmander [16] states that for elliptic second-order differential operators
on an n-dimensional compact manifold, one has the bound

lunllzee < Ch™" D2 ug| 2,

where C' > 0 is independent of & > 0 and uy, is an eigenstate of the operator for an eigenvalue ~ k2.
We also refer to the earlier works of Levitan and Avakumovié¢ [3, 19] for related estimates. In the
present setting, the base manifold ¥ is two-dimensional, so the Hérmander estimate specializes to

lukll o < CB™H2||ugl| 2.
In [8, Theorem 1.1], we establish the following dichotomy:

Theorem 3 (L* bounds for magnetic eigenfunctions). The following assertions hold.

(i) Low-energy regime. Assume that 0 < E < E.. Then there exists a sequence of eigenfunc-
tions (ug)r>o0 solving (1.2) such that

=172
lklgli{gk’ [uk|l Lo (s, L) > 0. (3.1)

(ii) Critical energy regime. Assume that (1.2) holds with E = E. and that e, < h® for some
0 < ¢ <1/15. Then there exists a constant C' > 0 such that

||uk||L°°(E,L®’“) < Ok1/270£/155800. (32)

In the high-energy regime (E > E.), the magnetic flow is hyperbolic. It should then follow from
now-standard arguments that, similarly to eigenfunctions of the Laplacian on functions, one has a
Bérard-type /log-improvement, that is:

|| oo (5, ey < C(log k)1 2K2.

See [4, 5] for further discussion.

In the low-energy regime, the eigenfunctions achieving the optimal growth rate predicted by
Hormander exhibit a striking similarity with the zonal harmonics on the sphere. They may in fact
be constructed using closely related ideas, and their associated semiclassical defect measures can
be described explicitly; see Section 3.2. Motivated by this analogy, we refer to these eigenfunctions
as magnetic zonal states.

The polynomial gain appearing in (3.2) at the critical energy level is certainly not sharp, and no
attempt was made to optimize the exponent. Determining the optimal rate remains an open prob-
lem. It is actually a straightforward consequence of Theorem 2 once combined with the following
general bound for semiclassical operators established in [8, Proposition 3.1]:

Proposition 4. Let P, € U;""P(X) be a semiclassical pseudodifferential operator and consider
(up)n>o such that

Pyup, = (E + 0(1))uh7 ||uh||L2 =1.
Further assume that p~*(E—§, E+6) is compact for some § > 0, and degp # 0 onp~* (E—6§, E+9).
Then for all 0 < e < 1/2, there exists C > 0 such that for all x € M :

fun(@)[? < C("(n%/ fun(@)[? + th)'
B(z,Ch®)

This estimate was originally established in [11] for the Riemannian Laplacian, in a slightly
more precise form, following an argument due to Bourgain. To obtain the polynomial improvement
(Theorem 3 (ii)), it suffices to combine Proposition 4 with Theorem 2, applied with the function
a = 7y, where m : T*Y — X is the projection and x € C*°(X) is a bump function localized on
B(z,Ch®) (here h = 1/k).

To the best of our knowledge, this phenomenon provides the first example where the asymptotic
behavior of L> norms for eigenfunctions of an elliptic operator undergoes such a qualitative change
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depending on the energy range. In particular, it would be interesting to understand the transition
regime as the energy approaches F. from below.

Sharper versions of Hérmander’s estimate have been studied in various geometric settings, no-
tably on manifolds of negative curvature; see for instance [4, 5, 7]. Polynomial improvements, while
conjectured in several contexts such as negatively curved surfaces [21], are notoriously difficult to
establish and are currently known only in special cases, for example in [17, 18].

3.2. Magnetic zonal states

We now describe the construction of the magnetic zonal states in the energy range 0 < F < FE,
which are responsible for the saturation of Hormander’s estimate in (3.1).
Fix a point x € X. The corresponding energy shell in the cotangent fiber at z,

C(z,E):={p=E}NTL,

is a one-dimensional manifold diffeomorphic to a circle (in the degenerate case E = 0, the set
C(z,0) reduces to a single point and requires a separate argument).

Since the magnetic Hamiltonian flow (®;):cr is periodic on the energy hypersurface {p = E},
with period Tg = (B? — 2E)~1/2 each point (z,¢) with & € C(x, E) generates a closed bicharac-
teristic:

Py (.%',5) = (‘T7€)

Projecting this orbit onto the base manifold via the canonical projection 7 : T*¥ — ¥ yields a
smooth closed curve 7y : [0,Tg] — X.

The magnetic zonal state is then defined by averaging these Gaussian beams over the entire
energy circle C(z, F). More precisely, fixing an arbitrary £ € C(z, E), we set

2
Uy, = k1/4/ fk-,a:,Rgf d@, (3.3)
0

where Ry : T*X — T*3 is the rotation by angle 6 in the cotangent fibers. It can be verified that

1/C < |lugz|lz2 < C for some uniform constant C' > 1. The sequence uy := uy , is precisely the

family of eigenfunctions that achieves the maximal L growth described in Theorem 3 (i).
However, it is an open question to determine

Q := lim sup k71/2||Uk||Loo(E7L®k) >0,
k—+o00

where uy, € C°°(3, L®%) is such that k~2A, = (E+o0(1))uy for 0 < E < E. and |Jug| p2(s, por) = 1.
On the sphere, the constant € is explicit, and equal to (27?)_1/ 2, Finally, let us mention that there
should exist an algebraic construction of such magnetic zonal states using the representation theory
of SL(2,R); this is left for future investigation.

3.3. Defect measures of magnetic zonal states

We now turn to the description of the semiclassical defect measure associated with the sequence
of magnetic zonal states (3.3). Microlocally, it can be easily seen that (uj)r>o concentrates on the
two-dimensional invariant torus

T?(z, E) :={®4(z, Ro&) : 0 €[0,27], t € [0, T}
~R;/(TgZ) x Ry/(277Z),

where £ € C(z, E), which is foliated by periodic magnetic trajectories. We denote by Lebrz :=
df @ dt the Lebesgue measure on T?(z, E). The following result is proved in [8, Theorem 1.2]

Theorem 5 (Semiclassical defect measure of magnetic zonal states). Let (uy)r>o be the L2-
normalized sequence of magnetic zonal states defined in (3.3). Then:

(i) The semiclassical defect measure u is supported on T?(x, E) and equal to the normalized
Lebesgue measure = (2rTg)~1df @ dt.
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(ii) Its projection v := m,pu is absolutely continuous with respect to the Riemannian volume
vols,, that is v = avols, for some explicit, upper semi-continuous function o € L' (X, vols).
In addition, near x, one has

a(y) e dz.g)

for some explicit constant Cg > 0.

The measure v has full support on X provided E > 0 is large enough. This situation is closely
analogous to that of zonal harmonics on the sphere, whose semiclassical measures are supported
on invariant tori associated with closed geodesics. However, the density « only blows up at this
rate at y = x (whereas it blows up at two antipodal points on the sphere which correspond to
conjugate points for the geodesic flow). This is due to the absence of “magnetic” conjugate points
in this context.
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