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Global propagation of analyticity and unique continuation for
semilinear conservative PDEs

Camille Laurent Cristóbal Loyola

Propagation globale de l’analyticité et prolongement unique pour des équations
semilinéaires conservatives

Résumé

Nous passons en revue des résultats récents où nous développons une nouvelle méthode pour obtenir
des résultats de prolongement unique pour des EDP conservatives. L’outil principal est une preuve de
propagation globale de l’analyticité. Nous présentons des résultats connus sur le sujet. Ensuite, nous
donnons une esquisse de la méthode abstraite que nous utilisons, qui repose sur une reconstruction à
partir d’un nombre fini de modes. Nous donnons des applications aux ondes non linéaires, aux plaques
non linéaires et à l’équation de Schrödinger non linéaire.

Abstract

We review some recent results in which we develop a new method for proving global unique contin-
uation for some conservative PDEs. The main tool is to prove some global propagation of analyticity.
We first present some known results on the subject. Then, we sketch the abstract method we use,
which relies on some finite determining mode property. We give applications to semilinear wave, plates
and Schrödinger equation.

1. Introduction

In this article, we intend to survey some recent results concerning some proofs of global propagation
of analyticity that allow to obtain some global unique continuation results with natural global
geometric assumptions.

In a first part we will present the problematic. Then, in Section 2, we will present some known
results on the subject. Afterward, in Section 3 we will present our results for the semilinear wave
equation. Then, in Section 4, we will present an abstract result and give a sketch of the proof.
Then we will present some further results concerning the semilinear plate equation in Section 5
and semilinear Schrödinger equation in Section 6.

The results are sometimes written in a slightly informal way. We refer to the original articles [47,
54, 55] for more precise formulations.

The second author has received funding from the European Union’s Horizon 2020 research and innovation programme under the Marie
Skłodowska-Curie grant agreement No 945332.
2020 Mathematics Subject Classification: 35A20, 35B60, 93B07, 35L71, 35L75, 35Q55.
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1.1. Propagation of information
The informal question we address is the following : if we can say “something” about the behavior
of a solution to a PDE, somewhere in a subdomain, what can we say about the solution on the
whole domain?

From a physical perspective, this means that we have information only on part of the domain, and
we ask whether it is possible to get the knowledge of our system everywhere. In more mathematical
terms, this can be expressed through the following questions.

Let P be a linear or nonlinear differential operator defined on Ω for a domain Ω ⊂ Rn (or a
manifold). Consider u is a solution P (u) = 0 in Ω. For ω ⊂ Ω, we can study :

• propagation of nullity (or uniqueness): unique continuation

u|ω = 0 ?=⇒ u = 0 on Ω.

• propagation of smallness : quantification of the unique continuation

u small in ω
?=⇒ u small in Ω.

• propagation of regularity:

u regular in ω
?=⇒ u regular in Ω.

The method we develop is quite general for conservative equations and relies on observability es-
timates. We provide an abstract result, presented in more detail in Section 4, that allow us to
propagate analyticity in time from the observation to the full solution. This result, or a possible
refinement, yields applications to nonlinear wave equations (see Section 3), nonlinear plate equa-
tions (see Section 5) and nonlinear Schrödinger equations (see Section 6). We believe that it could
be applied to several other systems and is amenable to generalizations.

Before getting into the details of the results, we discuss some motivations for the questions we
address. Propagation of analyticity and unique continuation for nonlinear equations, beyond their
intrinsic interest, arise mainly in various rigidity problems. In certain situations, we need to identify
some objects that satisfy very specific properties and they are often expected to be the asymptotic
solutions at large time. We present some examples below.

• Nonlinear stabilization problems: consider some partially damped equation of the form, for
instance, ∂2

t u − ∆u + 1ω∂tu = f(u) or ∂2
t u + ∆2u + 1ω∂tu = f(u) with ω ⊂ Ω. A main

obstacle to the decay would be the existence of undamped solutions that would satisfy
∂tu = 0 on ω. It is very desirable to obtain such a result with some geometric assumptions
on ω that are as minimal as possible. In the case that these objects do exist, they are
expected to describe the asymptotic behavior of solutions, for instance if they belong to
some attractor set. We refer, for instance, to [16, 37, 43, 65] for such problems in the
context of wave equations.

• The rigidity of stationary black holes: this problem consists in classifying the set of solutions
of the Einstein equation that contain a Killing vector field, are asymptotic to the Minkowski
metric, and satisfy suitable additional assumptions. It is conjectured that there are no
solutions of this type beyond the Kerr family. This subject has recently been the subject of
intense research (see [34] for a survey). The result is already known to be true for analytic
solutions. In particular, a result of propagation of analyticity for such solutions would
certainly allow some great progress on this question. Although our paper is restricted to
semilinear equations, we might expect that our result, along with additional ideas, could
extend to the fully nonlinear setting.

• Nonlinear scattering theory: on Rd \ O, where O is a finite union of compact obstacles,
consider, for instance, equations ∂2

t u − ∆u = f(u) or ∂2
t u + ∆2u = f(u). The question of

scattering asks whether there exists a linear solution uL such that u(t) − uL(t) → 0 as
|t| → +∞ in some suitable norm. There might be several obstacles to this property. One is
the existence of solutions with the compactness property, which means that {u(t) | t ∈ R}
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is compact. An even worse scenario is the existence of a solution that remains supported in
a fixed compact set in space. This is the typical situation of unique continuation that our
analysis might cover. Note that the current methods for this problem use Morawetz-type
estimates (see, for instance, [10] outside of a star-shaped obstacle or [40] for NLS outside
of a convex obstacle), but it seems that they cannot reach the more general geometries we
wish to treat.

In order to be more concrete, let us present more precisely how the question of propagation of
information reads in the context of the semilinear wave equation.

1.2. Propagation of information for semilinear wave equation
In many evolution equations, time has a special role and it is very useful to consider the questions
we described before in this context. The equation under consideration is the following semilinear
wave equation 

∂2
t u− ∆gu+ f(u) = 0 (t, x) ∈ [0, T ] × Ω,
u|[0,T ]×∂Ω = 0 (t, x) ∈ [0, T ] × ∂Ω,
(u, ∂tu)(0) = (u0, u1) x ∈ Ω,

(NLW)

and we aim to study the three following properties:

• propagation of nullity (or uniqueness): unique continuation
∂tu|[0,T ]×ω = 0 =⇒ u = 0.

• propagation of smallness : observability estimates
∂tu small in [0, T ] × ω =⇒ (u0, u1) small.

• propagation of analyticity:
u analytic (in time) in [0, T ] × ω =⇒ u analytic in [0, T ] × Ω.

The main result we present concerning semilinear wave equations will be to provide a positive
answer to these questions when (ω, T ) satisfy the Geometric Control Condition, see Theorem 4
and 5 below.

Before addressing these results in detail, let us discuss the known results on unique continuation
and explain the difficulties in obtaining global results under natural geometric assumptions.

2. Known results of unique continuation

2.1. Classical local unique continuation theorems for linear equations
Many of the available unique continuation results are local in nature. We consider Ω a bounded
open subset of Rn, P a linear differential operator on Ω, x0 ∈ Ω a point, and a hypersurface
S = {Φ = 0} containing x0. The aim is to prove some local unique continuation for an operator P
across the hypersurface S = {Φ = 0}, say, a statement like

Pu = 0 in Ω, u = 0 in Ω ∩ {Φ ≥ 0} ?=⇒ u = 0 close to x0.

In particular, we want to prevent the situation in which a smooth function u both solves Pu = 0
and vanishes on S, possibly “flatly”, in the sense that all its derivatives vanish. This problem has
a very long history, and it would be impossible to be fair with the full literature. We refer for
instance to [45, 51] for a general treatment or [46] for presentation with special emphasis on the
wave equation. We can roughly summarize the types of results in the following Figure 2.1, where
p denotes the principal symbol of the linear operator P .

The oldest results on local unique continuation are of Holmgren–John type (Column 1 in Fig-
ure 2.1). They ensure the local unique continuation for linear operators with analytic coefficients
under the assumption that Φ is non characteristic, that is

p (x,∇Φ(x)) ̸= 0. (2.1)

III–3



Theorem Holmgren [27],
John [36]

Tataru [63, 64],
Robbiano–Zuily [60],
Hörmander [31]

Carleman [14],
Calderón [13],
Hörmander [28]

Regularity of
coefficients analytic coefficients partially analytic in

one variable xa

coefficients C∞ (or
even C1)

Geometric
assumptions
on the
hypersurface

Φ non characteristic
for P : p(x,∇Φ) ̸= 0

Φ strictly pseudo-
convex in {ξa = 0}
(OK for waves and Φ
non characteristic)

Φ strictly pseudo-
convex, see (2.2)

Figure 2.1: The main local unique continuation theorems

For the specific example of the wave operator P = ∂2
t − ∆ with principal symbol p(x, ξ) = −ξ2

t +
|ξx|2, where ξt (resp. ξx) are the Fourier variable dual to the time variable t (resp. the space variable
x), it can be written

(∂tΦ)2 ̸= |∇xΦ|2 ⇐⇒ {Φ = 0} not tangent to the light cone.

This last assumption can be seen to be almost optimal for the 1D wave equation by taking the
example of a solution with initial datum supported in {x, |x| ≤ 1} and with support the truncated
light cone {(t, x), |x| ≤ |t| + 1}. In that case, the unique continuation along the hypersurface
{x = t + 1} is false. Yet, the assumption of analytic coefficients is very demanding and many
authors tried to go further.

One of the main tools in this context is the use of Carleman estimates (Column 3 in Figure 2.1).
It has led to a general theory (see for instance [30, Section 18] or [52]) where the crucial assumption
for the hypersurface is that Φ strictly pseudoconvex. It is a quite complicated assumption, which,
in the case of differential operator of order 2 with real principal symbol slightly simplifies to

p (x, ξ) = {p,Φ}(x, ξ) = 0 =⇒ {p, {p,Φ}}(x, ξ) > 0 for all ξ ̸= 0, (2.2)

where { · , · } is the Poisson bracket. Roughly speaking it is a condition of order 2 that ensures that
the bicharacteristic of p that are tangent to {Φ = 0} stay on the side {Φ ≥ 0}. For instance, for
the wave equation, the pseudoconvexity condition of a hypersurface {Φ = 0} for the wave operator
writes:

X2
t = |Xx|2 and dΦ(x0)(X) = 0 =⇒ Hess Φ(x0)(X,X) > 0 for all X = (Xt, Xx) ∈ R1+d \ {0}.

For instance, in the particular case Φ(t, x) = Φ(x), that is the unique continuation from a cylinder,
it is sufficient to ask the (usual) convexity assumption Hess Φ > 0. If Φ(x) = |x|2 − 1, Φ works
for unique continuation, but not −Φ. That means that you can prove unique continuation for the
wave equation from the exterior of a ball to the interior, but not from inside to outside. This is in
strong contrast with the Holmgren–John theorem which did not have preference directions.

It turns out that some geometric assumptions stronger than the Holmgren theorem are actually
needed in general. Indeed, concerning the unique continuation with even smooth V , the classical
counterexamples of Alinhac–Bahouendi [2] (see also the earlier [28, Theorem 8.9.4]), refined by
Hörmander [32], are quite striking. They show that Hörmander’s pseudoconvexity condition is not
far from being optimal for local unique continuation. For any s > 1 and d ≥ 2, they construct some
u and V ∈ Gs(BR1+d(0, 1),C) (Gevrey functions) so that

∂2
t u− ∆u = V u on BR1+d(0, 1),
supp(u) = {(t, x1, . . . , xd) | x1 ≥ 0} ∩BR1+d(0, 1).

This suggests that in geometrical situations where the strong pseudoconvexity of the hypersurface
is not satisfied, we cannot expect local unique continuation for a potential V that is not analytic.

The last type of results concern the unique continuation with partial analyticity (Column 2 in
Figure 2.1) which will be crucial for obtaining our main result Theorem 4 from the propagation of
regularity result Theorem 5. The history of this theory is quite long, with several breakthroughs
and improvements, in particular by Tataru [63, 64], Robbiano–Zuily [60] and Hörmander [31], that
we do not detail here (see for instance [46, Section 4] for more details).
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In this context, Rn is decomposed into Rna × Rnb and we assume that the coefficients of the
operator P are analytic in the variable xa. In most of our examples, we will use na = 1 and
xa = t will be the time variable. There is now a general theory comparable to the one for classical
Carleman estimates which involves some related assumptions of strictly pseudoconvex functions in
the cone {ξa = 0} which roughly requires to check the usual pseudoconvexity assumption (which,
in general, contain (2.2) and other convexity type requirements) only for the ξ so that ξa = 0, that
is of the form (0, ξb). We refer for instance to [45] or [52] for a more general overview. It turns
out that for the wave equation, this assumption reduces to the noncharacteristic assumption (2.1),
that is p(x,∇Φ) ̸= 0, see for instance [46, Lemma 3.6] for a proof. So, as already mentioned for
the Holmgren–John theorem, concerning the geometry constraints, this result is very satisfactory.
It remains the assumption of coefficients analytic with time, but it is already a weaker assumption
that the analytic assumption of the Holmgren–John result.

Also, it is worth mentioning that this theory actually encompasses the two types of results
described before: the Holmgren–John’s theorem is a particular case of this theory with na = n
while the Hörmander’s theorem can be deduced from the case na = 0. It is actually interpolating
between Holmgren–John’s theorem and the Hörmander’s theorem.

Finally, we might expect to prove directly a unique continuation theorem for nonlinear equation.
Nevertheless, another counterexample that undermines such approach is provided by Métivier
in [57], where it is proved that a nonlinear version of the Holmgren–John theorem fails in general.
The operators for which it applies are not wave operators, but a nonlinear Holmgren–John theorem,
even for a more specific class of operators has, up to our knowledge, never been obtained so far,
except for scalar operators of order 1.

2.2. Some previous global results for semilinear waves

All the results presented in the previous subsection are local in nature. But it is of course possible
to make them global by iterating them and constructing some foliation of hypersurface to finally
obtain some global unique continuation theorem. Yet, the global geometry enters into the problem.
We describe some of these issues and results for the nonlinear wave equation (NLW).

From now onward, unless stated otherwise, Ω is a smooth compact Riemannian manifold with
(or without) boundary of dimension d.

2.2.1. Nonlinear solutions are also linear solutions

As already mentioned, a nonlinear version of the Holmgren–John theorem is known to be false in
general, see [57]. Indeed, there are very few unique continuation results that genuinely take the
nonlinearity itself into account. We are only aware of Alexakis–Shao [1] that use the sign of the
nonlinearity in a Carleman estimates (see also [48] for the nonlinear Schrödinger equation).

In most of the articles, the strategy is the following “trick” to consider a nonlinear equation as
a linear one.

Let u be a solution of (NLW) and satisfying ∂tu|[0,T ]×ω = 0. We want to know if it implies

u = 0 on [0, T ] × Ω. (2.3)

The idea for this problem is to consider the function w = ∂tu. It is solution of

□w + V w = 0,
w|[0,T ]×ω = 0,

with V = f ′(u). We can therefore see w as a solution of PV w = 0 where PV is the linear operator
□ + V . But there is of course a price to pay. Even if the coefficients of the nonlinear equation
are very regular, the regularity of the potential V = f ′(u) now depends on the regularity of the
solution itself. Therefore, in the classical unique continuation results presented in Section 2.1, we
need to inspect the allowed regularity of the lower order terms of the operator P to make them
coincide with the regularity of V = f ′(u).

Note that this “trick” is quite specific to the context of unique continuation where we don’t look
for constructing a nonlinear solution since is already given in the problem.
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2.2.2. Using Hörmander theorem and classical Carleman estimates

As already mentioned, the classical Carleman estimates and the Hörmander theorem have the
advantage that the regularity required is not so demanding. For instance, the usual theory allows
some lower order terms that are L∞ and some additional dispersive type estimates, similar to
Strichartz estimates, allow sometimes to lower this to Lp([0, T ], Lq(Ω)) spaces with suitable (p, q).
The limitation comes more from the geometric assumptions which are not so natural. Basically, we
need to be in some situations where there exists a foliation of hypersurfaces that are pseudoconvex
as in (2.2). Achieving global unique continuation would then require iterating some local unique
continuation results across a hypersurface {Φ = 0}. Yet, for a general configuration, the global
geometric assumptions resulting from the use of Hörmander theorem for the unique continuation are
not very natural and are stronger than (2). Typical geometric assumptions are often of “multiplier
type” (or Morawetz type), meaning ω is a neighborhood of {x ∈ ∂Ω|(x− x0) · n(x) > 0} which are
known to be stronger than the geometric control condition (see [58] for a discussion about the links
between these assumptions). Moreover, on curved spaces, this type of condition often needs to be
checked by hand in each situation, which is mostly impossible in general.

In regards to classical Carleman estimates, many authors explored the global assumptions needed
to obtain them, as well as their consequences. Global Carleman estimates for waves were proved
in [23, Chapter 4] and [9] with applications to controllability and inverse problems. Another line
of investigations in a geometric context was undertaken in [18, 35, 62] aiming to present geomet-
ric assumptions that would ensure the usual pseudoconvexity, with applications to observability
estimates and null-controllability.

For treating nonlinear problems, admitting lower-order terms in unique continuation results is
crucial. For instance, in the present work, a nonlinearity of the form f(u) is treated as a term V u
with potential V . Here, a previous analysis allows to obtain that the nonlinear solution is actually
very regular. Yet, having nonlinear problems in mind, it has sometimes been a goal to minimize
the regularity of the admissible lower-order terms. A global unique continuation statement was
proved in [61], with application to energy decay for nonlinear waves. This led to some “dispersive”
Carleman estimates with Strichartz-type spaces. The literature is vast, and we refer, for instance,
to [17, 39, 41], and the references therein. For a more complete historical overview of Carleman
estimates, we refer to [46, Section 4].

2.2.3. Using unique continuation with partial analyticity

To globalize the unique continuation for wave equations from the Tataru–Robbiano–Zuily–
Hörmander theory, we only need to construct a foliation of noncharacteristic hypersurfaces, which
is much simpler than constructing pseudoconvex hypersurfaces. Such foliations can be found, for
instance, in [50] or [53]. This approach yields the following global result.

Theorem 1 (Tataru–Robbiano–Zuily–Hörmander). Let V be bounded and analytic in t. Let ω ⊂ Ω
open and T > 2 supx∈Ω dist(x, ω). Let (u0, u1) ∈ H1

0 × L2(Ω) and u solution of
∂2

t u− ∆gu+ V u = 0 in (0, T ) × Ω
u|∂Ω = 0 in (0, T ) × ∂Ω
(u, ∂tu)(0) = (u0, u1),

that satisfies u = 0 on [0, T ] × ω. Then u = 0 on [0, T ] × Ω.

This theorem is very satisfactory from a geometric point of view, since no assumption is made
on the observation set ω. Moreover, the limit time 2 supx∈Ω dist(x, ω) can be seen to be optimal
by finite speed of propagation: we can consider initial data compactly supported close to a point
x1 so that dist(x, ω) > supx∈Ω dist(x, ω) − ε and work on the interval [−T, T ].

Note also that a quantitative version of Theorem 1 has also been given in Laurent–Léautaud [44]
giving some estimates of the form

∥(u0, u1)∥H1×L2 ≤ CeCΛ ∥u∥L2((0,T );H1(ω)) ,

where Λ = ∥(u0,u1)∥H1×L2

∥(u0,u1)∥L2×H−1
needs to be thought as the typical frequency of the initial datum.
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Returning to our unique continuation problem for (NLW), and following the discussion of Sec-
tion 2.2.1, the main obstruction lies in the fact that V = f ′(u) must be analytic in time so that
Theorem 1 can be applied. But, unlike parabolic equations, solutions to hyperbolic equations are
in general far from being analytic. This explains why the fundamental step of our proof is to
prove that such analyticity actually holds for the very particular solutions satisfying (2.3). This
is the content of Theorem 5 below. But before getting to this result, we need to introduce the
observability property, which is a quantitative version of unique continuation.

2.3. Observability under Geometric Control Condition
An observability estimate is, in some sense, the strongest possible quantification of the unique
continuation. It writes as a linear estimates where the norm of the observation is bounded below
by the norm of the initial data. When it turns to the linear wave equation, the right geometric
assumption is the following classical Geometric Control Condition which is very natural since we
learn in physics that light travels along the rays of geometric optics.

Definition 2. We say (ω, T ) Geometric Control Condition (2) if every ray of geometric optics
traveling at speed 1 meets ω in time < T .

The definition of “ray of geometric optics” is actually not trivial to define mathematically, see
Melrose–Sjöstrand [56], but quite natural to draw, see Figure 2.3 below. It leads to the following
observability estimate.

Theorem 3 (Bardos–Lebeau–Rauch [8]). If (ω, T ) satisfies (2), then for every solution of
∂2

t u− ∆gu = 0 in (0, T ) × Ω
u|∂Ω = 0 in (0, T ) × ∂Ω
(u, ∂tu)(0) = (u0, u1),

we have
∥(u0, u1)∥H1×L2 ≤ C ∥∂tu∥L2([0,T ]×ω) .

Ω Projection of a generalized
bicharacteristic

onto the variable x

ω

Figure 2.2: The Geometric Control Condition of Bardos–Lebeau–Rauch.

3. Main results for semilinear waves

3.1. Unique continuation for semilinear waves
When it comes to the semilinear equation, our main result is the following.

Theorem 4 (Unique continuation, Laurent–Loyola [47]). d ≤ 3. Assume that:

• (ω, T ) satisfies the Geometric Control Condition (2),
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• f is energy subcritical and real analytic, f(0) = 0.

If (u, ∂tu) ∈ C0([0, T ], H1
0 ×L2(Ω)) solution of (NLW) with finite Strichartz norms satisfies ∂tu = 0

in [0, T ]×ω, then ∂tu = 0 in [0, T ]×Ω and u is a stationary solution (solution of elliptic equation).
If, moreover, the nonlinearity is defocusing

sf(s) ≥ 0 if ∂Ω ̸= ∅,
sf(s) ≥ γs2 if ∂Ω = ∅,

(3.1)

for some γ > 0 and for all s ∈ R, then u ≡ 0.

It was already proved in infinite time T = +∞ by Joly–Laurent [37] using an infinite time
regularization argument due to Hale–Raugel [26]. It was also proved in infinite time in the presence
of weak trapping by Joly–Laurent [38], under more restrictive assumptions on the nonlinearity. The
novelty here is the fact that it holds in the exact time of Geometric Control Condition. Moreover,
the new method allows to prove some propagation of analyticity and is quite flexible to treat other
models; see Sections 5 and 6. Once this unique continuation is established, it is possible to derive
observability estimates for the nonlinear equation (NLW),

∥(u0, u1)∥H1×L2 ≤ C ∥∂tu∥L2([0,T ]×ω) ,

with subcritical defocusing nonlinearity (C depends on the size of the data).
As explained earlier in Section 2.2, the main step consists in proving that the solutions considered

in Theorem 4 are actually analytic in time. This property allows us to apply the general theory of
unique continuation under partial analyticity and conclude.

3.2. Propagation of analyticity

Our second main result establishes that a solution of (NLW) which is analytic in time on a sub-
domain [0, T ] × ω satisfying the Geometric Control Condition is actually analytic in time on the
whole domain. More precisely, we have the following.

Theorem 5 (Propagation of analyticity, Laurent–Loyola [47]). Let d ≤ 3 and σ ∈ (1/2, 1]. Let
(u, ∂tu) ∈ C0([0, T ], H1+σ ∩H1

0 ×Hσ
0 (Ω)) be a solution of (NLW). Assume:

(1) (ω, T ) satisfies the Geometric Control Condition (2).

(2) u analytic in t on (0, T ) × ω: the map t ∈ (0, T ) 7→ χu(t, ·) ∈ H1+σ(Ω) is analytic for any
χ ∈ C∞

c (Ω) whose support is contained in ω.

(3) s 7→ f(s) is real analytic and f(0) = 0.

Then t 7→ u(t, · ) is analytic from (0, T ) to H2(Ω) ∩H1
0 (Ω).

The proof of this theorem is actually a consequence of an abstract result described in Section 4.1.
Note that, in order to apply Theorem 5 to the solutions considered in Theorem 4, it is necessary to
gain regularity from H1

0 ×L2 to H1+σ ∩H1
0 ×Hσ

0 (Ω). This is possible using the Geometric Control
Condition (2) and methods inspired by Dehman–Lebeau–Zuazua [16].

The previous theorem concerns analyticity in time only. Exploiting the hyperbolic property of
the wave, it is possible to propagate analyticity to all variables.

Corollaire 6. If, moreover, the metric and the boundary are analytic in x, then u is analytic in
all variables.

The proof of Corollary 6 from Theorem 5 is actually quite short.
Since u is analytic in time, we can define its extension in a small complex neighborhood of the

time variable. For a fixed t0, consider v(s, x) = u(t0 + is, x). It is solution of the elliptic equation
−∂2

sv − ∆gv + f(v) = 0. Since all the coefficients are analytic, v is therefore analytic by some
classical results for elliptic equations [22].
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3.3. (ultra)Short bibliography on propagation of regularity
The literature for the propagation of regularity and local results is huge. So, we only intend to give
the lines of results that exist.

The problem is better understood in the C∞ or Hs context. For the linear equation, the prop-
agation of Hs regularity along the rays of Geometric Optics for the Dirichlet problem is well
understood since the work of Melrose–Sjöstrand [56]; see [33] for a complete historical overview on
the internal and boundary problem. Concerning the Hs regularity of nonlinear equations, the mi-
crolocal propagation has been the object of several studies since the work of Bony [11]. The global
propagation from a set satisfying (2) is proved in Dehman–Lebeau–Zuazua [16] using a bootstrap
argument and propagation of Hs regularity for smoother source terms.

Regarding the propagation of analyticity for linear equation, the propagation along bicharacter-
istics was proved in Hörmander [29] for a large class of operators. Yet, the problem becomes more
complicated in the presence of boundary, especially for glancing rays, where there can be some
diffraction, see Friedlander–Melrose [21] or Rauch–Sjöstrand [59] for details. The propagation of
analyticity that we prove may also be of interest in this context.

For the propagation of analyticity for nonlinear equations, there are much less results dating back
to the 1980s and 1990s. Alinhac–Métivier proved in [3, 4] that if u is a regular enough solution of a
general nonlinear PDE, the analyticity of u propagates along any hypersurface for which the real
characteristics of the linearized operator cross the hypersurface transversally. Subsequently, there
has been some activity to understand what kind of singularities propagate for nonlinear waves.
It was found that the situation is quite complicated since microlocal analytic singularities do not
remain confined to bicharacteristics as in the linear case, but can give rise to nonlinear interactions.
For more details, see Godin [25] and Gérard [24]. Yet, in our geometric context, obtaining a global
result from local propagation of singularities typically involves propagation from hypersurfaces of
the form S = {Φ = 0} with Φ(t, x) = Φ(x). In such cases, the operator is never hyperbolic with
respect to S, and there can be some bicharacteristics transverse to S as soon as d ≥ 2. In particular,
the results from [3, 4] do not seem to apply.

4. Idea of proof

4.1. Abstract result
Our assumption will be as follows.
Assumption 7.

(1) A is skew-adjoint with compact resolvent, giving “Sobolev spaces” Xσ.

(2) observability for C ∈ L(Xσ, Xσ):

∥W0∥2
Xσ ≤ C2

obs

∫ T

0

∥∥CetAW0
∥∥2

Xσ dt. (4.1)

(3) F is a “compact” nonlinearity with a gain of derivatives : Xσ 7→ Xσ+ε.

(4) F is analytic.

(5) a technical assumption: there exists s > 0 so that [(A∗A)s,C] ∈ L(Xσ+2s, Xσ+ε).

The abstract result we obtain is the following. For simplicity, we state the result that proves the
propagation of the analytic regularity for solution whose observation vanishes, which is sufficient
for the unique continuation property of Theorem 4. The result used to prove Theorem 5 involves
additional terms, but the spirit of the proof is the same. We believe that this simplified formulation
makes the proof easier to present.
Theorem 8 (Laurent–Loyola [47]). Let T ∗ > T . Then, any solution U ∈ C0([0, T ∗], Xσ) satisfying{

∂tU = AU + F (U) on [0, T ∗],
CU(t) = 0 for t ∈ [0, T ∗],

(4.2)

is real analytic in t in (0, T ∗) with value in Xσ.
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Let us now comment how to apply it to the semilinear wave equation. Let β ≥ 0. Set X =
H1

0 (Ω) × L2(Ω) and introduce the operator

A =
(

0 I
∆g − β 0

)
with D(A) =

(
H2(Ω) ∩H1

0 (Ω)
)

×H1
0 (Ω).

Here, ∆g denotes the Dirichlet Laplacian defined on L2 For the standard scalar product on X
(with ∥u∥2

H1
0

= ∥∇u∥2
L2 + β∥u∥2

L2), where we used the same notation for the Dirichlet Laplacian
defined on H1

0 (Ω) and L2(Ω) with their natural respective domains. For σ ≥ 0, Hσ
D and Xσ denote

the spaces

Hσ
D = D((−∆g)σ/2),

Xσ = D((A∗A)σ/2) = D((−∆g)(1+σ)/2) ×D((−∆g)σ/2) = H1+σ
D ×Hσ

D.

For (ω, T ) satisfying (2), the observation operator C ∈ L(Xσ, Xσ) is given by

C(ϕ, ψ) = (0, bωψ),

where bω is a smooth function so that bω(x) ≥ 1 for x ∈ ω. Condition (2) of Assumption 7 is
exactly Theorem 3. In regards to the nonlinearity, we set

F : (u, v) ∈ Xσ 7−→
(
0,−f(u)

)
∈ Xσ.

One the one hand, we can roughly say that part (3) of Assumption 7 comes from the fact that
f(u) ∈ Hσ

D whilst u ∈ H1+σ
D , so a small gain is possible while working at a fixed regularity scale.

On the other hand, F inherits the regularity of f , which verifies part (4) of Assumption 7 provided
that f is analytic. In this formulation, a solution to the semilinear wave equation (NLW) satisfying
∂tu = 0 on [0, T ] × ω, can be written in the abstract form (4.2) with state U = (u, ∂tu).

4.2. Scheme of proof

The proof of Theorem 8 is partially inspired by Hale–Raugel [26] in the context of the regularity of
the attractor. The idea is to prove the property of finite determining modes: for this particular class
of solutions, the knowledge of the low-frequency component of the solution allows us to recover its
high-frequency component.

More precisely, we introduce the low and high-frequency projections, for some large n to be
fixed later on,

PL
n = 1[0,n]

(
(AA∗)1/2)

and PH
n = I − PL

n .

For U = U(t) a mild solution of (4.2) in C0([0, T ], Xσ), let us consider the splitting

U = PL
nU + PH

n U =: UL + UH .

Applying these projectors to the equation, noticing that A and the projectors commute, we see
that these components solve 

∂tUL(t) = AUL(t) + PL
nF (UL + UH),

∂tUH(t) = AUH(t) + PH
n F (UL + UH),

CUH(t) = −CUL(t).
(4.3)

We want to write UH = R(UL) for an analytic reconstruction operator R and n large. This
will indeed be the case, see Theorem 9 below. Assuming this for the moment, the equation by the
low-frequency component in (4.3) writes

∂tUL(t) = AUL(t) + PL
nF (UL + R(UL)).

This is now an autonomous equation for UL. Moreover, since A is a bounded operator and R is an
analytic operator, this is an ODE in Banach space with an analytic nonlinearity. So UL is analytic
in time. Therefore, it is also the case for UH = R(UL) by composition of analytic functions. This
gives the expected result once we have constructed R.

The main task is therefore to build this reconstruction operator, as stated below.
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Nonlinear reconstruction.

Theorem 9 (Nonlinear reconstruction, Laurent–Loyola [47]). Let R0 > 0. There exist n ∈ N and
a nonlinear Lipschitz (reconstruction) operator R

R : BR0(C0([0, T ],PL
nX

σ)) −→ BR0(C0([0, T ],PH
n X

σ))

so that for any U ∈ BR0(C0([0, T ], Xσ)) that satisfies{
∂tU = AU + F (U), on [0, T ],
CU(t) = 0, for t ∈ [0, T ],

then, PH
n U = R(PL

nU).
Moreover, R extends holomorphically in a small neighbourhood.

Note that this reconstruction operator is defined for any function, but is of interest only for the
pathological functions satisfying the zero observation property (4.2).

To prove Theorem 9 and achieve the reconstruction, we need to inspect the equation satisfied
by the high-frequency component of PL

nU , namely the last two lines of (4.3):{
∂tUH(t) = AUH(t) + PH

n F (UL + UH),
CUH(t) = −CUL(t).

(4.4)

We need to prove that for a fixed UL, regarded as a parameter or source term from now on, there is
a unique solution to (4.4). The first equation is a classical semilinear equation with a source term
UL. So, if it were posed as an initial value problem, this would follow from the usual fixed point
argument based on the Duhamel formula. However, in this setting, the low-frequency component
is prescribed, whereas the initial value of the high-frequency component is not.

The idea is therefore to replace the usual initial value problem UH(0) = UH,0 by the observation
condition CUH = −CUL since the low frequency term UL is assumed to be known in this part of the
problem. This suggests that given UL, we could try to reconstruct UH by solving the corresponding
nonlinear observability system. Indeed, in the linear case, according to (4.1), the observability of
the linear semigroup t ∈ [0, T ] 7→ etA enables us to recover an initial condition W0 solely in terms
of an observation. Neglecting for the moment the source term given by the nonlinearity, this would
allow us to reconstruct W0 in terms of the observation of W , namely CW = −CV . Lemma 10
below provides a generalization of this reconstruction problem when source terms are present. It
will take the role of the usual Duhamel formula but replacing the initial value problem by an
observability problem.

Linear reconstruction.

Lemma 10 (A Duhamel formula/observation problem). For any H ∈ L1([0, T ], Xσ) and G ∈
L2([0, T ], Xσ), there exists a unique W ∈ C0([0, T ], Xσ) solution of{

∂tW (t) = AW (t) +H,

ΠCW = ΠG.

Here Π denotes the orthogonal projector onto the range of the observation operator C. The
necessity of introducing this projector can be easily seen by considering the homogeneous case
H = 0, which corresponds to reconstructing a free solution from its observation. It is clear then
that not all observations are admissible. For instance, for a wave equation and an observation on
[0, T ] ×ω, only those observations that are solutions of the free wave equation on [0, T ] ×ω can be
obtained from an observation of a free wave equation. Concerning the uniqueness, we are also led
to the free wave equation and it is a direct consequence of the observability inequality. The proof
of Lemma 10 relies mainly on functional analysis arguments, using the fact that the observability
inequality (4.1) ensures that the observation operator is injective and has closed range. Moreover,
since we are interested only in the equation at high-frequency, we will require the following slight
variant.
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Lemma 11. For any n ∈ N, H ∈ L1([0, T ], Xσ) and G ∈ L2([0, T ], Xσ), there exists a unique
W ∈ C0([0, T ],PH

n X
σ) solution of {

∂tW (t) = AW (t) + PH
n H,

ΠnCW = ΠnG.

Here Πn denotes the orthogonal projector on the range of the observation operator C restricted
to PH

n .

End of the proof. To complete the proof of Theorem 9, the idea is to carry out a fixed point
argument for equation (4.4), in a similar way as for a usual initial value problem, but using
Lemma 11 as a replacement for the Duhamel formula. Recall that UL appears as a source term
and in the observation. It is supposed to be known in this reconstruction argument.

In order to perform a fixed argument, some smallness is required. Usually, in the initial value
problem, this is achieved by taking the time T to be small or assuming small initial datum. In
this context, neither option is available, since T is fixed and the solution may be large. Instead,
smallness is obtained by choosing the parameter n sufficiently large, corresponding to a high-
frequency regime. In this framework, the third part (3) of Assumption 7, namely, that F is a
nonlinear map from bounded sets of Xσ into Xσ+ε, provides the required smallness for large n.
Therefore, at sufficiently high frequency n, we can treat the nonlinearity as a perturbation and
successfully complete this reconstruction procedure. More precisely, this yields the existence of the
nonlinear reconstruction map R.

Finally, the analyticity of R, which is the last claim of Theorem 9, is shown by checking the
analyticity of all the terms involved. This relies on the assumption that F is analytic, that is
part (4) in Assumption 7, and on standard results of the regularity of a fixed point with respect to
parameters. As precised earlier this is actually essential to demonstrate that t ∈ (0, T ) 7→ UL(t) ∈
Xσ is analytic, and consequently that the same holds for UH .

5. Nonlinear plate equation

The previously described abstract framework allow us to obtain similar result for other PDEs, such
as the nonlinear plate equation,

∂2
t u+ ∆2

gu+ βu+ f(u) = 0 (t, x) ∈ [0, T ] × Ω,
u|∂Ω = ∆u|∂Ω = 0 (t, x) ∈ [0, T ] × ∂Ω,
(u, ∂tu)(0) = (u0, u1) x ∈ Ω,

(NLP)

where f : R → R is the nonlinearity. The following assumption will be made on the observation
zone.

Assumption 12. The Schrödinger equation is observable in L2 from ω in time T0 > 0: there
exists C = C(T0, ω) > 0 such that for any v0 ∈ L2(Ω) it holds

∥v0∥2
L2(Ω) ≤ C

∫ T0

0
∥1ωe

it∆gv0∥2
L2(Ω)dt.

Although it is an open question to find the optimal geometric condition on ω for which As-
sumption 12 is verified, it is known to hold true in several (quite nontrivial) situations: ω satisfying
the (2) on compact manifolds with or without boundary [49], ω open touching the boundary in
the two-dimensional euclidean disk [5], ω any open set in Td [6, 42], ω any open set in hyperbolic
surfaces [19], just to mention some. See [7, 12] for further examples. The unique continuation result
is the following.

Theorem 13 (Loyola [54]). Let f be real analytic with f(0) = 0. Let 0 < T0 < T and ω ⋐ ω̃
are two nonempty open sets such that ω satisfies Assumption 12 in time T0. If one solution U =
(u, ∂tu) ∈ C0([0, T ], H2 ∩ H1

0 × L2(Ω)) of (NLP) satisfies ∂tu = 0 in [0, T ] × ω̃, then ∂tu = 0 in
[0, T ]×Ω and u is a stationary solution (solution of elliptic equation). If, moreover, the nonlinearity
f satisfies the defocusing assumption (3.1), then u ≡ 0.
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As described in Section 2.2.1, our strategy is based in the following:

• The first ingredient is a recent unique continuation result for the linear plate operator due to
Filippas–Laurent–Léautaud [20]. It allows lower-order terms assuming Grevrey-2 regularity
in time (in particular, analyticity fits in) and fairly general global geometric assumptions.
This has to be compared with the Tataru–Robbiano–Zuily–Hörmander theorem, which
notably does not apply to the plate operator [20, Appendix B].

• The second ingredient is a propagation of analyticity in time for the nonlinear equation,
obtained in Laurent and Loyola [47]. The nonlinear plate indeed fits in the abstract frame-
work of Section 4.1 and thus Theorem 8 applies.

This unique continuation result is the main ingredient in [55] that allows us to obtain some
semiglobal stabilization and controllability results for the nonlinear plate equation under more
natural geometric conditions coming from Assumption 12. Notably, most previously known results
in the literature hold under strong assumptions of “multiplier-type”, see Section 2.2.2. In this
direction, we improve upon the current literature on unique continuation for nonlinear plates.

6. Nonlinear Schrödinger equation

From now on let us assume that Ω is a compact boundaryless Riemannian manifold of dimension
d, and let us consider the nonlinear Schrödinger equation{

i∂tu+ ∆gu = f(u) (t, x) ∈ (0, T ) × Ω,
u(0) = u0 x ∈ Ω,

(NLS)

with nonlinearity f : C → C. In a similar spirit as before, we have the following propagation of
analyticity in time from a subdomain (0, T ) × ω where the (2) holds.

Theorem 14 (Propagation of analyticity, Loyola [55]). Let d ∈ N and s > d/2. Let u ∈ C0([0, T ],
Hs(Ω)) be a solution of (NLS). Assume :

(1) (ω, T0) satisfies the Geometric Control Condition (2) for some T0 > 0,

(2) t ∈ (0, T ) 7→ χu(t, ·) ∈ Hs(Ω) is analytic for any cutoff function χ ∈ C∞
c (Ω) whose support

is contained in ω.

(3) s 7→ f(s) is real analytic with f(0) = 0.

Then t 7→ u(t, · ) is analytic from (0, T ) into H2(Ω).

As described in Section 2.2.3, we can obtain a unique continuation statement using the Tataru–
Robbiano–Zuily–Hörmander result for the linear Schrödinger equation with potential; see [44,
Theorem 6.4] for a quantitative statement of such result. In the H1-subcritical case, we assume
that (Ω, g) can be any of the following manifolds:

• a compact boundaryless surface;

• T3 or the irrational torus R3/(θ1Z × θ2Z × θ3Z) with θi ∈ R;

• S3 or S2 × S1.

Furthermore, we consider f(u) = P ′(|u|2)u to be of polynomial type, where:

(1) if d = 2 then P is a polynomial function with real coefficients, satisfying P (0) = 0 and the
defocusing assumption P ′(r) −−−−−→

r→+∞
+∞;

(2) if d = 3, then P ′(r) = αr + β with α > 0, β ≥ 0, corresponding to the cubic nonlinearity.

The unique continuation result is the following.
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Theorem 15 (Unique continuation, Loyola [55]). Let (Ω, g) be any of the manifolds described above
and let f be as in 1-2 according to the dimension of the manifold. Assume that there exists some
T0 > 0 such that (ω, T0) satisfies the Geometric Control Condition. If one solution u of (NLS),
belonging to a suitable functional space Xd ⊂ C([0, T ], H1(Ω)), satisfies ∂tu = 0 in (0, T ) ×ω, then
u = 0 in (0, T ) × Ω.

Here Xd denotes a suitable functional space inherited from the wellposedness framework in each
case. Namely, for d = 2, X2 ensures finite Strichartz norm and for d = 3, X3 corresponds to the
Bourgain space X1,b

T with b ∈ (1/2, 1]. This answers in the affirmative an open question posed by
Dehman–Gérard–Lebeau [15] in the nonlinear case.

Notably, the compactness assumption on the nonlinearity, namely, part (3) of Assumption 7,
does not hold for (NLS). We therefore need a variant of Theorem 4.2 that fits this framework.
Below we briefly explain how to drop the compactness assumption on the nonlinearity, stressing
the main issues in the proof.

6.1. On the nonlinear reconstruction
The set of assumptions can be roughly stated as follows.
Assumption 16.

(1) A is skew-adjoint with compact resolvent, giving “Sobolev spaces” Xσ.

(2) F : Xσ → Xσ is analytic, and both F and DF are Lipschitz on bounded subsets.

(3) Uniform observability: for C ∈ L(Xσ), a large n and suitable inputs V ∈ V,{
∂tW = (A+ PH

n DF (V ))W,
W (0) = W0 ∈ PH

n X
σ,

=⇒ ∥W0∥2
Xσ ≤ C2

obs

∫ T

0
∥CW (t)∥2

Xσ dt,

with V a technical set which enjoys some compactness properties.

In this setup, the following variation of the abstract Theorem 8 holds.
Theorem 17. Let T ∗ > T and K be a “suitable” compact set of C0([0, T ∗], Xσ). Then any solution
U ∈ K of {

∂tU = AU + F (U) on [0, T ∗],
CU(t) = 0 for t ∈ [0, T ∗],

(6.1)

is real analytic in t in (0, T ∗) with value in Xσ.
The key issue lies in how to perform a similar reconstruction procedure as in Section 4.2. For a

solution U to (6.1). We split in low and high frequencies U = UL +UH and by studying the equa-
tion satisfied by the high-frequency component, we aim to find a suitable analytic reconstruction
operator R so that UH = R(UL). To face the lack of compactness of the nonlinearity F , we take
into account the linear variation of the high-frequency component UH along PH

n DF (UL) when U
is a solution living on a compact set. That is, we are led to study the high-frequency observability
problem: {

∂tUH(t) =
(
A+ PH

n DF (UL)
)
UH + PH

n H(UL, UH),
CUH(t) = −CUL(t).

where H(UL, UH) = F (UL + UH) −DF (UL)UH . We stress three key issues:

(1) Part (3) of Assumption 16 allows us to perform the reconstruction for the linearized system
at high-frequency, similar to Lemma 11 and considering the projector accordingly. This is
why we enforce the observability estimate to be uniform with respect to the frequency
threshold and to low-frequency parameter as well.

(2) At high-frequency n, the Lipschitz control provided by F (part (2) of Assumption 16) and
that the solution itself enjoy some compactness properties, allows us to close the fixed
point argument. This guarantees the existence of a reconstruction operator R.
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(3) The analyticity of R is delicate as it depends in a (quite)nonlinear way with respect to the
low-frequency input: not only through the nonlinearity F , but also through the linearization
at high-frequency and the corresponding projector of the linearized observed solutions.

Once we are able to write UH = R(UL) with R analytic, the proof follows similarly as described
in Section 4.2.
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