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Bilinear estimates related to the KP equations

N. TZVETKOV

Abstract
We survey some recent results for the KP-II equation. We also give an
idea for treating the “bad frequency interactions” of the bilinear estimates in
the Fourier transform restriction spaces related to the KP-I equation.

1. Introduction

The Kadomtsev-Petviashvili (KP) equations occur naturally in many physical
contexts as “universal” models for the propagation of weakly nonlinear dispersive
long waves which are essentially one-directional, with weak transverse effects. The
KP equations are two dimensional extensions of the Korteweg-de Vries (KdV) equa-
tion, which is the first known soliton equation. The soliton structure of the KdV
equation is not broken down by the transverse perturbation and therefore the KP
equations are two dimensional soliton equations. Thus the inverse scattering tech-
nique could be applied to the Cauchy problem associated to the KP equations under
appropriate decay assumptions on the initial data. Our goal here is to study the KP
equations with harmonic analysis techniques developed in the context of KdV and
NLS equations mainly by J. Bourgain, C. E. Kenig, G. Ponce, L. Vega, in order to
obtain local or global well-posedness results for the initial value problem associated
to the KP equations. Consider the Cauchy problem associated to the KP equations

(Ut + Ugzer + uuz)r + Uyy = O, U(O, z, y) = ¢(Iv y) (1)

The initial data ¢ is supposed to belong to a low order Sobolev type space and z
and y are on the real line or the circle. The KP-I equation corresponds to sign
— in (1), while the KP-II equation to sign +. The role of the sign is transparent
when considering (1) in the context of water waves. The KP-II equation occurs
when the surface tension is small or absent (Bond number < 1/3). The KP-I
equation corresponds to the case when the surface tension dominates as in very
shallow water (Bond number > 1/3). In the critical case when the Bond number is
near to 1/3 higher order terms should be taken into account in (1) (the fifth order
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KP equations should be considered). There is a big difference between the KP-I
(the focusing case) and KP-II (the defocusing case) equations from mathematical
point of view. When studying the KP models by harmonic analysis techniques
there are satisfactory local or global well-posedness results for the KP-II equation,
obtained in the last years starting from the work of J. Bourgain [2]. Unfortunately
at the present moment the initial value problem for the KP-I equation is not so
well-understood. Here we shall give an idea for the proof of a bilinear estimate in
the Fourier transform restriction spaces associated to the KP-I equation!. Since the
KP models are infinite dimensional integrable Hamiltonian systems there exists an
infinite number of conserved by the time evolution quantities. These conservation
laws may be useful for obtaining global solutions, when they have positively defined
quadratic parts, i.e. a Sobolev type norm is controlled trough the flow. In the case
of the KP-II equation the quadratic part of the conservation laws is not positively
defined and the only “globalizing” conservation law seems to be the L? norm. On
the other hand the conservation laws for the KP-I equation have “good” signs and
hence one may expect that higher Sobolev norms are controlled through the flow. In
the periodic setting global well-posedness for the KP-I equation using the “good”
signs of the conservation laws is obtained in [19]. In the real case an additional
difficulty appears, since the conservation laws contain anti-derivatives and hence
their justification is not a trivial issue.

Notations. We denote by ~or F the Fourier transform and by F~! the inverse
transform. || - ||z» denotes the norm in the Lebesgue space L. A ~ B means that
there exists a constant ¢ > 1 such that 1|A| < |B| < ¢|A|. A ~ B means that
:1|A| < |B| < 2|A|. For any positive A and B the notation A < B (resp. A 2 B)
means that there exists a positive constant ¢ such that A < cB (resp. A > cB).
The notation a+ means a+e¢ for arbitrary small € > 0. By mes(A) or |A| we denote
the Lebesgue measure of a set A.

2. The KP-II equation
Consider the Cauchy problem for the KP-II equation

(ut + Ugzz + uu:c)x + Uyy = 0, U(O, z, y) = d)(xa y) (2)

Using energy methods one can obtain local well-posedness results for sufficiently
smooth initial data ¢. The regularity assumptions on the data are in order to control
the L norm of the solution, which makes the L? conservation law useless for proving
global well-posedness. Unfortunately most of the local smoothing properties of the
KdV equations are lost when considering transverse effects. For example the sharp
version of the Kato smoothing effect for the linearized KdV equation is used in order
to gain regularity for the KdV equation in [11, 12]. The point is that one controls
the L®(L?) norm of the gradient of the solution to the linearized KdV equation
by the L2 norm of the initial data. In order to prove this (sharp) version of Kato
smoothing effect one changes the role of the time variable ¢ and the space variable =
in the oscillatory integral representing the solution of the linearized KdV equation.

1Some very recent progress in the context of the KP-I equation is done in (4, 5].
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Then an application of Plancherel identity provides the needed bound. If we try to
use the above argument for the linearized KP equations we should choose one of the
space variables x or y to be changed with the time variable and hence we lose the
symmetry of the estimate.

In [2] local (and hence global) well-posedness of (2) for data in L2(R?) or L?(T?)
is obtained. The proof uses the methods based on analysis of multiple Fourier series,
first introduced in [1] in the context of the NLS and KdV equation. An essential
ingredient is a L? convolution estimate. This estimate can be regarded as a localized
in the frequency space version of the L* — L? Strichartz inequality for the periodic
KP-II equation. The proof is typical for the periodic setting but can be performed
in the continuous case too. When the data is defined on R? a global version of the
Strichartz inequality for (2) holds (cf. [17] 2). The Strichartz estimates can be easily
injected into the framework of the Fourier transform restriction spaces associated to
the KP-II equation. Combining that estimates with some simple calculus techniques

due to C. E. Kenig, G. Ponce and L. Vega one can obtain local well-posedness results
for (2) with data below L? (cf. [21]).

Now we introduce the functional spaces where the initial data is expected to
belong. Let H;Es“’(]R?) be an anisotropic Sobolev space equipped with the norm

I6lses = 1€ tm) =B, Mz -

The spaces H;!*2(R?) are a natural set for the initial data of (2) since their homo-
geneous versions are invariant under the scale transformations preserving the KP
equations. The pair (si, s9) is critical if s;+2s54+1/2 =0, i.e. for s;+2s,+1/2=0
the space H;jy’s2 (R?) is invariant under the scale transformation which preserves the
KP equations. It seems that similarly to the KdV equation (and other dispersive
models) in the case of the KP-II equation the critical for the local well-posedness
Sobolev exponent differs from the scaling one. We have the following local well-
posedness result.

Theorem 2.1 ([21]) Let s, > —1/3 and s, > 0. Then for any ¢ € H3.:**(R?), such

that |€|"18(£,n) € S'(R?) there exist a positive T = T (||l gze2) (limyoso T(p) = 00)

and a unique solution u(t,x,y) of the initial value problem (1) on the time interval
1,11

I = [~T,T] satisfying u € C(I, H3y*(R)) N BA LT3 (1) (cf. (3) and (4) below for

the definition of the spaces B¥"1:2(I)).

51,52
Actually we solve an integral equation corresponding to (2) for any data ¢ €
H3.*2(R?). The condition 1€]716(€,m) € S'(R?) is imposed in order to insure that
the solution of the integral equation solves also (2) in distribution sense.
Now we introduce the Fourier transform restriction spaces related to the KP-II
equation with data defined on R?. For b, by, b, 51,52 € R we define B>%1% as a

51,52

Bourgain type space associated to the KP-II equation equipped with the norm

o\ b - g3 7% \by
<T—é+%><@wm”(r+< 2;€>>ﬂﬁém)

21t seems that similarly to the 2D NLS equation the exact periodic version of the Strichartz
inequality obtained in [17] fails.

lull o0 =

(3)
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and (-) = (1+]-]%)2. Let I C R be an interval. Then we define the space Bbbub2()
equipped with the norm

llull goorpapy = inf  qllwll goerse, w(t) =u(t)onTI. (4)
$1,52 ( ) we $1.82

b,by,bo
81+82

The proof of Theorem 2.1 relies on the following bilinear estimate.

Theorem 2.2 Let sy > —1/3, s, > 0. Then the following estimate holds

10z (o)l _3rae Sl yravsllvll gegey- (5)
B31,82 le,sz le,s2

Once we obtain (5) the proof of Theorem 2.1 follows from some general arguments
similarly to other dispersive models (cf. [8]).

Now we give some ideas of the proof of Theorem 2.2. Let ¢ = (§,n), (; =
(&,m) and 0 := o(7,0) = 7 = & +0?/€, 01 == 0(11,GQ1), 02 := o(T — 71,( — ).
Then Theorem 2.2 can be reformulated in the following way via a duality and a
polarization argument.

Proposition 1 Let s; > —1/3, s > 0 and u, v, w be positive functions in L?(R3).
Then the following inequality holds

/ K(Ta Cy T1, Cl)u(Tlv CI)U(T — T1, g - Cl)w(T’ C) dTldCIdeC

S llullzallvllze, lwllze,  (6)

where

(‘7)%"+ 51 —s1({¢ _ —51
(2 ) 66 - &) oy

fmemas (0)2 (1) 3+ (oa) <<m%+> < ()b > ()22 (m = m)=

[

T

(€)% (&)

We can assume s, = 0, since for s, > 0 one has (1)°2 < (;)**(n — m)*2. There are
two main tools in the proof of (6), the simple calculus argument due to C. E. Kenig,
G. Ponce and L. Vega and the global Strichartz inequality for the KP equations

injected into the framework of the Fourier transform restriction spaces B.Lb2.

The Kenig-Ponce-Vega argument. Denote by J the left-hand side of (6). Then
using twice the Cauchy-Schwarz inequality we obtain

1/2 1/2
/{/KQdTIdCI} {/ IU(Tl,Cl)'U(T - Tl,c - C1)|2dTIdCI)} W(T,C)deC

S “KHL‘;‘E(L%Q)“UHL?HUHLQHUJHL?-

<
N

Hence the difficulty is to prove HKIILx(.(Lz o) < 00 There is a canonical way to
T Tl 1
integrate K with respect to 71 (the simple calculus inequalities). The integration
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with respect to & can be done by using the change of variables & +— o, + g,. The
integration with respect to 7, is the additional difficulty for the KP equations.

The Strichartz inequalities. The following form of the Strichartz inequality for
the KP-II equation holds

lullzs S Nl 300
BO,O

or equivalently

1F7 (o)™ w) | oy S Nullae)- (7)

One can obtain LP (2 < p < 4) versions of (7) by interpolation with the Plancherel
identity. Note that J can be written in the form J = [ (7, {)(u2 * u3)(7, {)drd(.
Using Plancherel identity and Holder inequality we obtain

JSTINF w)les,

j=1
where .- + - + .- = 1. In the favorable cases u; have the form

up = (o) w, us = (01)"%u, uz= (02) %V

and an application of the L version of (7) completes the proof.

The smoothing relation. In order to compensate the loss of a derivative in
the nonlinear term we use the relation (cf. [2])

o B (& —&m)®
01 + 02 0= 3£1€(§ 61) + 616(6 _ fl)
and hence
max{|o|, |o1|, o]} > [£1€(& = &) (8)

Here we essentially use the KP-II nature. A bad sign in the corresponding relation
in the KP-I case is the main obstruction to perform the argument for the KP-I
equation. There are three main cases to be considered taking into account which
terms dominates in the left-hand side of (8). By symmetry arguments we can
assume that |o;| > |o2|. The case when |o| dominates is easier due to an additional
smoothing coming from some Jacobian matrixes when performing the Kenig-Ponce-
Vega argument. There are two reasons to introduce the extra factor in the definition
of the Fourier transform restriction spaces Bg;‘g;’” : 1. The small frequency cases.
2. The cases when |o;| dominates in (8).

The small frequency cases. Let M < 1 and K > 1 be dyadic. The small
frequency cases consist of bounding the contributions to J to the following sets

n?
n-g+ B~k

1

AK]W = {(TlvglaT)C) : |€1[ ~ Al[?
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Denote by JKM the contribution of AKX to J. Then by using the Strichartz in-
equalities we can obtain the estimate

1
TS sz lelleelivllzellwlizz, - 6> 0, & > 0.

On the other hand the Kenig-Ponce-Vega argument can provide the following bound
for JKM

JEM < MK ||ul| o] 2 |lw|zze, 61 > 0, 65 > 0.
A suitable interpolation completes the proof.

Counterexample. The result of Theorem 2.2 seems to be optimal when fixing
So = 0.

Theorem 2.3 ([21]) The estimate

110z (uv) || go- 1616y S ”"“Bgvlb,gbz vl Bl b (9)

S1,
fails for s; < —1/3.

In order to prove Theorem 2.3 we choose the functions u, v and w in (6) as charac-
teristic functions of suitable sets in R3. There are two main steps : 1. The necessity
for b+ b; > 2/3. 2. The necessity for s; > b+ b; — 1. In the first step the sections
of the needed sets with the planes {n = const} are essentially the sets used in [11]
in the KdV case. In the second step we need a different construction. In the next
table we compare the sets needed in the KdV and in the KP case (note that the set
W is not symmetric with respect to the origin in the KP-II case).

[KdV [ KPI ]
There exist A, B, W C R?, There exist A, B, W C R}
such that : |A| ~ |B| ~ |W| ~ N~Y2_ | such that : [A| ~ |B| ~ |[W|~ 1.
For (7,&) on the support of AU B For (7,£) on the support of AU B
one has : |1 — & <1, || ~N. one has : |7 — &+ %[ <1, ||~ N.
For (7,&) on the support of W one For (7,&) on the support of W one
has : |7 — € S N%2, ||~ N7V2 | has: |7 — €+ | S N?, |g] ~ 1.
In addition x4 * x5 = N~Y2xw. In addition x4 * X 2 Xw-

Global well-posedness below L2. In [3] J. Bourgain developed a new method
to prove global well-posedness for nonlinear evolution equations when the conserva-
tion laws are not directly available. The method was recently applied in different
contexts (cf [6, 7, 9, 10, 14, 16, 20, 23]). In [23] we prove that the Cauchy problem
for the KP-II equation is globally well-posed for data in H;';* (R?), s; > —1/310,
sy > 0. The method of [23] is further developed in [9] where the restriction on s
is removed to s; > —1/64 (cf. also [20] where global well-posedness for the KP-II
equation is shown with initial data belonging to a homogeneous Sobolev space of
negative index with respect x).

The KP-II equation with data on RxT. In [22] we study the KP-II equation
when the data is defined on R x T. We observe that better versions of the crucial
convolution estimate hold comparing to the purely periodic case. In particular we
prove the local well-posedness of the KP-II equation with data below L?(R x T).
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3. The KP-I equation

Consider the Fourier transform restriction spaces X;’;‘:;;bz(RS) associated to the
KP-I equation, equipped with the norm

lull s = 1046 () (1+ @) Am &2

where 6 := 0(7-75777) = T+§3+7)2/§7 01 = 0(7-1)617771)7 02 = 0(7- - 7.175—’51777_771)'
Unfortunately in the case of the KP-I equation the relation for the symbol

(&1 — 5771)2
E&(€— &)

does not yield an inequality of type (8) because of the “bad signs” in the right-hand
side of (10). Our goal here is to show that a bilinear estimate in the Bourgain spaces
associated to the KP-I equation holds despite the “bad signs” in the relation (10).
More precisely we have the following inequality.

01+ 0, —0 = =386 (E - &) + (10)

Theorem 3.1 ([15]) Let sy > 1/2, sy > 0. Then the following inequality holds

11Dz (uv)| <

1 7 1
-5+ ¥ Y
X”?:s 327

, gl gy (11)
2 8 s

1:52 152

Note that we choose b; = &= and b, = } in (11) similarly to [23] but in fact there
is a large range for the parameters b; and b, such that (11) holds. Consider the
following region in RS . . (recall that ¢ = (&,7), (i = (§1,m))

- . _(éu})_ _ }_M}
r={namac) < Ty > peee - el > Rt f

The region (7,(,71,(1) ¢ R can be handled similarly to [21, 23] in the case of the
KP-II equation since for (7,(,m,(;) ¢ R one has

max {|0[, [61], 62|} 2 [£:€(€ — &)

and therefore one can perform arguments similar to the KP-II case.

2

The region (7,(,m1,(;) € R. Using a duality argument we can rewrite the esti-
mate (11) in the following form

/K(Ta ¢, G )ul(m, Q)v(r — 11, ¢ = G)w(T, ¢)dnid(idrdC
S llullezllellzes lwllze. (12)

where u, v, w are positive and

i M s1 —s1/¢g _ £\—s1
e (2% ) n (e -ie - oy

()2~ (B1) 2+ (0) 2+ <<01>ff> < L > (m)> (=)™

(51)71[ <§—El):1‘

K(TtgvThCl) =
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For s, > 0, we have (n)*> < (m)®2(n — m)*2 and hence we can assume s, = 0
hereafter. We also assume |£| > 1 since when || < 1 one can bound the kernel
K(1,¢,m,G) by (61)727(6,)"2~ and the Strichartz inequality approach described
in the previous section is available (note that the same Strichartz inequalities hold
in both KP-I or KP-II cases). Denote by J the contribution of R to the left-hand
side of (12). Consider the dyadic levels in RS .

DII\{/III\(/Illll(\/;2 = {(T’C’TI,CI) : <9> ~ K, (01> ~ Kl, <02> ~ KQ,

€l = M, (&) = My, (£ - &) ~ M.},

where K, K, Ko, My, My, M are the dyadic integers. Denote by Jﬁ:ﬁ‘l’fffz the con-
tribution of DA1K? N R to J. Then

K,K,K>
JS DL i
K,K1,K2,M,M1,M>

Let

u(m,¢1), when () = K, (&)=~ M,
ug,m (11,C1) =

0, elsewhere.

Similarly we define vg,an (7 — 71,{ — (1) and wgr(7,¢) to be localized v(r —
71,¢ — (1) and w(T, () respectively to the regions {(f2) =~ Ko, (£ — &) =~ M,} and
{(0) =~ K, |£| ~ M > 1}. We are not going to use the additional factor in the def-
inition of the Fourier transform restriction spaces associated to the KP-I equation

when estimating J A’;ﬁ‘)’& Note that

()

@* o1

0)%- <<ol>¥f > < (o) > ~ o)
€t /[ \-ent

JKKKs < MEM)O MM

and hence

/uKlMl(Tval)UKzMg(T —7,¢ — Q)wrm(T,¢),

M, My, M: T, 1
1,M2 A K0+K12 +K2.2+
where the integration is on D{(,’;,‘l}f\;z N R. It remains to bound the expression

/UKIM(TuCl)UKzMQ(T — 71, = C)wrnm(T, C).

Applying Cauchy-Schwarz inequality in (71,(;), using the support properties of
UK, My, VKo, and another use of the Cauchy-Schwarz inequality in (7,() yield

, o METMITAM .
AR — sup | Aren2lluran |2 llvkoan 2 llwrarll L2, (13)

1 1
KO K2TRET (rlear
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where A;¢; C R? is defined as follows

AT&T] = {(7'1,517771) : (Tlafhnl) € supp uk,m,,
(T - Tl';f - 51,77 - 771) € Supp Vk,M,, (7',5777, 7—176177)1) S R}
= {(7'1,51,771) (&) R My, (- 6) = My, (6) = Ky, (02) = Ky,

(T’ ga n, 71, 51’ 771) € R}

We first eliminate 7. Using that for (11, &1, m) € Are, one has (6:) = K, (62) =~ Ko,
we obtain via the triangle inequality

mes(Arep) S min{ Ky, Ko }mes(By¢,), (14)
where B¢, C R? is the following set

Bren = {(&1,m) @ (&) = My, (£—&) = M, |6+ 6] < max{K,, K,},

(& — Em)® 1(&n—&m)?
92l ZST) 5 136 ¢(¢ — ~ ST STy

BRI o e

We have that for (7,(,71,(;1) € R
4 &in —&m
o )~ [gemey| I M 1)

since for (7,(,m,¢(1) € R one has

(&in — 5771)2

=2 e |3 — .

e €=y a4l

The measure of the projection of the set B¢, on the & axis is bounded by min{M,
M,}, since for (&1,m) € Brep one has (&) &~ M; and (€ — &) =~ M,. Fix now &;.
Then the measure of 7, such that (§;,7:) € B¢, is bounded by

max{ K1, K>} < max{Ki, K>}

since for (§;,7m1) € Bre, one has |6 + 6, < max{K,, K,}. Hence we obtain that that
the maximum of the measures of the sections of B;¢, with lines parallel to the 7,

axis is bounded by M ! max{K, Ky} (the factor M~! gives the smoothing effect).
Hence

max{ K, Ko} min{ M, M,}

meS(BTfn) ~ M . (16)
Using (14) and (16) we arrive at
KKy min{ M, ).
mes(A,gy) 2, M) (17)

M
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By the triangle inequality we have that M < max{M;, M,}. Using a symmetry
argument we can suppose that M; > M, and therefore M < M;. Let M; = 2'M,
where [ € Z, 1 > —l (lp is fixed, positive and independent of M). Then substituting
(17) in (13) we obtain

1
K,K,K.
Infaning S — |luk,2mll 2 l|vreas [ 2 [lwie || 2 (18)

s1—5
K0+K?+K3+M2l 29ls;

It remains to sum (18) over K, K, Ky, M, My, 1. Since s; > 1/2 we can easily sum
(18) over K, K1, Ko, M,

1
K,K,,K
So Jimarin S gl llollze s,
K,K),K2,M>

where ug (71, (1) and wp (7, () are localized u(7m,¢;) and w(r,() respectively to
the regions {(&) ~ 2'M} and {|¢| ~ M > 1}. Next we sum over M and [ via the
Cauchy-Schwarz inequality

J < Z JK,Kl,Kz

~ M, 2L M Mo
K,K1,K2,M2,M,l

1/2 1/2
1
S 22131 {ZHUWM”%?} {E Hle]QLz} lv]| L2
l M M

S Nullzelvllzzllwl 2.

Finally we note that if we prove an analogue of Theorem 3.1, with a gain of one
derivative then one could expect to obtain finite energy solutions for the KP-I equa-
tion (finite energy solutions for the fifth order KP-I equations are obtained in [18]).
However, since the energy density for the KP-I equation contains anti-derivatives,
in order to obtain the local well-posedness in the energy space, some additional
bilinear estimates would be needed.
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