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Résumé

Ce texte contient une version légérement completée de mon cours de 6
heures au colloque d’équations aux dérivées partielles & Evian-les-Bains en
juin 2009. Dans la premiere partie on expose quelques résultats anciens et
récents sur les opérateurs non-autoadjoints. La deuxieme partie est consacrée
aux résultats récents sur la distribution de Weyl des valeurs propres des opé-
rateurs elliptiques avec des petites perturbations aléatoires. La partie III, en
collaboration avec B. Helffer, donne des bornes explicites dans le théoreme de
Gearhardt-Priiss pour des semi-groupes.

Abstract

This text contains a slightly expanded version of my 6 hour mini-course at
the PDE-meeting in Evian-les-Bains in June 2009. The first part gives some
old and recent results on non-self-adjoint differential operators. The second
part is devoted to recent results about Weyl distribution of eigenvalues of
elliptic operators with small random perturbations. Part III, in collaboration
with B. Helffer, gives explicit estimates in the Gearhardt-Priiss theorem for
semi-groups.
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1. Introduction

For self-adjoint and more generally normal operators on some complex Hilbert space
‘H we have a nice theory, including the spectral theorem and the wellknown and
important resolvent estimate,

|(z — P)7'|| < (dist (2, 0(P)))" ", (1.0.1)

where o(P) denotes the spectrum of P. The spectral theorem also gives very nice
control over functions of self-adjoint operators, so for instance if P is self-adjoint
with spectrum contained in the half interval [Ag, +00[, then

e < e ™ ¢t >0. (1.0.2)

However, non-normal operators appear frequently in different problems; Scatter-
ing poles, Convection-diffusion problems, Kramers-Fokker-Planck equation, damped
wave equations, linearized operators in fluid dynamics. Then typically, ||(z — P)™!||
may be very large even when z is far from the spectrum and this implies mathemat-
ical difficulties:

— When studying the distribution of eigenvalues,
— When studying functions of the operator, like e *” and its norm.

The largeness of the norm of the resolvent far away from the spectrum also makes
the eigenvalues very unstable under small perturbations of the operator and this is
a source of mathematical and numerical difficulties.

There are two natural reactions to this problem:

t

e Change the Hilbert space norm to make the operators look more normal. This
is quite natural to do when there is no clear unique choice of the ambient
Hilbert space, like in problems for scattering poles (resonances).

e Recognize that the region of the z-plane where ||(z — P)7!|| is large, has its
own interest. One can then introduce the e-pseudospectrum which is the set of
points 2z € C, which are either in the spectrum or such that |[(z — P)7!|| > e.
and study this set in its own right.
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The first point of view will be illustrated in the first part of these notes, and is at
the basis of a whole range of methods from that of analytic ditations in the study
of resonances to more microlocal methods.

The second point of view has been promoted by numerical analysts like L..N. Tre-
fethen and then made its way into analysis through contributions by E.B. Davies,
M. Zworski and others. That spectral instability is not only a nuisance, but can be
at the origin of nice and previously unexpected results, will hopefully be clear from
the second and main part of these lecture notes, where we shall describe some results
about Weyl asymptotics of the distribution of eigenvalues of elliptic operators with
small random perturbations. These results have been obtained in recent works by
M. Hager [36, 37, 38|, Hager and the author [39], W. Bordeaux Montrieux [10], the
author [97, 98] and Bordeaux Montriex and the author [11].

The results in the second part of the lectures rely on microlocal analysis, com-
bined with quite classical methods for non-self-adjoint operators and holomorphic
functions of one variable and some elementary probability theory. It therefore was
natural to include a first part that treats some older and newer results and methods
about non-self-adjoint operators. Many of these methods combined with microlocal
analysis have been used with great succes in resonance theory, but that is beyond
the scope of these lectures.. Let us nevertheless mention results by T. Christiansen
[16, 17] and Christiansen—P. Hislop [18] that establish Weyl type lower bounds for
the number of scattering poles in large discs in generic situations.

During the meeting we started a discussion with Bernard Helffer about the im-
portant theorem of Gearhardt, Priiss et al about how to go from resolvent bounds to
semi-group bounds. There seemed to be a lack of explicit estimates in the literature
that can be applied in parameter dependent situations. As a result we derived such
bounds in a joint work which is included as Part III. It is is related to many questions
discussed in Part I and also to Helffer’s contribution [40] to these proceedings.

Here is the plan of the notes:

Part I is devoted to some old and recent general results for non-self-adjoint dif-
ferential operators.

In Section 2 we describe some classical results for the distribution of eigenvalues
of elliptic operators, starting with a result of T. Carleman about Weyl asymptotics
of the eigenvalues for operators with real principal symbol. We also give a result by
S. Agmon about the completeness of the set of generalized eigenvalues as a well as
further results by M.S. Agranovich, A.S. Markus, V.I. Matseev.

In Section 3, we start by giving some basic definitions and facts about the e-
pseudospectrum, then go on by describing the Davies-Hormander quasi-mode con-
struction under the assumption that a certain Poisson bracket is non-zero and of
suitable sign.

In Section 4, we describe some estimates on the size of norm of the resolvent
when the spectral parameter is close to the range of the semi-classical principal
symbol. These estimates are closely related to subellipticity estimates for operators
of principal type and the results here are due to Dencker—Sjostrand—Zworski with
some recent partial improvement of the author.
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In Section 5, we discuss some recent results from two different areas; the Kramers-
Fokker-Planck operator and spectral asymptotics for analytic operators in two di-
mensions. The first topic (based on joint works with F. Hérau—C. Stolk, F. Hérau—
M. Hitrik and inspired by works of Hérau-F. Nier, B. Helffer—F. Nier) was chosen
because it has a very concrete importance, while the second topic (based on joint
works with M. Hitrik and S. Vi Ngoc) is of interest as an example of how to get
precise information about individual eigenvalues. In both situations the methods
exploit suitable changes of the Hilbert space norms.

Part II is devoted to Weyl asymptotics for the eigenvalues of elliptic operators
with small random perturbations.

In Section 6, we give a result, that generalizes and improves earlier results by
Hager and Hager—Sjostrand about the number of zeros of holomorphic functions of
exponential growth, which is clearly close to classical results for entire functions but
that we have not found in the literature. This result is used in an essential way in
the sequel.

In Section 7 we treat the one-dimensional semi-classical case very much in the
spirit of Hager. This case is easier than the general case, and it has some special
features that permit to have more precise results, and is most likely the first testing
case for more refined questions about statistics and correlation of eigenvalues.

In Section 8 we establish Weyl asymptotics in the multi-dimensional semi-classical
case, by combination of complex analysis (Section 6), microlocal analysis spectral
theory and probabilistic arguments.

In Section 9, we consider the large eigenvalues of elliptic operators. In the semi-
classical case the results say that we have Weyl asymptotics with a probability
tending to 1 very fast when Planck’s constant tends to zero. The study of large
eigenvalues of elliptic operators can often be reduced to a semi-classical study, and
by performing such a reduction and applying the Borel-Cantelli lemma, we show that
Weyl asymptotics holds almost surely. Such a result was obtained by W. Bordeaux
Montrieux for elliptic operators on S! using the results and the approach of Hager.
Here we mainly describe a corresponding multi-dimensional result, obtained jointly
with Bordeaux Montrieux, where the semi-classical part is the one described in
Section 8.

In Section 10 we formulate some open problems.

As for Part III, we refer to the introduction of that work below.






PART 1
Some general results

2. Elliptic non-self-adjoint operators, some classical results

This is a classical area. T. Carleman [14] considered the Dirichlet realization P of
a second order elliptic operator in a bounded domain € R?, assuming enough
smoothnes on the coefficients and on the boundary, and he also assumed that the
principal symbol is strictly positive so that the non-self-adjointness can come only
from the lower order symbols. In this case we see easily that the spectrum consists
of isolated eigenvalues of finite algebraic multiplicity and we will allways count
the eigenvalues with their multiplicity. Carleman showed that the eigenvalues are
contained in a parabolic neighborhood of the positive real axis and that the real
parts are distributed according to the Weyl asymptotics, i.e.

#{n € o(P); Bu < A} = SN2 (vol {(2,€) € T pla,€) < 1} +0(1)), A= o0
(2.0.1)
His method of proof consisted in studying the trace of (P + x?)~! — (P + x2)~! for
a fixed kg in the limit when k — oo and to apply a Tauberian argument.

After Carleman there have been important results of Keldysch which have inspired
later workers in the field, like Agmon, Agranovich, Markus and Matseev. In a spirit
similar to that of Carleman, M.S. Agranovich and A.S. Markus [3] considered a
non-self-adjoint elliptic classical pseudodifferential operator on a compact manifold
Q) of dimension n, of order m > 0. Let p denote the principal symbol. Assume that
the range of p is in a sector {z € C; |argp| < 0} where § < 7. If the quantity

1
d:= / / ) MmS(deVd 2.0.2
g o J €S ) (202)
is # 0 then the authors show that
N(\) =A™ X — oo (2.0.3)

where N(\) = #(o(P) N D(0,A)) and D(0,\) denotes the open disc of radius A

centered at 0. They also obtain some more precise inequalities for the quantities

limsupy ... A™™N()) and lim infy_... A™/™N()). Especially when these two limits

are equal, then the corresponding quantity is in the interval [|d|, A], where
1

M deda. 2.0.4

Crrll A G (2.0.4)

Here it is interesting to notice that d # 0 when the angle 26 is smaller than 7wm /n.
To prove these results, the authors first establish the asymptotic trace formula

tr ((u+ A7) ~ Const.u™™ ¢ 1 — +o0 (2.0.5)

for /m > n, where the constant can be expressed with the help of d, and then apply
a Tauberian argument. Here (1 + A)~¢ is of trace class when fm > n.

A =
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The operator P = f(z)D, + g(x) on S is elliptic when f # 0, and its spectral
behaviour can be studied explicitly. When the range of f is in a sector of angle
less than 7, then we have a nice spectrum sitting on a line, while for larger values,
strange things may happen ([10], [92]) and the spectrum may be either equal to C
or empty.

Another interesting and potentially important question is that of the completeness
of the set of generalized eigenfunctions. This question was studied by Keldysh and
Agmon. Agmon studied elliptic boundary value problems, let us here formulate his
result in the case of elliptic differential operators on manifolds without boundary
[1] (see also [2]). Assume that P is such an operator of even order m > 0 and
assume that the symbol p takes its values away from a finite union of closed half-
rays €% 0, +oo[, where §; < 0, < ... < Oy belong to [0,27[ and assume that
the angles 0;.; — 0; are all strictly smaller than mn/n (with the convention that
Ony1 = 01 + 27). Then the generalized eigenfunctions of P are complete in L?, in
the sense that they span a dense subspace.

The proof uses the following ingredients:

e First we show that the resolvent (z— P)~! is well-defined and of norm O(|z|™!)
when z tends to infinity along one of the half rays given by arg z = ;. In par-
ticular the resolvent exists for at least one value of z and by analytic Fredholm
theory this implies that the spectrum of P consists of isolated eigenvalues and
each such value is of finite algebraic multiplicity.

e Using a suitable functional determinant which is an entire function of frac-
tional exponential grow and whose zeros are the eigenvalues, we get a poly-
nomial control over the number N(A) when A — oo and a corresponding ex-
ponential control over the resolvent on a family of circles 9D(0,;), r; — oo,
when j — oc:

I(z = P)~H < O(1) exp(l2[= ), |2] = p, (2.0.6)

where € > 0 can be chosen arbitrarily small.

e Of course, (z — P)~! will have poles at the eigenvalues, but if fy € L? is or-
thogonal to all the generalized eigenfunctions, then Fy(z2) := ((z—P)~ f]fo) 2
turns out to be an entire function for every f € L?. Thanks to the condition
on the angles, and the exponential control of the resolvent, we can apply the
Phragmén Lindelof theorem to conclude that Fy(z) is actually constant. By
restricting to a ray of minimal growth we see that the constant has to be zero,
and varying f it is not hard to see from this that f, has to be zero.

Let us mention that rays of minimal growth of the resolvent have also been used
by R. Seeley [91]. We could also point out that under the same ellipticity condition
and the assumption that the range of p is not equal to all of C, we have the classical
upper bound

N(A) = OA"™), A — +o0. (2.0.7)
This can be proved in a similar manner using a relative determinant and the Jensen
formula. A more elementary proof is the following, that was pointed out to me by
M.S. Agranovich [4]: After replacing P by P — ), for a sufficiently large Ay on a ray
of minimal growth, we may assume that P is bijective. Let s1(P~1) > so( P71) > ..
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be the singular values of the inverse P~! (i.e. the decreasing sequence of eigen-
values of (P*P)~'/2 which is bounded from L? to H™). If C' > 0 is large enough
we have (P*P)~! < C(1 — A)™™ where A is the Laplace Beltrami operator on
X for some smooth Riemannian metric and this implies corresponding inequal-
ities for the eigenvalues. Applying the Weyl asymptotics for —A, we conclude
that s;(P~1) < O(j7™™). Then Corollary 3.2 in Chapter III of [33] implies that
(P71 = O(j~™™), where \;(P~') denote the eigenvalues of P~! arranged so that
j— |\ (P71 is decreasing. Then (2.0.7) follows.

Markus and V.I. Matseev [72] have established interesting estimates on the differ-
ence of the counting function for a self-adjoint (or more generally normal) operator
and the counting function for the real parts of the eigenvalues of a small perturbation
of that operator. The proofs are based on the use of relative determinants. We will
not state the general results, but simply mention a corollary of the general result: Let
P be an elliptic differential operator of order m on a compact manifold with positive
principal symbol p(z, £). Then the eigenvalues are contained in a thin neighborhood
of the positive real axis and if N(\) denotes the number of such eigenvalues with
real part < ), then N()\) = (27) Vol p~1([0, 1)) \/™ 4+ O(A=D/™)_ Notice that the
remainder estimate is the same as in the general result of Avakumovié [7], Levitan
[69] (m = 2) and Hormander [56] (general m) for self-adjoint elliptic operators which
in turn depend on trace formulas, not for resolvents as in Carleman’s approach but
for hyperbolic evolution problems.

3. Pseudospectrum, quasi-modes and spectral instability

Let ‘H be a complex Hilbert space and let P : H — H be a closed densely defined
operator. Recall that the resolvent set is defined as

p(P)={z¢€ C; P—z:D(P) — H has a bounded 2-sided inverse}.

It is an open set, if z € p(P) and ||(z — P)7!|| = 1/e, then the open disc D(z,€) is
contained in p(P). The spectrum of P is the closed set

o(P) = C\ p(P).
Following Trefethen—M. Embree [106] we define, for € > 0, the e-pseudospectrum as
the open set
0(P) = a(P)U{z € p(P); (= = P)7'|| > 1/e}. (3.0.1)
Unlike the spectrum, the e-pseudospectrum will change if we replace the given norm
on ‘H by an equivalent one.

o.(P) can be characterized as a set of spectral instability, by the following sim-
plified version of a theorem of Roch and Silberman:

o(P)= |J o(P+Q). (3.0.2)
QeL(nm)
lQli<e

The result becomes more sublte if we use the more traditional definition with a
non-strict inequality in (3.0.1).

Proof. Let 6.(P) denote the right hand side in (3.0.2). If z € C \ o.(P), then by a
perturbation argument, we see that z € C\ 7.(P).
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Let z € o(P). If z € o(P) we also have z € &.(P), so we may assume that
z € p(P). Then 3 u € D(P), v € H such that [jul| = 1, ||[v] < € (P — 2)u = v.
Let @@ be the rank one operator from H to H, given by Q¢ = —(¢|u)v. Then
QI = |lull||lv]] <eand (P+Q —2)u=v+Qu=v—v=0,s0 z € (P + Q), and
z € 7 (P). O

Using the subharmonicity of the function z — [|(z — P)™!|| we notice that every
bounded connected component of o.(P) contains an element of o(P).

We next discuss the construction of quasimodes for non-normal differential oper-
ators which shows that very often we get large e-pseudospectra. The background
and starting point is a result by E.B. Davies [21] for non-selfadjoint Schrodinger
operators in dimension 1. M. Zworski [113] observed that this is essentially an old
result of Hormander [54, 55](1960), and that we have the following generalization,
with {a,b} = a; - b, — a, - by = H,(b) denoting the Poisson bracket of a = a(z,§),
b(x,§).

Theorem 3.1. Let
10

P(z,hD;) = > aq(z)(hD,)*, D, = P (3.0.3)

laj<m

have smooth coefficients in the open set @ C R"™. Put p(x,£) = Xjaj<m ta(T)E™.
Assume z = p(wg, &) with 2{p,p}(z0,&%) > 0. Then I u = wy, with |lul| = 1,
|(P — 2)ul| = O(h*>), when h — 0.

In the case when the coefficients are all analytic we can replace “h>” by “e~ /"

for some C' > 0"

Notice that this implies that if the resolvent (P — 2z)~! exists then its norm is
greater than any negative power of h when h — 0 (and even exponentially large in
the analytic case).

In the case n > 2, we noticed with A. Melin in [77] that if z = p(p) and Rp,
Sp are independent at p, then %{p,ﬁ} times the natural Liouville measure is equal
to a constant times the restriction to p~'(z) of ¢™~! which is a closed form. It
follows that if T' is a compact connected component of p~!(z) on which dRp and
dS3p are pointwise independent, then the average of %{p,p} over I' with respect to
the Liouville measure has to vanish. Hence if there is a point on I" where the Poisson
bracket is # 0 then there is also point where it is positive. In the case n = 1 we have
a similar phenomenon: If (for instance thanks to suitable ellipticity assumption) we
know that p~'(z) is finite and that +{p,p} is # 0 everywhere on that set, then this
set is finite and if it is contained in the interior of a connected bounded set € in
phase space with smooth boundary such that the variation of arg (p — z) along that
boundary is equal to zero, then we have to have an equal number of points in p~!(z)
where %{p,ﬁ} is positive and where it is negative. This follows from the observation
that the argument variation of p — z along a small positively oriented circle around
a point in p~*(2) is F2r when +1{p,p} > 0 at that point.

Example 3.2. P = —h*A+V(z), p(z,§) =&+ V(z), :{p,p} = —4¢ - SV'(x).

More recently K. Pravda-Starov [82] improved this result by adapting a more
refined quasi-mode construction of R. Moyer (in 2 dimensions) and Hormander [58]
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for adjoints of operators that do not satisfy the Nirenberg-Tréves condition (V) for
local solvability.

The proof in the C*-case in [113] is by a standard reduction of semi-classical
results to classical results in ordinary microlocal analysis. In [26] we gave a direct
proof and also treated the case of analytic coefficients, which is also essentially quite
old. Here is a brief outline of a

Proof. In the following we use the notation neigh (a, A) for “some neighborhood of
ain A" If ¢ € C*(neigh (zo, R™)) satisfies ¢'(y) : & € R”, and

3¢ (w0) > 0, (3.0.4)
then we can define the complex Lagrangian manifold
Ay 1= {(2,¢(2)); = € neigh (zo, C")} (3.0.5)

where we extend ¢ to a complex neighborhood by taking an almost holomorphic
extension, i.e. a smooth extension such that d¢ = O((Jz)>). In this case we can
content ourselves with working with formal Taylor expansions at z(, and then A,
can be viewed as an equivalence class of real submanifolds of the complexified phase
space C?" where two submanifolds are equivalent if they agree to infinite order
at (zo,&). As observed by Hormander [57] and developped a lot by the author
with A. Melin in [76] and in other works, the positivity assumption (3.0.4) can be
formulated equivalently by saying that

1
Zo(t,1) >0, 0 £t € Tiayen)(Ao), (3.0.6)
1

where o denotes the symplectic 2-form, here viewed as a bilinear form on the com-
plexified tangentspace of the cotangent space at (zo,&p).

Let z, p, (xg, &) be as in the theorem. Then we observe that %U(Hp,ﬁp) = %{p,ﬁ} >
0. Moreover, the real set ¥ := p~!(z) is a smooth symplectic manifold near (xq, &)
and using the Darboux theorem, we can identify it with R*"~1 and hence find a La-
grangian submanifold A’ in its compexification passing through (zg, &) that satisfies
the positivity condition (3.0.6). Viewing the complexification of ¥ as a submanifold
of C*, we can take A = {expsH,(p); s € neigh (0,C), p € neigh ((z, &), C*")}.
Using that H, is symplectically orthogonal to the tangent space of ¥ it is then quite
easy to verify that A is a complex Lagrangian manifold to oo order at (xg,&y) con-
tained (to infinite order) in the complex characteristic hypersurface {p € neigh ((xg, &), C*"); p(p)
0} and satisfying the positivity condition (3.0.6). Hence to infinite order, A is of the
form Ay for a function ¢ as in (3.0.4), (3.0.5), which also fulfills the eiconal equation

plx, ¢ (x)) = O(|x — 20|>). (3.0.7)

We normalize ¢ by requiring that ¢(zo) = 0. Then the function e@)/h is rapidly
decreasing with all its derivatives away from any neighborhood of zy, and by a
complex version of the standard WKB-construction we can construct an elliptic
symbol a(z; h) =< ag(z) + hay () + ..., by solving the suitable transport equations to
infinite order at zy, such that if y € C§°(neigh (x9, R™)) is equal to 1 near zy, then
u(z; h) = x(x)h ™ *a(z; h)e@)/" has the required properties. O

[-11



4. Boundary estimates of the resolvent

4.1. Introduction

In this section we are interested in bounds on the resolvent of an h-pseudodifferential
operator when z is close to the boundary of the range of p. As with the quasi-
mode construction this question is closely related to classical results in the general
theory of linear PDE, and with N. Dencker and Zworski ([26]) we were able to
find quite general results closely related to the classical topic of subellipticity for
pseudodifferential operators of principal type, studied by Egorov, Hormander and
others. See [58].

In [26] we obtained resolvent estimates at certain boundary points,
(A) under a non-trapping condition,
and
(B) under a stronger “subellipticity condition”.

In case (A) we could apply quite general and simple arguments related to the
propagation of regularity and in case (B) we were able to adapt general Weyl-
Hormander calculus and Hormander’s treatment of subellipticity for operators of
principal type ([58]). In the first case we obtained that the resolvent extends and has
temperate growth in 1/h in discs of radius O(hln1/h) centered at the appropriate
boundary points, while in case (B) we got the corresponding extension up to distance
O(h¥/*k+1)) "\where the integer k > 2 is determined by a condition of “subellipticity
type”.

Using a method based on semi-groups led to a strengthened result in case (B):
The resolvent can be extended to a disc of radius O((hln1/h)¥/*+) around the
appropriate boundary points.

Let X be equal to R™ or equal to a compact smooth manifold of dimension n.

In the first case, let m € C=(R*";[1, +00[) be an order function (see [27] for more
details about the pseudodifferential calculus) in the sense that for some Cy, Ny > 0,

m(p> < CO<p - M>N0m<:u)7 Py € R2n7 (411>

where (p — ) = (1+|p — u[*)"/*. Let P = P(x,&h) € S(m), meaning that P is
smooth in x, ¢ and satisfies

|05 P(x, & h)] < Cam(z,6), (2,€) € R*", a € N*", (4.1.2)
where C, is independent of h. We also assume that
P(x,&h) ~po(z,&) + hpi(x,&) + ..., in S(m), (4.1.3)

and write p = pg for the principal symbol. We impose the ellipticity assumption
Jw € C, C >0, such that [p(p) — w| > m(p)/C, Vp € R*, |p| > C.  (4.1.4)
In this case we let
P = PY(x,hD,;h) = Op(P(z,h&; h)) (4.1.5)

be the Weyl quantization of the symbol P(x,h&; h) that we can view as a closed
unbounded operator on L*(R™).

In the second case when X is compact manifold, we let P € S7(T*X) (the
classical Hormander symbol space ) of order m > 0, meaning that

0200 P (2,6 h)| < Cap(&)™ P, (2,€) € T*X, (4.1.6)
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where C, g are independent of h. We also assume that we have an expansion of the
type (4.1.3), now in the sense that
N-1

P(x,&h) — Y Wpj(z,€) € hNS{’fO‘N(T*X), N=12,.. (4.1.7)
0

and we quantize the symbol P(z, h&; h) in the standard (non-unique) way, by doing
it for various local coordinates and paste the quantizations together by means of a
partition of unity. In the case m > 0 we impose the ellipticity condition

3C > 0, such that |p(z, )| > <£C>” €| > C. (4.1.8)

Let X(p) = p*(T*X) and let ¥ (p) be the set of accumulation points of p(p;)

for all sequences p; € T*X, j = 1,2, 3, .. that tend to infinity. By pseudodifferential

calculus, if K € C\ X(p) is compact, then (2 — P)~! exists and has uniformly
bounded operator norm for z € K, 0 < h < 1.

The following theorem ([99]) is a partial improvement of corresponding results in

126].

Theorem 4.1. We adopt the general assumptions above. Let zp € 0% (p) \ Loo(p)
and assume that dp # 0 at every point of p~*(29). Then for every such point p there
exists § € R (unique up to a multiple of ) such that d(e™(p— zo)) is real at p. We
write @ = 0(p). Consider the following two cases:

 (A) For every p € p~'(2), the mazimal integral curve of Hy,—io),) through
the point p is not contained in p~'(z).

o (B) There exists an integer k > 1 such that for every p € p~'(z), there exists
Jj€{1,2,..,k} such that

pH(exptH,y(p)) = at’ + O, t — 0,

where a = a(p) # 0. Here p also denotes an almost holomorphic exten-

sion to a complex neighborhood of p and we put p*(n) = p(). Equivalently,
Hy(P)(p)/(j!) = a #0.

Then, in case (A), there exists a constant Cy > 0 such that for every constant
Cy > 0 there is a constant Cy > 0 such that the resolvent (2 — P)™' is well-defined

for |z —z| < Cihlng, h < Ciz, and satisfies the estimate

Co G
Iz = P)7H < 5> exp(5° |z = zo])- (4.1.9)

In case (B), there exists a constant Cy > 0 such that for every constant Cy > 0
there is a constant Cy > 0 such that the resolvent (z — P)~' is well-defined for
|z — 20| < Cy(hIn £)M D h < C% and satisfies the estimate

C C 1
Iz = P)7H < - exp(le = 20/ ), (4.1.10)
hF+T h

In [26] we obtained (4.1.10) for z = zy, implying that the resolvent exists and
satisfies the same bound for |z — 2| < h¥/*+D/O(1) in case (B) and with k/(k+ 1)
replaced by 1 in case (A). In case (A) we also showed that the resolvent exists
with norm bounded by a negative power of h in any disc D(zy, C1hIn(1/h)). (The
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condition in case (B) was formulated a little differently in [26], but the two conditions
lead to the same microlocal models and hence they are equivalent.) The case (A)
of the theorem is basically identical with the corresponding result in [26] and was
proved using weighted estimates with weights that have at most polynomial growth
in h. We will not disuss that in detail here and instead we concentrate on the
partially new result in the case (B).

When £ = 2 more direct methods are available and more precise bounds can be
given, at least in special cases. Such results have been obtained by J. Martinet [73],
Y. Almog, B. Helffer, X. Pan, see [40] and W. Bordeaux Montrieux [10].

Let us now consider the special situation of potential interest for evolution equa-
tions, namely the case when

20 € iR, (4.1.11)

Rp(p) > 0 in neigh (p~'(20), T X). (4.1.12)

Theorem 4.2. We adopt the general assumptions above. Let zy € 0%(p) \ Xoo(p)
and assume (4.1.11), (4.1.12). Also assume that dp # 0 on p~'(zg), so that dSp # 0,
dRp = 0 on that set. Consider the two cases of Theorem 4.1:

e (A) For every p € p~'(z20), the mazimal integral curve of Hg, through the
point p contains a point where Rp > 0.

e (B) There exists an integer k > 1 such that for every p € p~Hz0), we have
HE, Rp(p) # 0 for some j € {1,2,...,k}.

Then, in case (A), there exists a constant Cy > 0 such that for every constant
Cy > 0 there is a constant Cy > 0 such that the resolvent (z — P)™! is well-defined

for

1 -1 1 1
<C’07 Co<%z<01 nh7 <027

(2 = 20)]
and satisfies the estimate

Co Rz < —h,

I(z = P)7H| < {9“E

4.1.13
0 exp(2Rz), Rz > —h. ( )

In case (B), there exists a constant Cy > 0 such that for every constant Cy > 0
there is a constant Cy > 0 such that the resolvent (z — P)™' is well-defined for

1 -1 1. & 1
S(z — <=, 5= <Rz < Cy(hln-)m1, h < — 4.1.14
S -l < g g < B < Cilhln T, h< o (1110
and satisfies the estimate
é—()', Rz < —hk%l,
~— PV < - ke 4.1.15
It )< hi% exp(%(%z)i Y, Rz > e ( )

4.2. Outline of the proof in case (B)

Away from the set p~1(z9) we can use ellipticity, so the problem is to obtain mi-
crolocal estimates near a point pg € p~'(29). After a standard factorization of P — z
in such a region, we can further reduce the proof of the first theorem to that of the
second one.
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The main (quite standard) idea of the proof of Theorem 4.2 is to study exp(—tP/h)
(microlocally) for 0 < ¢ < 1 and to show that in this case

k+1

Jexp— I < Coxp(—z). (12.1)

for some constant C' > 0. Noting that that implies that ||exp —2|| = O(h*) for
t > h° when 0(k + 1) < 1, and using the formula

1 e t(z — P)

(z—P) == ; exp( )dt, (4.2.2)

we get to (4.1.15).
The most direct way of studying exp(—tP/h), or rather a microlocal version of
that operator, is to view it as a Fourier integral operator with complex phase ([74,

63, 76, 75]) of the form
1

U(t)u(x) = k) //e%(gb(t’m’")_y'")a(t,x,77; h)u(y)dydn, (4.2.3)

where the phase ¢ should have a non-negative imaginary part and satisfy the
Hamilton-Jacobi equation:
10 + p(x, 0,0) = O((S¢)>), locally uniformly, (4.2.4)

with the initial condition

6(0,z,m) =z -n. (4.2.5)
The amplitude a will be bounded with all its derivatives and has an asymptotic
expansion where the terms are determined by transport equations. This can indeed
be carried out in a classical manner for instance by adapting the method of [76] to
the case of non-homogeneous symbols following a reduction used in [79, 75]. It is
based on making estimates on the fonction

$,(6) = S( [ €(9) - dals)) — Re(t) - S(t) + RE(O) - 3(0)

along the complex integral curves v : [0,7] 3 s +— (2(s),£(s)) of the Hamilton field
of p. Notice that here and already in (4.2.4), we need to take an almost holomorphic
extension of p. Using the property (B) one can show that S¢(t, z,n) > O~ '+ and
from that we can obtain (a microlocalized version of) (4.2.1) quite easily.

Finally, we prefered a variant: Let

Tu(x) = Ch % /e%qs(x’y)u(y)dy,

be an FBI — or (generalized) Bargmann-Segal transform that we treat in the spirit
of Fourier integral operators with complex phase as in [94]. Here ¢ is holomorphic in
a neighborhood of (29, y9) € C" x R”, and —¢, (zo,%0) = m € R", ¢y, (x0,%0) >

vy

0, det @ ,(70,90) # 0. Let sy = (y,—¢,(z,y)) = (z,¢,(x,y)) be the associated

Canonicalytransformation. Then microlocally, T' is bounded L? — Hg, := Hol (Q2) N
L%(Q, e 2%/"[(dz)) and has (microlocally) a bounded inverse, where ) is a small
complex neighborhood of x4 in C". Here the weight ® is smooth and strictly pluri-
subharmonic. If Ag, := {(z,2%2); x € neigh (zo)}, then (in the sense of germs)
Ag, = kp(T*X). The conjugated operator P = TPT~' can be defined locally
modulo O(h™) (see also [64]) as a bounded operator from He — Hg provided that

the weight ® is smooth and satisfies ® — @) = O(h?) for some § > 0. (In the
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analytic frame work this condition can be relaxed.) Egorov’s theorem applies in this

situation, so the leading symbol p of P is given by p o kp = p. Thus (under the

assumptions of Theorem 4.2) we have xp, Ay > 0, which in turn can be used to
0

see that for 0 < t < h’, we have e~tP/h — O(1): Hp, — Hg,, where &, < ® is
determined by the real Hamilton-Jacobi problem

0P, 209,

— —-——) =0, &g = Py. 4.2.
Er —l—?Rp(x,i 8x) 0, @19 0 (4.2.6)
Here is a somewhat formal derivation of (4.2.6):

Consider formally:

( e—tﬁ/h —tP/h

ule U)Hy, = (ut|ut)Hq)t, u € Hg,,

and try to choose @, so that the time derivative of this expression vanishes to leading
order. We get

0 =~ hat/utﬂt€72q>t/hl}(dm)

3 o
= — ((Putlut)Hq) (ut|Put He, +/28 i )\u!Qqu’t/hL(dx)).
Here
(Pusfu)is, = [ @i, + OM)fu*e " L(dz),

and similarly for (u|Puy) Hg,» 50 we would like to have

0~ | z@mm - OR)) waf2e2 " L (dx).

We choose ®; to be the solution of (4.2.6). Then the preceding discussion again
shows that e /" = O(1) : Hg, — Hag,.

To get (4.2.1), it suffices to show that ®; < &y — tF*1/C for 0 <t < 1. By a
geometric discussion, this follows from

Gi(p) < —t"/C, (4.2.7)
where G; is a smooth function in a real neighborhood of py, given by
oG

The behaviour of GGy is easy to understand by means of Taylor expansion of the first
equation in (4.2.8) at the point p.

4.3. Examples

Consider

P=-hmA+iV(x), Ve C®X;R), (4.3.1)
where either X is a smooth compact manifold of dimension n or X = R". In the
second case we assume that p = &2 4+ iV (z) belongs to a symbol space S(m) where
m > 1 is an order function. It is easy to give quite general sufficient condition
for this to happen, let us just mention that if V' € Cp°(R?) then we can take
m=1+¢&% and if 9°V (z) = O((1 + |z|)?) for all @ € N™ and satisfies the ellipticity
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condition |V (x)| > C~|x|? for |x| > C, for some constant C' > 0, then we can take
m=1+ &+ 2%

We have 3(p) = [0, 00[+iV(X). When X is compact then ¥ (p) is empty and
when X = R", we have Y (p) = [0,00[+iXx(V), where ¥ (V) is the set of
accumulation points at infinity of V.

Let 2o = zo + iyo € 0X(p) \ Yoo (p)-

e In the case zyp = 0 we see that Theorem 4.2 (B) is applicable with k& = 2,
provided that y, is not a critical value of V. This is close to problems from
fluid dynamics, studied by I. Gallagher, T. Gallay, F. Nier [32].

e Now assume that xg > 0 and that yq is either the maximum or the minimum
of V. In both cases, assume that V' ~'(y,) is finite and that each element of
that set is a non-degenerate maximum or minimum. Then Theorem 4.2 (B)
is applicable to +iP. By allowing a more complicated behaviour of V' near its
extreme points, we can produce examples where 4.2 (B) applies with k& > 2.

Now, consider the non-self-adjoint harmonic oscillator
Q=—— +iy’ (4.3.2)

on the real line, studied by Boulton [12] and Davies [22], K. Pravda-Starov [83].
Consider a large spectral parameter £ = i\ + p where A > 1 and |u| < \. The
change of variables y = v/ Az permits us to identify Q with Q = AP, where P =
~h? L 4 ia? and h = 1/\ — 0. Hence @ — E = A(P — (i + %)) and Theorem 4.2

(B) is applicable with k = 2. We conclude that (Q — E)~! is well-defined and of
polynomial growth in A (which can be specified further) when

%gcng-nnmé

for any fixed C; > 0, i.e. when
1< CiAE(In A5, (4.3.3)

M. Hitrik and K. Pravda-Starov [51] have obtained interesting results on the char-
acterization of the exponential decay of the the semi-groups generated by differential
operators with quadratic symbols.

5. Survey of some recent results

5.1. Introduction

In this section we survey some recent results about Kramers-Fokker-Planck type
operators and about Bohr-Sommerfeld quantization conditions in dimension 2. In
both cases our approach uses quite essentially the possibility of modifying the Hilbert
space structure by means of exponential weights.

In recent years there has been many works that apply the commutator methods
developed by Kohn for subelliptic operators to equations of Fokker-Planck type and
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non-equilibriaum stat physics models. Especially there is the work by F. Hérau—
F. Nier [47] devoted to the Kramers-Fokker-Planck operator

1
P=y-hd,—V'(z)hd,+ §(y —hd,) - (y+hd,), (z,y) € R* =RI xRy (5.1.1)
Symbol: p = ipy + p1, where

p(z,y,&n) = ;(y2 +17), pa(z,y, & m) =y -E=V'(x) -1 (5.1.2)

Here we have suppressed some physical parameters and only kept h which is propor-
tional to the temperature. Using commutator techniques Hérau and Nier establish
an interesting link to a Witten Laplacian and under various general symbol type
assumtions on V' they show:

e global subellipticity (P is not elliptic even locally), and m-accretivity,

e absence of large eigenvalues and corresponding power-decay of the resolvent
in certain “parabolic” neighborhoods of 1R,

e Estimates on the smallest non-vanishing eigenvalue (relating it to the corre-
sponding quantity for the Witten laplacian), and especially estimates on this
quantity in the high and low temperature limit.

e Precise estimates on the return to equilibrium (when 0 is an eigenvalue) or
simply decay when 0 is not an eigenvalue, including estimates on the expo-
nential rate of convergence.

With F. Hérau and C. Stolk [48] we applied microlocal methods in order to study
the semi-classical (low temperature) limit, the results are fewer than the ones in [47]
and for me easier to describe.

Assume that V' is a Morse function, such that

V'(x)] > 1/C when |z| > C, 0*V"(x) = O(1),YVa € N". (5.1.3)

We showed that dc¢ > 0 such that for any C' > 1 we have have for h > 0 small
enough:

e The eigenvalues in the disc D(0,Ch) are of the form p = p(\) = Ah + o(h),
where A are the eigenvalues of the quadratic approximation of P, | at the
critical points of V.

e For |z| > Ch and Rz < c|z|/3h%? the resolvent exists and satisfies the esti-
mate o
Py ——
I = P < e
This is similar to Theorem 4.2 (B) in the case k = 2. with an essential difference:
p has no values in iR \ {0}, so 0¥ C X! Nevertheless we can compute Hf,Qpl =
V/(x)?+& = (V"(x)y-y+V"(x)n-n) and see that when p; is small, then H2 p; >0
except near points where £ = V’/(x) = 0. This means that where p; is very small,
the short time averages are not small. This can be exploited by conjugating the
operator by an operator which is bounded and has a bounded inverse and for which
the conjugated operator has a symbol with a larger real part.
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Below we shall discuss a more general supersymmetric situation and also give de-
tailed results on the return to equilibrium for the associated heat equation, following
two joint works with F. Hérau and M. Hitrik.

In the case of the KFP equation we make a moderate change of the Hilbert space
norm in order to increase the real part of the operator away from certain critical
points of the symbol. When we have analyticity assumptions such changes of the
norm can be much larger and sometime allow us to study all eigenvalues also at
fixed distance inside the range of p. Here is one such result by M. Hitrik [50]:

Let P = P(x,hD,;h) on R satisfying the general conditions of section 4. Also
assume that P has a holomorphic extension to a tubular neighborhood of R? in C?
which is still O(m(R(z, £)) Let zg € 9L\ X4 be a point such that p~*(z0) = {(xo, &)}
and such that [p(x, &) — 20| < |(z—z0, & —&)|? for (z, &) in a neighborhood of (g, &).
Also assume that there is a truncated sector zo+]0, eo]etlo—<o%Fel which is disjoint
from ¥ (p). Then in a small but fixed neighborhood of zj, the spectrum is given by
the set of values zy + G((k + 3)h; h) + O(h*), where G(-;h) is holomorphic and
~ WG (5 h), k=0,1,2, ..., where Go(0) = 0, G;(0) # 0.

The main idea is to construct an IR-manifold A (a complex deformation of real
phase space), containing (zo, &), such that on A, p — z is elliptic outside an arbi-
trarily small neighborhood of (x¢,&y) and such that near that point, the restriction
of the quadratic part of p to A takes its values along a ray in the complex plane.
To implement this picture, we make a Bargmann transform, mapping L? into an
exponentially weighted space of holomorphic functions, then deform the weight.

In the second part of this section we discuss precise Bohr-Sommerfeld rules in
dimension 2 for non-self-adjoint operators in the semi-classical limit. What is re-
markable here is that thanks to the non-self-adjointness we get better results than
what would be possible in the self-adjoint case. Again analyticity assumptions and
the use of exponential weights on the Bargmann transform side is essential. We will
follow recent works with M. Hitrik and S. Va Ngoc [53, 52]

5.2. Kramers-Fokker-Planck type operators, spectrum and
return to equilibrium

5.2.1. Introduction

There has been a renewed interest in the problem of “return to equilibrium” for
various 2nd order operators. One example is the Kramers-Fokker-Planck operator:

P=y hd, —V'(zx) hd, + %(-hay +y) - (R, +y), (5.2.1)

where z,y € R™ correspond respectively to position and speed of the particles and
h > 0 corresponds to temperature. The constant v > 0 is the friction. (Since we
will only discuss L? aspects we here present right away an adapted version of the
operator, obtained after conjugation by a Maxwellian factor.)

The associated evolution equation is:

(h0, + P)u(t,z,y) = 0.

Problem of return to equilibrium: Study the rate of convergence of u(t,x,y) to a
multiple of the “ground state” ug(z,y) = e~ @ /2HV@/M when t — 400, assuming
that V(z) — +oo sufficiently fast when x — oo so that uy € L*(R*"). Notice here
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that P(uy) = 0 and that the vector field part of P is h times the Hamilton field of
y*/2 4V (z), when we identify R2? with the cotangent space of RJ.

A closely related problem is to study the difference between the first eigenvalue
(0) and the next one, p(h). (Since our operator is non-self-adjoint, this is only a
very approximate formulation however.)

Some contributions: L. Desvillettes—C. Villani [28], J.P. Eckmann-M. Hairer [29],
F. Hérau-F. Nier [47], B. Helffer-F. Nier [41], Villani [107]. In the work [47] pre-
cise estimates on the exponential rates of return to equilibrium were obtained with
methods close to those used in hypoellipticity studies and this work was our starting
point. With Hérau and C.Stolk [48] we made a study in the semi-classical limit and
studied small eigenvalues modulo O(h>). More recently with Hérau and M. Hitrik
[45] we have made a precise study of the exponential decay of (h) when V' has two
local minima (and in that case pu(h) turns out to be real). This involves tunneling,
i.e. the study of the exponential decay of eigenfunctions. As an application we have
a precise result on the return to equilibrium [46]. This has many similarities with
older work on the tunnel effect for Schrodinger operators in the semi-classical limit
by B. Helffer-Sjostrand [42, 43] and B. Simon [93] but for the Kramers-Fokker-
Planck operator the problem is richer and more difficult since P is neither elliptic
nor self-adjoint. We have used a supersymmetry observation of J.M. Bismut [8] and
J. Tailleur—S. Tanase-Nicola—J. Kurchan [104], allowing arguments similar to those
for the standard Witten complex [43].

5.2.2. Statement of the main results

Let P be given by (5.2.1) where V € C*(R™; R), and

oV (z) = 0(1), |a| > 2, (5.2.2)
IVV(z)| >1/C, |z| > C, (5.2.3)
V is a Morse function. (5.2.4)

We also let P denote the graph closure of P from S(R?") which coincides with
the maximal extension of P in L? (see [47, 41, 45]). We have RP > 0 and the
spectrum of P is contained in the right half plane. In [48] the spectrum in any strip
0 < Rz < Ch (and actually in a larger parabolic neighborhood of the imaginary
axis, in the spirit of [47]) was determined asymptotically mod (O(h*)). It is discrete
and contained in a sector |Jz| < CRz 4+ O(h>):

Theorem 5.1. The eigenvalues in the strip 0 < Rz < Ch are of the form
Ne(l) ~ h(pjp + YNk gy + BNk o + L) (5.2.5)

where ;) are the eigenvalues of the quadratic approximation (“non-selfadjoint os-
cillator”)

v 0 = V'(@))e -0, + 5 (=0, +)- (9, +).
at the points (x;,0), where x; are the critical points of V.

The 1151, are known explicitly and it follows that when z; is not a local minimum,
then R\;, > h/C for some C' > 0. When z; is a local minimum, then precisely
one of the \;; is O(h™) while the others have real part > h/C. Furthermore, when
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V — 400 as x — oo, then 0 is a simple eigenvalue. In particular, if V' has only one
local minimum, then

inf ®(o(P) \ {0}) ~ h(ps +hps +...), w1 > 0.

(or possibly an expansion in fractional powers) and we obtained a corresponding
result for the problem of return to equilibrium. It should be added that when p;
is a simple eigenvalue of the quadratic approximation then N;; = 1 so there are no
fractional powers of h in (5.2.5).

The following is the main new result that we obtained with F. Hérau and M. Hitrik
in [45]:

Theorem 5.2. Assume that V' has precisely 3 critical points; 2 local minima, x4,
and one “saddle point”, xo of index 1. Then for C' > 0 sufficiently large and h
sufficiently small, P has precisely 2 eigenvalues in the strip 0 < Rz < h/C, namely
0 and u(h), where p(h) is real and of the form

(k) = h(ay(h)e 2" 4 a_(h)e 252/my, (5.2.6)
where a; are real,

(Ij(h) ~ @;0 + ha]-,l + .. h — 0, ajo > 0,

Sj = Vo) = V(z;).

As for the problem of return to equilibrium, we obtained the following result with
F. Hérau and M. Hitrik in [46]:

Theorem 5.3. We make the same assumptions as in Theorem 5.2 and let II; be
the spectral projection associated with the eigenvalue pj, j = 0,1, where pp = 0,
w1 = p(h). Then we have

I, =0(1): L> - L*, h—0. (5.2.7)
We have furthermore, uniformly ast > 0 and h — 0,
e P =TIy 4 e~/ + O(1)e €, in L(L%, L?), (5.2.8)
where C' > 0 s a constant.

Actually, as we shall see in the outline of the proofs, these results (as well as
(5.2.5)) hold for more general classes of supersymmetric operators.

Very recently we observed with F. Hérau and M. Hitrik that we can actually treat
the case of any (finite) number of local minima. The basic observation here is that
there is a Hermitian product which becomes a scalar product on the space spanned
by the Ny lowest eigenvalues, where Ny denotes the number of local minima, and
for which our operator is formally self-adjoint. This makes it possible to apply very
much the same methods as for the standard Witten complex.
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5.2.3. A partial generalization of [48]
Consider on R™ (2n is now replaced by n):
P = Z hD, b (x)hD,, +
Gk
1
3 Z(cj(x)h(%j + hd,, o cj(z)) + po(x)
J

= P+iP + P,
where b; 1, ¢j, po are real and smooth. The associated symbols are:

p(x,§) = pa(x, &) +ipi(z,§) + po(w),
P2 = D bkl p1 = ¢
Assume,
p2 20, po >0,

b = O(1), |a] >0,
e, = O(), o] > 1,
&py = O(1), la] > 2,

Assume that
{z; po(z) = c1(x) = .. = cp(x) = 0}
is finite = {xy, ..., x5} and put C = {py, ..., pu}, p; = (z;,0). Put

Pl@,§) = (€) 7 *pa(@, ) + po(@), (€) = /1 +[¢?

1 (T2 _
(P)m, = T /T /2p o exp(tHy, )dt, Ty > 0 fixed.
—40

Here in general we let H, = a; - 8% —al - a% denote the Hamilton field of the

Cl-function a = a(z, §).

Dynamical assumptions: Near each p; we have (p)7, ~ |p—p;|° and in any compact
set disjoint from C we have (p)g, > 1/C. (Near infinity this last assumption has to
be modified slightly and we refer to [45] for the details.) The following result from
[45] is very close to the main result of [48] and generalizes Theorem 5.1:

’ 2

Theorem 5.4. Under the above assumptions, the spectrum of P is discrete in any
band 0 < Rz < Ch and the eigenvalues have asymptotic expansions as in (5.2.5).
Put
Q('r7 f) = —p(l’, 25) = p2(£l?, 5) + pl(:c7 f) - pO(x)
The linearization of the Hamilton field H, at p; (for any fixed j) has eigenvalues

+ai, K = 1,..,n with real part # 0. Let Ay = Ay, be the unstable manifold
through p; for the Hy-flow. Then A, is Lagrangian and of the form £ = ¢/, (z) near

zj (¢4 = ¢+ ;), where
¢4 () =0, ¢/ (z;) =0, ¢/ (z;) > 0.

The next result is from [45]:
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Theorem 5.5. Let A (h) be a simple eigenvalue as in (5.2.5) and assume there is
no other eigenvalue in a disc D(\jx, h/C) for some C > 0. Then, in the L* sense,
the corresponding eigenfunction is of the form e=*+@/"(a(z;h) + O(h™®)) near z;,
where a(z; h) is smooth in x with an asymptotic expansion in powers of h. Away
from a small neighborhood of x; it is exponentially decreasing.

The proof of the first theorem uses microlocal weak exponential estimates, while
the one of the last theorem also uses local exponential estimates.

5.2.4. Averaging and exponential weights.

The basic idea of the proof of Theorem 5.4 is taken from [48], but we reworked it in
order to allow for non-hypoelliptic operators. We will introduce a weight on T*R"
of the form

t
e = — / J ()i o expltHy, ), (5.2.9)
0
for 0 < e < 1. Here J(t) is the odd function given by
_] 0 =s,
J(t) —{ U 0% <, (5.2.10)

and we choose p(p) to be equal to p(p) when dist (p,C) < ¢, and flatten out to ep
away from a fixed neighborhood of C in such a way that p. = O(e). Then

Hy, e = (Pe)m, — Pe- (5.2.11)

We let € = Ah where A > 1 is independent of h. Then the weight exp(¢/h) is
uniformly bounded when h — 0. Indeed, ¥, = O(h).

Using Fourier integral operators with complex phase, we can define a Hilbert
space of functions that are “microlocally O(exp(i./h)) in the L? sense”. The norm
is uniformly equivalent to the one of L?, but the natural leading symbol of P, acting
in the new space, becomes

plexp(ifly,)(p)), p € T"R" (5.2.12)

which by Taylor expansion has real part ~ pa(p) + po(p) + (Pe) — Pe-

Very roughly, the real part of the new symbol is > € away from C and behaves like
dist (p,C)? in a y/e-neighborhood of C. This can be used to show that the spectrum
of P (viewed as an operator on the weighted space) in a band 0 < Rz < ¢/C
comes from an +/e-neighborhood of C. In such a neighborhood, we can treat P as an
elliptic operator and the spectrum is to leading order determined by the quadratic
approximation of the dilated symbol (5.2.12). This gives Theorem 5.4.

We next turn to the proof of Theorem 5.5, and we work near a point p; =
(x;,&) € C. Recall that Ay : { = ¢/, (x) is the unstable manifold for the H,-flow,
where ¢(z,§) = —p(x,i§). We have ¢(z, ¢/ (z)) = 0.

In general, if ¢ € C™ is real, then Py := e¥/" o P o e /" has the symbol

pd)(x’f) = p2(£v€>_Q<x7 W(m)) + Z(Qé(flfﬂﬂ/(x)) : E (5'2'13>

e As long as ¢(z,¢'(z)) < 0, we have Rp, > 0 and we may hope to establish
good apriori estimates for P.
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e This is the case for ¢» = 0 and for ¢ = ¢ . Using the convexity of ¢(z, -), we
get suitable weights ¢ with ¢(x,¢’(z)) < 0, equal to ¢4 (x) near z;, strictly
positive away from z; and constant outside a neighborhood of that point.

e It follows that the eigenfunction in Theorem 5.5 is (roughly) O(e=%+®)/") near
z; in the L? sense.

e On the other hand, we have quasi-modes of the form a(z;h)e=®+@/* as in
[42].

e Applying the exponentially weighted estimates, indicated above, to the dif-
ference of the eigenfunction and the quasi-mode, we then get Theorem 5.5.

5.2.5. Supersymmetry and the proof of Theorem 5.2

We review the supersymmetry from [8], [104], see also G. Lebeau [67]. Let A(z) :
T*R™ — T,R" be linear, invertible and smooth in . Then we have the nondegen-
erate bilinear form

(ulv) Ay = (N"A(2)ulv), u,v € N"TIR",
and we also write (u|v)a@) = (u|?) A@).-

If u,v are smooth k-forms with compact support, put

(ulo)a = [ ((@)o(@)) s do.
The formal “adjoint” Q4* of an operator Q is then given by

(Qulv)a = (u|Q**v)a4.

Let ¢ : R® — R be a smooth Morse function with 0%¢ bounded for |a| > 2 and
with |[V¢| > 1/C for |z| > C. Introduce the Witten-De Rham complex:

dy=ehohdoeh =3 (hd,, +0,,0) o dz’),

J

where d denotes exterior differentiation and da:jA» left exterior multiplication with
dz;. The corresponding Laplacian is then: —A = d/}™*d, + dyd)”". Its restriction to
g-forms will be denoted by —Aff). Notice that:

—Af)(e_d)/h) =0.

Write A = B + C with Bt = B, C* = —C. —A, is a second order differential

operator with scalar principal symbol in the semi-classical sense (%% — ¢;) of the
J

form:
p(l‘, 5) = Z bj,k (gjfkr + aﬁl‘j ¢a$k ¢) + 2i Z Cj,kaxk¢§j‘
Jk Jk
Example. Replace n by 2n, x by (z,v), let
1/ 0 I
A=— :
(57
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Then
—AY = Wéy 0.~ ¢, 0,)
3 Yo(=hd,, +0,,6)(hd,, +0,,6).
J

When ¢ = y?/2 + V(z) we recover the KFP operator (5.2.1)
The results of Subsubsection 5.2.3 apply, if we make the additional dynamical

assumptions there; —Aff) has an asymptotic eigenvalue = o(h) associated to the
critical point x; precisely when the index of z; is equal to ¢ (as for the Witten
complex and analogous complexes in several complex variables). In order to cover
the cases ¢ > 0 we also assume that

A = Const. (5.2.14)

The Double well case. Keep the assumption (5.2.14). Assume that ¢ is a Morse
function with |V¢| > 1/C for |z| > C such that —A 4 satisfies the extra dynamical
conditions of Subsubsection 5.2.3 and having precisely three critical points, two local
minima Uy and a saddle point Uy of index 1.

Then —A(X) has precisely 2 eigenvalues: 0, p that are o(h) while —A(Al) has pre-
cisely one such eigenvalue: p. (Here we use as in the study of the Witten complex,
that d, and dq‘?’* intertwine our Laplacians in degeree 0 and 1. The detailed justifica-
tion is more complicated however.) e%/" is the eigenfunction of Aff) corresponding
to the eigenvalue 0. Let S; = ¢(Uy) — ¢(U;), j = £1, and let D; be the connected
component of {z € R"; ¢(z) < ¢(Up)} containing U; in its interior.

Let £ be the corresponding spectral subspaces so that dim £ = 2, dim E® =
1. Truncated versions of the function e=?®)/" can be used as approximate eigenfunc-
tions, and we can show:

Proposition 5.6. E© has a basis e1, e_1, where
e; =X (m)e_%(d’(“”)_‘i)([]j)) + O(e_%(sj_e)), in the L*-sense.
Here, we let x; € C§°(D;) be equal to 1 on {x € D;; ¢p(z) < ¢(Uy) — €}
The theorems 5.4, 5.5 can be adapted to —A(AI) and lead to:
Proposition 5.7. E() = Ceq, where
eo() = xo(x)ao(x; h)e*%‘z’*(‘”) + O/,

b1 (z) ~ (x — Up)?, €0 > 0 is small enough, ag is an elliptic symbol, xo € C3°(R™),
Xo = 1 near Uy.

Let the matrices of d : E© — EMW and dﬁ’* : EMW — EO) with respect to the
bases {e_1,e1} and {eg} be

( A1 M ) and < )\)\_*1 ) respectively.
1

Using the preceding two results in the spirit of tunneling estimates and computations
of Helffer—Sjostrand ([42, 43]) we can show:
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Proposition 5.8. Put S; = ¢(Uy) — ¢(U;), j = £1. Then we have
A B % _% g_l(h)eis_l/h
( A > =h (I+O(€ c ))( El(h)e_sl/h >
*,(h)e

AT i -1 1 (R) ~5a/k
( )\,{ > =h (I+ O(e Ch)) ( ﬁf(h)e_sl/h )
where {11, U1, are real elliptic symbols of order O such that £;¢; >0, j = +1.

From this we get Theorem 5.2.3, since p = A" A_1 + AT A;. O

Thanks to the fact that we have only two local minima, certain simplifications
were possible in the proof. In particular it was sufficent to control the exponential
decay of general eigenfunctions in some small neighborhood of the critical points.

5.2.6. Return to equilibrium, ideas of the proof of Theorem 5.3

Keeping the same assumptions, let 11y, II; be the rank 1 spectral projections corre-
sponding to the eigenvalues pg := 0, py := p of —Aff) and put II = IIy + II;. Then
e_1,, ey is a basis for R(II) and the restriction of P to this range, has the matrix

A ML AN
( ¥ )()\1 M) _< Y A ) (5.2.15)

with the eigenvalues 0 and g = A* ;A1 +AjA1. A corresponding basis of eigenvectors
is given by

1
Vo = ?()\1671 — )\,1€,1> (5216)
1 * *
v = ﬁ()\_16,1 + )\1671).
The corresponding dual basis of eigenfunctions of P* is given by
* 1 k ok * *
1

UT = ﬁ()\_leil + )\16?),

where e* |, e] € R(IT*) is the basis that is dual to e_, €;. It follows that v;, v; = O(1)
in L2, when h — 0.

From this discussion we conclude that IT; = (-|v})v;, are uniformly bounded when
h — 0. A non-trivial fact, based on the analysis described in Subsubsections 5.2.3,
5.2.4, is that after replacing the standard norm and scalar product on L? by certain
uniformly equivalent ones, we have

R(Pulu) > gHuHQ, Yu € R(1 —1I), (5.2.18)

where II is the spectral projection corresponding to the spectrum of P in D(0, Bh)
for some B > 1.

This can be applied to the study of u(t) := e */hu(0), where the initial state
u(0) € L? is arbitrary: Write

u(0) = Tou(0) 4 Iu(0) + (1 — Mu(0) =: u°® + u' +u*. (5.2.19)
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Then

[l [l lut ] < O@)][u(0)] (5.2.20)
le” /Mt < CemClu(0)]] (5.2.21)
ey = e, j = 0,1, (5.2.22)

Here (5.2.21) follows if we write ut = (1 — I)u 4 (II — I)u, apply (5.2.18) to
the evolution of the first term, and use that the last term is the (bounded) spec-
tral projection of u to a finite dimensional spectral subspace of P, for which the
corresponding eigenvalues all have real part > h/C. a

5.3. Spectral asymptotics in 2 dimensions
5.3.1. Introduction

This subsection is mainly based on recent joint works with S. Vii Ngoc and M. Hitrik
[52] [53], but we shall start by recalling some earlier results that we obtained with
A. Melin [78] where we discovered that in the two dimensional case one often can
have Bohr-Sommerfeld conditions to determine all the individual eigenvalues in some
region of the spectral plane, provided that we have analyticity. In the self-adjoint
case such results are known (to the author) only in 1 dimension and in very special
cases for higher dimensions.

Subsequently, with M. Hitrik we have studied small perturbations of self-adjoint
operators. First we studied the case when the classical flow of the unperturbed
operator is periodic, then also with S. Vi Ngoc we looked at the more general case
when it is completely integrable, or just when the energy surface contains some
invariant Diophantine Lagrangian tori.

5.3.2. Bohr-Sommerfeld rules in two dimensions

For (pseudo-)differential operators in dimension 1, we often have a Bohr-Sommerfeld
rule to determine the asymptotic behaviour of the eigenvalues. Consider for instance
the semi-classical Schréodinger operator

d2
P = —hQP + V(x), with symbol p(z, &) = £ + V(x),
x
where we assume that V' € C*(R;R) and V(z) — 400, |z] — o0. Let Ey € R
be a non-critical value of V' such that (for simplicity) {z € R;V(z) < Ey} is an
interval. Then in some small fixed neighborhood of Ey and for A > 0 small enough,
the eigenvalues of P are of the form F = Ey, k € Z, where

I(E) _
2rh

In the non-self-adjoint case we get the same results, provided that &V is small and
V' is analytic. The eigenvalues will then be on a curve close to the real axis.

For self-adjoint operators in dimension > 2 it is generally admitted that Bohr-
Sommerfeld rules do not give all eigenvalues in any fixed domain except in certain
(completely integrable) cases. Using the KAM theorem one can sometimes describe
some fraction of the eigenvalues.

k—0(E;h), I(E) :/p_l(E)§~dx, 0(E; h) ~ Oo(E) + 61 (E)h + ...
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With A. Melin [78]: we considered an h-pseudodifferential operator with leading
symbol p(z, €) that is bounded and holomorphic in a tubular neighborhood of R*
in C* = C2 x CZ. Assume that

R*Np*(0) # 0 is connected. (5.3.1)

On R* we have |p(z,¢)| > 1/C, for |(z,€)| > C, (5.3.2)
for some C' > 0,

dRp(z, ), dSp(z, ) are linearly independent for all (z,€) € p~1(0) "R (5.3.3)

(Here the boundedness assumption near co and (5.3.2) can be replaced by a suitable
ellipticity assumption.) Tt follows that p~'(0) N R* is a compact (2-dimensional)
surface.

Also assume that

[{Rp, Ip}| is sufficiently small on p~'(0) NR™ (5.3.4)

“Sufficiently small” here refers to some positive bound that can be defined whenever
the the other conditions are satisfied uniformly.

When the Poisson bracket vanishes on p~'(0), this set becomes a Lagrangian
torus, and more generally it is a torus. The following is a complex version of the
KAM theorem without small divisors (cf T.W. Cherry [15], J. Moser [80]),

Theorem 5.9. ([78]) There exists a smooth 2-dimensional torus T' C p~1(0) N C*,
close to p~'(0)NR* such that 0. = 0 and I;(T') € R, j = 1,2. Here I;(T") := [ {-dx
are the actions along the two fundamental cycles 1,7y C T, and o = >3 d§; A dx;
is the complex symplectic (2,0)-form.

Replacing p by p — z for z in a neighborhood of 0 € C, we get tori I'(z)
depending smoothly on z and a corresponding smooth action function I(z) =
(11(T'(2)), I2(I'(2))), which are important in the Bohr-Sommerfeld rule for the eigen-
values near 0 in the semi-classical limit h — O:

Theorem 5.10. ([78]) Under the above assumptions, there exists 6y € (1Z)* and
0(z;h) ~ Oy + 01(2)h + 02(2)R* + .. in C=(neigh (0, C)), such that for z in an h-
independent neighborhood of 0 and for h > 0 sufficiently small, we have that z is an
eigenvalue of P = p(x, hD,) iff

g(;}z =k —0(z;h), for some k € Z*. (BS)

Recently, a similar result was obtained by S. Graffi, C. Villegas Bas [34].

An application of this result is that we get all resonances (scattering poles) in a
fixed neighborhood of 0 € C for —h*A + V/(z) if V is an analytic real potential on
R? with a nondegenerate saddle point at = 0, satisfying V(0) = 0 and having
{(z,£) = (0,0)} as its classically trapped set in the energy surface {p(z, &) = 0}.

5.3.3. Diophantine case

In this and the next subsubsection we describe a result from [53] and the main
result of [52] about individual eigenvalues for small perturbations of a self-adjoint
operator with a completely integrable leading symbol. We start with the case when
only Diophantine tori play a role.
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Let P.(z,hD;h) on R? have the leading symbol p.(z,&) = p(x,€) + ieq(w, &)
where p, ¢ are real and extend to bounded holomorphic functions on a tubular
neighborhood of R*. Assume that p fulfills the ellipticity condition (5.3.2) near
infinity and that

P._qg= P(x,hD) (5.3.5)

is self-adjoint. (The conditions near infinity can be modified and we can also replace
R? by a compact 2-dimensional analytic manifold.)

Also, assume that P.(z,£;h) depends smoothly on 0 < e < ¢ with values in
the space of bounded holomorphic functions in a tubular neighborhood of R*, and
P. ~ p.+ hpyc + h*pac + ..., when h — 0.

Assume

p1(0) is connected and dp # 0 on that set. (5.3.6)

Assume complete integrability for p: There exists an analytic real valued function
f on T*R? such that H,f = 0, with the differentials df and dp being linearly

independent almost everywhere on p~*(0). (H, = Pe az — pl. - = is the Hamilton
field.)
Then we have a disjoint union decomposition
p H(0)NT*'R* = (J A, (5.3.7)
AeJ

where A are compact connected sets, invariant under the H, flow. We assume (for
simplicity) that J has a natural structure of a graph whose edges correspond to
families of regular leaves; Lagrangian tori (by the Arnold-Mineur-Liouville theorem
[108]). The union of edges J \ S possesses a natural real analytic structure.
Each torus A € J\ S carries real analytic coordinates x1, x5 identifying A with
T? = R?/27Z?, so that along A, we have
0 0

[{ =
ala 1+a28$2

where a1,a; € R. The rotation number is defined as the ratio w(A) = [a; : a9 €
RP!, and it depends analytically on A € J\ S. We assume that w(A) is not identi-
cally constant on any open edge.

We say that A € J\ S is respectively rational, irrational, diophantine if a1 /as has
the corresponding property. Diophantine means that there exist o > 0, d > 0 such
that

(5.3.8)

((ay,as) - k| > 0#keZ (5.3.9)

|k|2+d’
We introduce
1 [T/2
()yr = T /_T/2 qoexp(tH,)dt, T > 0, (5.3.10)
and consider the compact intervals Q«(A) C R, A € J, defined by,
Qoo(A) = [lim inf{q)7, lim sup(q)r]. (5.3.11)
T—oo A T—oo A
A first localization of the spectrum o(P,(x,hD,;h)) ([53]) is given by
S(a(P) 0 {2 R2] < 61) € elinf | QuolA) — o(1), 5up U Quol) +0(1)], (5.3.12)

AeJ AeJd
when §,¢, h — 0.

[-29



For each torus A € J\ S, we let (g)(A) be the average of g, with respect to the
natural smooth measure on A, and assume that the analytic function J\ S 5 A —
(g)(A) is not identically constant on any open edge.

By combining (5.3.8) with the Fourier series representation of ¢, we see that when
A is irrational then Q. (A) = {{g)(A)}, while in the rational case,

Qoo(A) C (g)(A) + O( )=1,1], (5.3.13)

(Il + [m])>

when w(A) = ™ and m € Z, n € N are relatively prime.
Let Fy € Upes@Qoo(A) and assume that there exists a Diophantine torus Ay (or
finitely many), such that

(0)(Aa) = Fo,  dalg)(Aa) # 0. (5.3.14)
With M. Hitrik and S. Vi1 Ngoc we obtained:

Theorem 5.11. ([53]) Assume also that Fy does not belong to Q(A) for any other

Ae J. Let0 <6 < K <o0o. Then 3C > 0 such that for h > 0 small enough, and

KK < e < h9, the eigenvalues of P. in the rectangle |Rz| < h°/C, |Sz — eRFy| <
eh?/C are given by

ko

P (h(k— =) — —

(k10— 2

Here P™)(¢, e; h) is smooth, real-valued for ¢ = 0 and when h — 0 we have

e h) +Oh®), ke Z?

67 € h Z thz 7 0 — poo(f) + i€<Q> (5) + 0(62)7 (5'3'15>

corresponding to action angle coordinates.

In [53] we also considered applications to small non-self-adjoint perturbations of
the Laplacian on a surface of revolution. Thanks to (5.3.13) the total measure of
the union of all @ (A) over the rational tori is finite and sometimes small, and we
could then show that there are plenty of values Fj, fulfilling the assumptions in the
theorem.

With M. Hitrik we are currently studying the distribution of eigenvalues in sub-
bands that are delimited by two different values “Fy" as in the theorem.

5.3.4. The case with rational tori

Let Fy be as in (5.3.14) but now also allow for the possibility that there is a rational
torus (or finitely many) A,, such that

FO S QOO(AT)7 FO 7A <Q>(AT)7 (5316>
da({@))(Ar) # 0, da(w)(Ay) # 0. (5.3.17)

Assume also that
Fo & Quo(A), for all A € J\ {Ag, A} (5.3.18)

With M. Hitrik we showed the following result:

[-30



Theorem 5.12. ([52]) Let 6 > 0 be small and assume that h < e < hi*9, or that

the subprincipal symbol of P vanishes and that h? < € < K3+ . Then the spectrum
of P. in the rectangle
€ € e €

e Sl ddelFy— — Fya+ —

[ C?c«]—i_ze[o 07 0+c«]
is the union of two sets: EqU E,., where the elements of Eq form a distorted lattice,
given by the Bohr-Sommerfeld rule (5.58.15), with horizontal spacing < h and vertical
spacing < eh. The number of elements #(E,) of E, is O(¢*/?/h?).

NB that #(Ey) < e'*9/h2.

This result can be applied to the damped wave equation on surfaces of revolution.

5.3.5. Outline of the proofs of Theorem 5.11 and 5.12

The principal symbol of P, is p. = p + ieq + O(€?). Put

1 (T/2
(e =7 |, a0 cxp(tHy )t

As in Subsection 5.2 we will use an averaging of the imaginary part of the symbol.

Let J(t) be the piecewise affine function with support in [—%, %], solving
J(t) =6(t) — 11_1 (1),
and introduce the weight
Gr(t) = | J(—;)q o exp(tH,)dt.
Then H,Gr = q — (q)r, implying
peoexpl(ieHg,) = p +ielq)r + Orp(e?). (5.3.19)

The left hand side of (5.3.19) is the principal symbol of the isospectral operator
e wCGr(@hDz) o P oerGr(@hD2) and under the assumptions of Theorem 5.11 resp. 5.12
its imaginary part will not take the value ie Fy on p~1(0) away from Ay resp. AjUA,.
This means that we have localized the spectral problem to a neighborhood of Ay
resp. Aq U A,.

Near A, we choose action-angle coordinates so that A; becomes the zero section
in the cotangent space of the 2-torus, and

pe(,€) = p(&) +icq(x, &) + O(¢?). (5.3.20)

We follow the quantized Birkhoff normal form procedure in the spirit of V.F. Lazutkin
and Y. Colin de Verdiere [65, 20]: solve first

HPG - q(*ra 5) - <Q('7 £)>7 (5321)

where the bracket indicates that we take the average over the torus with respect to
x. Composing with the corresponding complex canonical transformation, we get the
new conjugated symbol

p(&) +ie(q(-,€)) + O(€ +£%).

Here the Diophantine condition is of course important.
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Iterating the procedure we get for every N,

pe o exp(Heo) = p(€) + ie({q) (§) + O(€,€)) +O((§, )" )

independent of x

This procedure can be continued on the operator level, and up to a small error we
see that P. is microlocally equivalent to an operator P.(hDg,€; h). At least formally,
Theorem 5.11 then follows by considering Fourier series expansions, but in order to
get a full proof we also have take into account that we have constructed complex
canonical transformations that are quantized by Fourier integral operators with
complex phase and study the action of these operators on suitable exponentially
weighted spaces.

Near A, we can still use action-angle coordinates as in (5.3.20) but the homological
equation (5.3.21) is no longer solvable. Instead, we use secular perturbation theory
(cf the book [70]), which amounts to making a partial Birkhoff reduction.

After a linear change of x-variables, we may assume that p(£) = & + O(&?) and
in order to fix the ideas = & + 2. Then we can make the averaging procedure only
in the zo-direction and reduce p, in (5.3.20) to

Pe(,€) = & + & + O(e) +O((€,6)™),

independent of g,
~Ea+E2+ie(g)a(w1,6)
where (g)2(x1, &) denotes the average with respect to z.

Carrying out the reduction on the operator level, we obtain up to small errors an
operator P.(zy,hD,,,hD,,;h) and after passing to Fourier series in xq, a family of
non-self-adjoint operators on S}, : P.(x1,hD,, hk;h), k € Z.

The non-self-adjointness and the corresponding possible wild growth of the resol-
vent makes it hard to go all the way to study individual eigenvalues. However, it
can be shown that in the region |£;]| > €'/2 (inside the energy surface p = 0) we can
go further and (as near A,) get a sufficiently good elimination of the z-dependence.
This leads to the conclusion that the contributions from a vicinity of A, to the
spectrum of P, in the rectangle

- € o elto
2| < =, ISz —elfy| £ ——,
Rel < 5, 92— eRol < 5
come from a neighborhood of A, of phase space volume O(e%/2).

This explains heuristically why the rational torus will contribute with O(e*?2/h?)
eigenvalues in the rectangle.

The actual proof is more complicated. We use a Grushin problem reduction in
order to reduce the study near A, to that of a square matrix of size O(e2/h?).
However, even if we avoid the eigenvalues of such a matrix, the inverse can only be

bounded by

exp O(e3/2/h?). (5.3.22)
What saves us is that away from A, U Ay, we can conjugate the operator with
exponential weights and show that the resolvent has an “off-diagonal decay” like
exp(—1/(Ch)). This implies that we can confine the growth in (5.3.22) to a small
neighborhood of A, if



leading to the assumption € < h?/3 in Theorem 5.12.
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PART 1II
Non-selt-adjoint operators with random
perturbations.

6. Zeros of holomorphic functions of exponential growth

We will need a result on the number of zeros in a domain of holomorphic functions
u(z) = up(z) that satisfy an exponential upper bound near the boundary of the
domain as well as corresponding lower bounds at finitely many points, distributed
along the boundary. Such a result (related to classical results for the zeros of entire
functions, cf [68], Chapter III, Section 3, Theorem 3) was obtained by Hager [37, 38]
under a rather strong regularity assumption on the exponent. With Hager [39] we
obtained a more general result with a logarithmic loss however. Recently I revisited
the proofs and was able to get a result that includes the earlier ones and allows to
eliminate such losses, see [100].

Let I" € C be an open set and let v = OI" be the boundary of I'. Let r : v —]0, 00|
be a Lipschitz function of Lipschitz modulus < 1/2:

1
[r(@) =r)l < 5le—yl, 2y €. (6.0.1)

We further assume that ~ is Lipschitz in the following precise sense, where r enters:

For every = € 7 there exist new affine coordinates § = (91, 72) of the form y =
Uly —z), y € C ~ R? being the old coordinates, where U = U, is orthogonal,
such that the intersection of I' and the rectangle R, := {y € C; 71| < r(x), |72] <
Cor(z)} takes the form

{y € Rx; gQ > fz’(gl)> |?71| < T($)7} (602)

where f,(71) is uniformly Lipschitz on [—r(x),r(z)], and Cj is a fixed constant,
which is larger than the Lipschitz moduli of the functions f,.

Notice that our assumption (6.0.2) remains valid if we decrease r. It will be
convenient to extend the function to all of C, by putting

. 1
r(a) = inf(r(y) + Slz = yl)- (6.0.3)
The extended function is also Lipschitz with modulus < %:
1
(@) = (@) < lo—yl, 7.y € C
Notice that

r(z) > ;dist (x,7), (6.0.4)
and that 5
ly —z| <r(z) = T(;) <r(y) < réx) (6.0.5)
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Theorem 6.1. Let I' € C be simply connnected, and have Lipschitz boundary -y
with an associated Lipschitz weight r as in (6.0.1), (6.0.2), (6.0.3). Pul 3, =
UzerD(x, ar(x)) for any constant o > 0. Let Z? €, j € Z/NZ be distributed along
the boundary in the positively oriented sense such that

r(25)/4 < |25 — 25 < r(25)/2.
(Here “4” can be replaced by any fized constant > 2.) Then if Cy > 0 is large enough,
depending only on the constant Cy in (6.0.2) and if Cy > Cq, z; € D(2),7(2])/(2C1)),
we have the following:

Let ¢ be a continuous subharmonic function on 7, ,c, with a distribution extension
to I' U %, /c, that will be denoted by the same symbol. Then there exists a constant
Cy > 0 such that if u = up(z), 0 < h < 1, is a holomorphic function on I' U %, /c,
satisfying

hin|u| < é(2) on ¥, jcy (6.0.6)
hln|u(z;)| > ¢(2;) — €5, forj=1,2,...,N, (6.0.7)
where €; > 0, then the number of zeros of w in I' satisfies
1
[#(w(0)NT) = 57 pu()] < (6.0.8)

S (e + 3 ([ It

4Cq

Here p := A¢ € D'(I' U7, ¢,) is a positive measure on v,/c, so that p(I') and
1(Frjcy) are well-defined. Moreover, the constant Cy only depends on Cy in (6.0.2)
and on CY.

We next discuss the elimination of the logarithmic integrals in (6.0.8).
Using (6.0.5), we get

/ r(z9) / (2) | In |u(dw) r(29) =
D(,5¢) /D= 467) r(2) L(D(7], 5&7))
‘w Z| L(dZ)
/ r(=0) / ) | In |(dw) r(29) 1y’
D(z7,5¢) Y D(=5, 1) r(2) L(D(z], 20 )

where L denotes the Lebesgue measure. Here we use Fubini’s theorem and the fact
that

[ 1 B < 0012060, 5220

]7 2C
to conclude that the mean-value of

0 r(zg) lw — 2|

D(2° / 1 d
(2, 20, )2z D<272‘5))| n 02 |p(dw)

r(29
is O(1)p(D(z), (Cl))) Thus we can find z; € D(z, 2(0)) such that
S [ ey Sy = 000
j=17/D(z icj)) (%) /

This leads to the following variant of Theorem 6.1, where (6.0.8) is simplified but
where the choice of z; is no more arbitrary.
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Theorem 6.2. Let I', v = O, r, z?, Co, C1 be as in Theorem 6.1. Then 3z; €
(29
D(2? ( J)) such that if ¢, u are as in Theorem 6.1, satisfying (6.0.6), and

7 20
hln |u(5])| Z gb(ij) — €5, j = 1, 2, ...7N, (609)
instead of (6.0.7), then
_ 1 Cy
# O NT) — gn(D) € Ple) + Xe) (6010
Of course, if we already know that
w — 2] r(z)
1 d Du(D(z; 0.11
Jop g |05 () = 0D, 520, (6.0.1)

then we can keep Z; = z; in (6.0.8) and get (6.0.10). This is the case, if we assume
that p is equivalent to the Lebesgue measure in the following sense:

u(dw? IS L(dw? 5 on D(z;, T(zj)), uniformly for j =1,2,..., N.
w(D(z5,587))  L(D(z, 587)) 26,

77 2Cq 77 2Cq

(6.0.12)
Then we get,

Theorem 6.3. Make the assumptions of Theorem 6.1 as well as (6.0.11) or the
stronger assumption (6.0.12). Then from (6.0.6), (6.0.7), we conclude (6.0.10).

In particular, we recover the counting proposition of M. Hager [37, 38], where ¢
was independent of h and of class C? in a fixed neighborhood of 4. Then y =< L and
if we choose r < 1 constant and assume (6.0.6), (6.0.7), we get from (6.0.9):

#(0)NT) — (D) ir—l—Ze] (6.0.13)

Hager had ¢; = € independent of j, r = /e, N < , 80 the remainder in (6.0.13)
is (’)(%)

We next outline the proof of Theorem 6.1. Using a locally finite covering with discs
D(z,r(x)) and a subordinated partition of unity, it is standard to find a smooth
function 7(x) satisfying

Gr(n) < 7(w) < (o), [Vi()| < 5, 07 () = O ). (6.0.14)

From now on, we replace r(z) by 7(z) and the drop the tilde. The general estimates
on r remain valid and we have

r(z) > édist (x,7).

Consider the signed distance to 7:

o) = {dist (x,7), zel

6.0.15
—dist (z,v), xe€C\T ( )

In the set Uyey R, we consider the regularized function

1 T —y
00) = [ (i) 190 L), (6.0.16)
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where 0 < x € C§°(D(0,1)), [ x(z)L(dx) = 1. Here € > 0 is small and we notice
that r(z) < r(y), g(y) = O(r(y)), when x((z — y)/er(z)) # 0. It follows that
ge(x) = O(r(z)) and more precisely, since g is Lipschitz, that

ge(z) — g(z) = O(er(x)). (6.0.17)

Moreover one can show that if (Vg). denotes the regularization of Vg, obtained as
in (6.0.16), then

Vo) — (Vo)(a) = 01)  sup YWl (6.0.18)
yED(z,er(x)) T(SL’)
0%9e(x) = Oa((er(2))' 1), |a| > 1. (6.0.19)
Let C' > 0 be large enough but independent of e. Put
Yeer = {2 € Uyer Ry; |ge(x)| < Cer(z)}. (6.0.20)

If C' > 0 is sufficiently large, then in the coordinates associated to (6.0.2), Fcer
takes the form

fo @) <3 < £ @), 1] < r(@), (6.0.21)
where fF are smooth on [—r(x),r(x)] and satisfy
O [ = Okl(er(x)™), k> 1, (6.0.22)
0<f = fo, fo— fo <er(a). (6.0.23)
Later, we will fix ¢ > 0 small enough and write 7, = ¢ and more generally,

Yor = ;)V/Caer'

We shall next establish an exponentially weighted estimate for the Dirichlet Lapla-
cian in v, by adating the general approach of Agmon estimates to thin tubes (cf
[42], [59)):

Proposition 6.4. Let C' > 0 be sufficiently large and € > 0 sufficiently small. Then
if p € C*(%,) and

|| < Cl"r (6.0.24)
we have
le? Dul| + é||ie¢u|| < Cllre®Aul|, u € (Hy N H?) (), (6.0.25)
where we use the natural L* norms.
Outline of the Proof. Let ¢ € C?(%,;R) and put
—Ay=e’o(=A)oe ™ = Di — (¢,)° +i(¢, 0 Dy + Dy 0o ¢),

where we make the usual observation that the last term is formally anti-self-adjoint.
Then for every u € (H? N H})(7,):

(=Agulu) = || Doull* = ((¢),)*ulw). (6.0.26)

We need an apriori estimate for D,. Let v : 7, — R" be sufficiently smooth. We
sometimes consider v as a vector field. Then for u € (H? N H})(7,):

(Dulvu) — (vu|Du) = i(div (v)u|u).
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Assume div (v) > 0. Recall that if v = Vw, then div (v) = Aw, so it suffices to
take w strictly subharmonic. Then

/div (0)[u*dz < 2[vull|| Dull < [|Dul|* + [lvul]®,

which we write
[(@iv (@) = o)l < | Dull.

Using this in (6.0.26), we get
1 1
SIDul? + [(S(div (0) = o) = (6 |ulPde <
1 1,1 1
I3 (= Ag)ullul < Sll7 (= Ao)ulP + Skl
where £ is any positive continuous function on 7%,. We write this as
1 1 1,1
SIDulP + [ div (o) = P = ) = (@2)de < Sl (-Agul?. (6.0.27)

The remaining work is then to see that we can choose v so that

div (v) > 772, Jv| < O(r™). (6.0.28)

and it turns out that this is possible with
v=V(M"), (6.0.29)
where A > 0 is sufficiently large and g = g.. Then replace v by a small multiple and
finally choose k to be a small multiple of 1/r. O

If © € C has smooth boundary, let Gg, P, denote the Green and the Poisson
kernels of €2, so that the Dirichlet problem,

Au=wv, uy, =f, uvel®Q), fel®00),

has the unique solution

/GQ z,y)u(y) L(dy) +/ Po(z,y) f(y)|dyl-
Recall that —Gq > 0, Po > 0. We have

1
— Go(z,y) <C — by In |z —yl, (6.0.30)
T

where C' > 0 only depends on the diameter of .
We also have the scaling property:

Gg(f ‘7;) Gia(z,y), x,y € tQ,t > 0. (6.0.31)
Moreover, —Gg is an increasing function of €2 in the natural sense. Using these facts

with Proposition 6.4 one can show the following result:

Proposition 6.5. For all x y € v, (and € > 0 small enough), we have

| y| T(y)
_ _ —qy < 222 0.
G, (z,y) <C 5 l ) when |z — y| R (6.0.32)
1 Ty (z) 1 T(y)

— Gy (z,y) < Cexp(— |dt|), when |z —y| > (6.0.33)

c ) r(t) C’
where it is understood that the mtegml is evaluated along ~y from m,(y) € ~ to
m,(z) € 7, where m,(y), 7, (x) denote points in v with |x — m(x)| = dist (z,7),
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ly —m,(y)| = dist (y, ), and we choose these two points (when they are not uniquely
defined) and the intermediate segment in such a way that the integral is as small as
possible.

We will also need a lower bound on G, on suitable subsets of v,. For ¢ > 0 fixed
and sufficiently small, we say that M & ~, is an elementary piece of ~, if

o M C ’Y(l—%))

1 r(z)
L ag r(y) SC;%?JEMa

e Jy € M such that M = y + r(y)]\7[, where M belongs to a bounded set of
relatively compact subsets of C with smooth boundary.

In the following, it will be tacitly understood that we choose our elementary pieces
with some uniform control (C' fixed and uniform control on the M). Using Harnack’s
inequality one can show:

Proposition 6.6. If M is an elementary piece in v, then
[z =yl
r(y)

Let ¢ be a continuous subharmonic function defined in some neighborhood of 7;.
Let

-G, (r,y) <14 |In |, z,y € M. (6.0.34)

= py=A¢ (6.0.35)
be the corresponding locally finite positive measure.
Let u be a holomorphic function defined in a neighborhood of I' U7,. We assume
that
hln|u(2)| < é(z), z € 7. (6.0.36)

Lemma 6.7. Let zo € M, where M 1is an elementary piece, such that
hln|u(z)| > ¢(20) — ¢, 0 < ek 1. (6.0.37)

Then the number of zeros of w in M is

< i’(e + [ =G, (20, w)p(dw)). (6.0.38)

Yr

Proof. Writing ¢ as a uniform limit of an increasing sequence of smooth functions,
we may assume that ¢ € C*°. Let

nu(dz) =Y 2m6(z — z;),
where z; are the zeros of u counted with their multiplicity. We may assume that no
z; are situated on 07,. Then, since Aln |u| = n,,

hln|u(z)| = : G%(z,w)hnu(dw)jL/% P, (z,w)hn|u(w)||dw| (6.0.39)

< [ G whndw)+ [P (z w)o(w)dul

Ir

= [ G zwphn(dw) + () - | G, (wp(aw).

Yr

[-40



Putting z = 2y in (6.0.39) and using (6.0.37), we get

—G,, (20, w)hn,(dw) < e+ [ —G., (20, w)pu(dw).

Yr r

Now

and we get (6.0.38). O

Notice that this argument is basically the same as when using Jensen’s formula
to estimate the number of zeros of a holomorphic function in a disc.
Now we sharpen the assumption (6.0.37) and assume

hin |u(z;)| = ¢(z5) — ¢, (6.0.40)
where 21, ..., 28 € Y1 1), are points such that with the cyclic convention N+1 = 1:
1
r(2j+1)
R 1 = ; = 1. 6.0.41
’Z]Jrl ZJ‘ r(’Z])? T(Zj) ( )

We also assume that zq, 2, ..., 2y are arranged in such a way that

Z/NZ — 7,(z;) runs through the oriented boundary in the positive sense.
(6.0.42)
Let M; C v, be elementary pieces such that

; 1
z; € M;, dist (zj, Mj) > 1”(023) when k # j, v C U;M;, 7= (1 — a)r (6.0.43)

We will also assume for a while that ¢ is smooth.
According to Lemma 6.7, we have

_ C
#w0) N M) £ 226+ [ =Gz, whn(dw)). (6.0.44)
Consider the harmonic functions on ~;,
W(2) = h(In [u(z)| + / G (2, w)n(dw)), (6.0.45)
’Y,.v T
®(2) = ¢(2) + / — G (2, w)p(dw). (6.0.46)
,-Y,/;‘_, T
Then ®(z) > ¢(z) with equality on 0v;. Similarly, U(z) > hln|u(z)| with equality
on O0v;.
Consider the harmonic function
H(z)=®(z) — ¥(2), z € 7 (6.0.47)

Then on 0v;, we have by (6.0.36) that
H(z) = ¢(z) — hInfu(z)| > 0,
so by the maximum principle,

H(z) >0, on - (6.0.48)
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By (6.0.40), we have
H(z) = CID(zj)—\If(zj) (6.0.49)
= ¢(z) — hln|u(z )|
—|—/ -G z], p(dw) / —G (2, w)hn, (dw)

Id

s@+A;G¢%mmm>

T

Harnack’s inequality implies that

1
H(z) <O(1)(¢4 —|—/ z], w)p(dw)) on M; Ny 7= (1 — ?)N (6.0.50)
1
Now assume that u extends to a holomorphic function in a neighborhood of I'U7,.
We then would like to evaluate the number of zeros of u in I'. Using (6.0.44), we
first have
C N
#0953 (64 [ 6o wlptdw)). (6.0.51)
=1 r
Let x € C°(I' U~ [0,1]) be equal to 1 on I'. Of course x will have to depend on
r but we may assume that for all £ € N,

Vix =0@r™"). (6.0.52)
We are interested in
/ X(2)hna(dz) = / hin [u(2)|Ax(2)L(dz). (6.0.53)
¥
Here we have on v
hinfu(z)| = / Gz, w)hin, (dw) (6.0.54)
g

= — H(z) /% -Gy (z, w)hn,(dw)

= ¢(z —i—/%—Gy: zr, w)p(dw) — H(z) —/ —Gw:(z,w)hnu(dw)

6(2) + R(2), T

where the last equality defines R(z).
Inserting this in (6.0.53), we get

/ X(2)hnu(dz) = / X(2)u(dz) + / R(2)Ax(2)L(dz). (6.0.55)

(Here we also used some extension of ¢ to I' with g = A¢.) The task is now to
estimate R(z) and the corresponding integral in (6.0.55). Put

pj = p(M; 0 5). (6.0.56)
Using the exponential decay property (6.0.33) (equally valid for G..) we get for
z € M; Ny, dist (z,0My,) > 1(z;)/O(1), k # j:

/—G%(z,w)u(dw)g/ ~G (2 w)p(dw) + O(1) Y e %M, (6.057)
ke " M;0r kA
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where |j — k| denotes the natural distance from j to k in Z/NZ. Similarly from
(6.0.50), we get

H(z) < O(1)(e; + — Gz, w)p(dw) + 3 e ), (6.0.58)
Myt ki
for z € M; N
This gives the following estimate on the contribution from the first two terms in
R(z) to the last integral in (6.0.55):

/ (/ ~Golz w)p(dw) — H (2)> Ax(z)L(dz) (6.0.59)
2.6 +/ (25, w)p(dw)) +§6_Cloj_k'uk)

1 Z Jor /MW—GW,w)u(dw>|Ax<z>|L<dz>.

Here,
[, ~GrlMx(@IL:) = o), (6.0.60)
0 (6.0.59) leads to 7
/% /;Gw:<z7w>u<dw> - H<z>) Ax(2)L(dz) (6.0.61)

=0(1) (u(w) SDICEDY —Go(z, w)u(dw)) :

M0y "
The contribution from the last term in R(z) (in (6.0.54)) to the last integral in
(6.0.55) is

r

[ [ Gl sxeL ) (6062

Here, by using an estimate similar to (6.0.57) with p(dw) replaced by L(dz) together
with (6.0.60), we get

Gz, w)(Ax)(2) L(dz) = O(1),

zey
so the expression (6.0.62) is by (6.0.51)
O(h)#(u"(0) N7) (6.0.63)

- oY +A 2o w)n(dw)

Jj=1

3

N

- I h / — G, (2, w)p(dw))).

This is quite similar to (6.0.61). Using Proposition 6.5, we have

[, Gttt < O] ) 1B atd) + vty 0 )

|lw—=2 J|<
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and similarly for the last integral in (6.0.63) Using all this in (6.0.55), we get
[ x(@hnu(dz) = [ x(z)ndz) (6.0.64)

' n |2j — w| w
YoM+ Ao+ [ o I litd)

We replace the smoothness assumption on ¢ by the assumption that ¢ is continuous
near I" and keep (6.0.40). Then by regularization, we still get (6.0.64).
Here, we observe that

0 0)NT) — 5 [ x(E)hng(d2)] < #((0) ),

which can be estimated by means of (6.0.63), and combining this with (6.0.64), we
get

[#(u(0) A1) = o—pu(T)] < (6.0.65)
O](;) (u(%) + (e +/w_z.g<zﬂ In |Z7{<;;”| ]u(dw))) .

7. The one-dimensional semi-classical case

In this section we consider a simple model operator in dimension 1 and show how
random perturbations give rise to Weyl asymptotics in the interior of the range of p.
We follow rather closely the work of Hager [38] with some inputs also from Bordeaux
Montrieux [10] and Hager—Sj [39]. Some of the general ideas appear perhaps more
clearly in this special situation.

Let P = hD,+g(z), g € C°(S') with symbol p(z,&) = {+g(x), and assume that
Q¢ has precisely two critical points; a unique maximum and a unique minimum.

Let Q € {z € C; min Jg < §z < max Jg} be open. Put

Ps = P(g’w =hD, + g(LE) —+ 5Qw7 (701)
Quu(z) = Y ajp(w)(ule®)e’(x),
k], o< S

where C; > 0 is sufficiently large, e*(z) = (27)7/2e™** k € Z, and o ~ N(0,1)
are independent complex Gaussian random variables, centered with variance 1. @),
is compact, so Pjs has discrete spectrum. Let I' € 2 have smooth boundary.

Theorem 7.1. Let k > 5/2 and let €g > 0 be sufficiently small. Let § = §(h) satisfy
e~ /" <« § < h* and put ¢ = e(h) = hIn(1/8). Then for h > 0 small enough,
we have with probability > 1 — (’)(\/‘i—is) that the number of eigenvalues of Ps in I’
satisfies

|#(c(P)NT) — 27lrhvol(p_1(f‘))| < Const. \f (7.0.2)

If instead, we let I" vary in a set of subsets that satisfy the assumptions uniformly,
then with probability > 1— O(%) we have (7.0.2) uniformly for all I" in that subset.
The remainder of the section is devoted to the (outline of) the proof of this result.
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7.1. Preparations for the unperturbed operator

For z € Q, let 2, (2),z_(2) € S! be the solutions of the equation Sg(r) = Sz, with
+3¢/(z+) < 0, define €4.(2) by & + Rg(zy) = Rz. Then, with py = (v4,&:), we
have

pos) =2 £ D) >0

We introduce quasimodes of the form

ewin(z) = B ta(R)x(z — 2.4(2))eh?+®,
where a(h) ~ ag+hai+.., ag # 0, ¢4 (x) = [7, (2 —9g(y))dy, x € C5°(neigh (0,R))
and y(z) = 1 in a neighborhood of 0. We can choose a depending smoothly on z such
that all derivatives with respect to z,%Z are bounded when h — 0 and |leww| = 1
where we take the L? norm over |z_(z),z4(z) + 27[. We can assume that ey, is
normalized in L? and
(P — 2)ewn = O(e‘ﬁ).
Define z-dependent elliptic self-adjoint operators
Q=(P—2)"(P-2),Q=(P-2)(P—-z2)": L*(5") — L*(S"),

with domain D(Q), D(Q) = H?(S"). They have discrete spectrum C [0, +oo[. Using
that P — z is Fredholm of index zero, we see that dim V(Q) = dim N'(Q). If 1 # 0 is
an eigenvalue of ), with the corresponding eigenfunction e € C*°, then f := (P—2z2)e
is an eigenfunction for Q) with the same eigenvalue p. Pursuing this observation, we
see that

o(Q) =0(Q ) ={t,t,..}, 0< t; /" +oo.

Proposition 7.2. There exists a constant C > 0 such that t2 = O(e™ /(M) 2 -
t2>h/C for h > 0 small enough.

Proof. We have Qe = 7, ||7]| = O(e¥/") and since Q is self adjoint we deduce
that t2 is exponentially small. If ey denotes the corresponding normalized eigenfunc-
tion, we see that (P —z)eq =: v with ||v|| exponentially small. Considering this ODE
on|zr_(z) — 2w, x_(z)[, we get

eo(z) = C’h_%a(h)e%mw + Fo(x),
Fo(z) = % " ek @s @0y () dy,
T4
where ¢ (z) = f;ﬁ (z—g(y))dy. We observe that (¢4 (z)—¢4(y)) > 0 on the domain
of integration. With some more work Hager showed that || F| 22y = O(h™1/3).
Hence for our particular v, we see that F'v is exponentially decaying in L2. Recalling
the form of ey, () we conclude that ||eg — ewxp|| is exponentially small.
To show that t? — 2 > h/C, it suffices to show that (Qu|u) > Z|u||* when u L e

or in other words, that
C
lull <4/ 7 (P = 2)ull. (7.1.1)

If v := (P — z)u, we again have

= C’h_%a(h)eﬁ*(w) + Fv
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for some constant C' and the orthogonality requirement on u implies that
0= (14 0O(h™))C + (Fvleg),

where (Fuleg) = O(h™2)||v]|, so C = O(h~Y2)|jv|| and we get the desired estimate
on ||ul. O

7.2. Grushin (Shur, Feschbach, bifurcation) approach

Let fo be the normalized eigenfunction such that Qfy = t2 fo. As observed prior to
Proposition 7.2, we get

(P = 2)eg = anfo, (P —2)"fo=DBoeo, b =1,

and combining this with ((P — 2)eo|fo) = (eo|(P — 2)*fo), we see that ay = ,.
Define R, : L*(S') — C, R_ = C — L?(S") by

Riu= (uley), R-u-=u_f.
Then

P(Z)iz(PR:Z %):H1XC—>L2XC

is bijective with the bounded inverse

_( By
E(z) = ( B B, > :
Here E = O(h™/?) in L? — L? is basically the inverse of P — z from (fy)* to

(eo)t, E_v = (v|fy), Eyvy = vyey, E_y = O(e7/(CM) 1t is a general feature of
such auxiliary (Grushin) operators that

z€o0(P)& E_(2)=0.

7.3. d-bar equation for £,
Proposition 7.3. We have

OB (=) + F(2)E_4(2) = 0, (7.3.1)
where
F2) = fol2) 4 f-(2), [4(2) = (O=R)Es, [ ()= E-0:R.  (7.32)
Thus,
O(e"IE_1(2)) = 0 if O:F(2) = f(2). (7.3.3)
Moreover,

1 - 1
Hp, o} py) o PHpo)

Proof. (7.3.1), (7.3.2) follow from the general formula for the differentiation of the
inverse of an operator, here:

%Aﬂ@:%@g:i( )+ 0(1). (7.3.4)

0-E + E(0-P)E = 0.

Let I1(2) be the spectral projection of Q: L? — Cey. It is easy to see that the various
z and Z derivatives of ey, and I1(z) have at most temperate growth in 1/h and since
ep is the normalization of TI(z)ey, we get the same fact for eq and hence for eg— e
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This quantity is also exponentially small in L? and by elementary interpolation
estimates for the successive derivatives in z,Z we get the same conclusion for the
higher z-gradients of ey — eyip.-

It follows that

F1(2) = (eo(2)]:€0(2)) = (ewan(2)]0-ev(2)) + O™ ),
and the various z, Z-derivatives of the remainder are also exponentially decaying.

Using that ey, behaves like a Gaussian, peaked at the point z (), we can apply

a variant of the method of stationary phase to get
7
(ewkb|D-ewib) = —E(az%)(m(z%z) +O(1), (7.3.5)
where the remainder remains bounded after taking z,Z derivatives.
USing that ¢+(l‘+(2), Z) = 07 (¢+);(ZE+(Z),Z) = §+(Z)7 we get after applylng az to
the first of these relations, that

(0:04)(24+(2), 2) = —§4+(2) 0274 (2).
On the other hand, if we apply 0, and Js to the equation, p(z,(2),&4(2)) = z and
use that x, and &, (z) are real valued we can show that

P _ P
aEer - {p,ﬁ} <p+>7 &ngr - {p,ﬁ} (:0+)

Plugging this into (7.3.5), applying 0. and taking real parts, we get the second
(non-trivial) identity in (7.3.4) for the contribution from f,. The one from f_ can
be treated similarly. O

Using the expressions for the z-derivatives of x,,&, and the analogous ones for
x_,&_, we have the following easy result relating (7.3.4) to the symplectic volume:

Proposition 7.4. Writing z = x + 1y, we have:

déi(z) Ndzy(z) = dy N dzx,

—dé_(z) Ndz_(z) = dy N dx,

2
Hp o)
so by (7.3.4),

RAF(z)dy N\ dx = ;(d&r Ndxy —dé- Ndx_) + O(1). (7.3.6)

7.4. Adding the random perturbation

Let X ~ Nc(0,0?) be a complex Gaussian random variable, meaning that X has
the probability distribution

1 1x|2

X.(P(dw)) = ﬁe_ 2 d(RX)d(3X). (7.4.1)
Here o > 0. For t < 1/0?, we have the expectation value
1
By = . 42
(NP = = (742)

Bordeaux Montrieux [10] observed that we have the following possibly classical result
(improving a similar statement in [39]).
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Proposition 7.5. There exists Cy > 0 such that the following holds: Let X; ~
Nc(0, 2.) 1< j < N < oo be independent complex Gaussian random variables.
Put s, = maxa . Then for every x > 0, we have

N

Z|X]2>x <exp Z 28
1

1

Proof. For t < 1/(2s1), we have

N
PSP 2 5) £ BEERE) = o [T e
1

N

1
=exp(d)_ In—— —tx) <expt(Cy Y oit — ).
It then suffices to take t = (2s;)7 1. O
Recall that
Quu(z) = > ajpw)(ule®)e(z), f(x) = —==e*". (7.4.3)
K=o ven

Since the Hilbert-Schmidt norm of @, is given by ||Qullis = 3 |k (w)|?, we get
from the preceding proposition:

Proposition 7.6. If C' > 0 is large enough, then
C 1
|Qullas < - with probability > 1 — e cn?. (7.4.4)

Now, we work under the assumption that ||@Q,|lus < C/h and recall that ||Q, | <
|Qwllas. Assume that
5 < W2, (7.4.5)

so that ||6Q, || < h'/2. Then, by simple perturbation theory we see that

Pg(z)=<P‘}%:z %_>:H1><C—>L2><C

is bijective with the bounded inverse

ES  E°
8(5 = < E(S E(S—: )

E=FE+ O(é) = O(h™Y?) in L(L? L?) (7.4.6)
ES=E, + O<h3/2) O(1) in L(C, L?)
5 :
E° =E_+ (’)(h3/2) O(1) in L(L? C)
52
E°. =F_,-S§E_QF, +0(5575)-

As before the eigenvalues of Pj are the zeros of E° + and we have the d-bar equation

O=E°  + f(2)E°, =0,
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16
f2(2) = O:R, ES + E°O:R_ = f(2) + O 732):

We can solve dzF° = f (making ¢/’ E° , holomorphic) with

Fo = F+0(hf/2) = F+(’)(h§/2)}1l. (7.4.7)
Proposition 7.7. Assume that 0 <t < 1, § < h%/2,
5t>e T, t> hfﬂ (7.4.8)
where Co > 1 is fixed. Then with probability > 1 — e_ﬁ, we have
B (2)| < e @ + Ché, Vz e Q. (7.4.9)
For every z € Q, we have with probability > 1 — O(t*) — e~ @n2, that
2L () > (7.4.10)

We only give the main idea of the proof which is to notice that £F_Q,FE, can be
written as a sum of independent Gaussian random variables and is therefore itself a
Gaussian random variable. Applying the standard formula for the variance of such
a sum we get for the variance:

o= > eGPk, (7.4.11)

e
Ikl |51< 5t

where y(7), fo(j) are the Fourier coefficients of ey, fo. Now we can show that
the Fourier coefficients are O((h/|j])V) for every N > 0, when hlj| is sufficiently
large, so if we take C; (in the definition of @Q),) large enough, we conclude that
o2 =1+ O(h™).

The remainder of the proof then consists in showing that |[F_Q, E,| is > t with
probability > 1 — O(t?) and observing that when this happens, then the second
term in the expression for E°, in (7.4.6) is dominant. O

Proposition 7.8. Let k > 5/2 and fix ¢y €]0, 1] sufficiently small. Let 6 = 6(h)
satisfy e~ /" < § < h*, and put € = e(h) = hln%. Then with probability >
1— e V) ywe have |E® | <1 for all z € Q.

For any z € Q, we have |E° | > e=C“/" with probability > 1 — O(6?/h°).

This follows from Proposition 7.7 by choosing ¢ such that

0
7o)

1 2
max(=e Cok O <t <O

)
3¢

which is possible to do since

1 _ 1 o—1 )
56 Goh (o < Sk
Under the same assumptions, we also have
o .1 1
15 = Il = O(r55) 5 < Ole)5.

Thus for the holomorphic function u(z) = 5 E?_ (z) we have
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e With probability > 1 — e~"/(©") we have |u(z)| < exp(RF(z) + Ce/h) for all
z € (L.

e For every z € Q, we have |u(z)| > exp(RF(z) — Ce/h) with probability
>1—0(8%/h°).

Theorem 7.1 on the Weyl asymptotics of small random perturbations of the oper-
ator P = hD + g(z) is now a consequence of the following result of M. Hager, that
we apply with ¢ = hiRF

Proposition 7.9. Let I' @ C have smooth boundary and let ¢ be a real valued
C?-function defined in a fived neighborhood of T. Let z — u(z;h) be a family of
holomorphic functions defined in a fived neighborhood of T, and let 0 < € = e(h) < 1.
Assume

o [u(z;h)| < exp(3(d(2) +€)) for all z in a fized neighborhood of OT.

o There exist zy,...,zx depending on h, with N = N(h) < ¢ '/? such that
O0 C UYD(z, V/€) such that |u(zy; k)| > exp(3(d(z) —€)), 1 <k < N(h).

Then, the number of zeros of u in I' satisfies

v
#(u1(0)NT) — %h/m (2)dady| < CYE.

This is essentially a special case of Theorem 6.3, but we outline the simple and
direct proof of Hager in the next subsection.

7.5. Proof of Proposition 7.9, an outline
Define ¢;(2) by i¢;(z) = ¢(z;) + 20.¢(2;)(z — ;). Then

d(z) = R(ig;(2)) + By(2), Rj(2) = O((z — 2)*)

() = 20.0()+ Oz~ ).
Consider the holomorphic function

vi(zih) = u(z; h)e 9,
Then |v;(z; h)| < en@@Ri(2) = 785 < % when z — z; = O(y/€), while
(25 h)| > =%

In a y/e-neighborhood of z; we put v = v; and make the change of variables w =
(z — 2;)//€, v(w) =v(z), so that

5(w)| < e/ on D(0,2), [9(0)| > e~/

Using Jensen’s formula we see that the number of zeros wy, ..., wy of ¥ in D(0, 3/2)
(repeated with their multiplicity) is O(e/h). Factorize:

N
— e9(w) H(w — wy).
1
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Using the maximum principle and a suitably chosen disc of radius between 4/3 and
3/2, and then also Harnack’s inequality we can follow a standard procedure to show
that

Rg(w), ¢ (w) = O(e/h) in D(0,6/5).
Using finally that OI' is covered by the discs D(z;, \/€) and using the above rep-

resentation of v in each disc, we can show that the number of zeros of u(-;h) in T
is equal to

1 u'(2) 1 2 Ve
Ry /ar " = Mo /aF ~0.6(2)dz+ O(%°)
— QLL/Ang(x)dmdquO(\}/f). O

8. The multi-dimensional semi-classical case

8.1. Introduction

In this section we consider general semi-classical operators with multiplicative ran-
dom perturbations. We follow [97, 98] which make use of the work [39]. The use of
Theorem 6.2 rather than the corresponding weaker result in [39] led us to improved
remainder estimates in comparison with [98].

Let X be a compact smooth manifold on which we choose a positive density of
integration so that the scalar product on L?(X) is well-defined. On X we consider
an h-differential operator P which in local coordinates takes the form,

P =" aq(z;h)(hD)*, (8.1.1)
laj<m

where we use standard multiindex notation and let D = D, = %a@. We assume that

the coefficients a, are uniformly bounded in C* for h €]0, hy], 0 < ho < 1. (We
will also discuss the case when we only have some Sobolev space control of ag(z).)
Assume

ao(z;h) = al(x) + O(h) in C™, (8.1.2)
ao(x;h) = a(x) is independent of h for |a| = m.

Notice that this assumption is invariant under changes of local coordinates.
Also assume that P is elliptic in the classical sense, uniformly with respect to h:

1
[, )] = ST, (8.1.3)
for some positive constant C', where
P(@,€) = Y aa(z)€” (8.1.4)
|a|=m

is invariantly defined as a function on 7*X. It follows that p,,(7*X) is a closed cone
in C and we assume that

pm(T7X) # C. (8.1.5)
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If zo € C\ pn(T*X), we see that Az & 3(p) if A > 1 is sufficiently large and fixed,
where Y(p) := p(T*X) and p is the semiclassical principal symbol

p(z,8) = Y ag(x)E™ (8.1.6)
|| <m
Actually, (8.1.5) can be replaced by the weaker condition that ¥(p) # C.

Standard elliptic theory and analytic Fredholm theory now show that if we con-
sider P as an unbounded operator: L?(X) — L*(X) with domain D(P) = H™(X)
(the Sobolev space of order m), then P has purely discrete spectrum and each
eigenvalue has finite algebraic multiplicity.

We will need the symmetry assumption

P* =TPr, (8.1.7)

where P* denotes the formal complex adjoint of P in L?(X, dz), and dx is the fixed
smooth positive density of integration and I' is the antilinear operator of complex
conjugation; I'u = w. Notice that this assumption implies that

p(z, =§) = p(z,8), (8.1.8)

and conversely, if p fulfills (8.1.8), then we get (8.1.7) if we replace P by (P +
['P*T"), which has the same semi-classical principal symbol p. Actually, (8.1.7) can
be formulated more simply by saying that P is symmetric for the bilinear form
[x u(x)v(x)dx.

Let V,(t) := vol ({p € T*X; |p(p) — z|* < t}). For k €]0,1], 2 € C, we consider
the property that

V.(t) = 0(t"), 0 <t 1. (8.1.9)

Since r — p(x,rf) is a polynomial of degree m in r with non-vanishing leading
coefficient, we see that (8.1.9) holds with k = 1/(2m).

The random potential will be of the form

qu(T) = Z ag(w)eg(x), |ajcp < R, (8.1.10)

0<prp<L

where ¢, is the orthonormal basis of eigenfunctions of h2R, where R is an h-
independent positive elliptic 2nd order operator on X with smooth coefficients.
Moreover, h2}~%ek = pier, x> 0 and we may assume for simplicity that the j;, form
a (non-strictly) increasing sequence. We choose L = L(h), R = R(h) in the interval

K—3n 3 J—
i< L<Ch™M  M>— T (8.1.11)
S — 5 = €
éh—@*)M“—? <R<Ch ™M  M> 32" — K+ (g + €)M,
for some € €]0,5 — Z[, s > %, so by Weyl’s law for the large eigenvalues of elliptic

self-adjoint operators, the dimension D is of the order of magnitude (L/h)". We
introduce the small parameter § = 7oh™*", 0 < 75 < V/h, where

N ::]\7+5M+g. (8.1.12)
The randomly perturbed operator is

Ps = P+ 6hMNq, =1 P +6Q,. (8.1.13)
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The random variables a;(w) will have a joint probability distribution
P(da) = C(h)e® M L(da), (8.1.14)

where for some Ny > 0,
|V, ®| = O(h™™4), (8.1.15)
L(da) is the Lebesgue measure and we use the standard ¢2 norm on CP. (C(h) is
the normalizing constant, assuring that the probability of Beo(0, R) is equal to 1.)
We also need the parameter
eo(h) = (h" + h"™In l)(lnl+(1n l)2) (8.1.16)
h To h
and assume that 79 = 79(h) is not too small, so that €y(h) is small. Let Q € C
be open, simply connected, not entirely contained in ¥(p). The main result of this
section is:

Theorem 8.1. Under the assumptions above, let I' € ) have smooth boundary, let
k €]0,1] be the parameter in (8.1.10), (8.1.11), (8.1.16) and assume that (8.1.9)
holds uniformly for z in a neighborhood of OU'. Then there ezists a constant C' > 0
such that for C~1 >r >0, € > Ceo(h) we have with probability

CEO(h) .

S e Teom (8.1.17)
Thn+max(n(M+1)7N4+M)
that:
1
[#(o(P5) NT) — vol (p(T'))| < (8.1.18)
(2mh)™
 (Ervaerer+ po.n)).

Here #(o(Ps)NT') denotes the number of eigenvalues of Ps in I', counted with their
algebraic multiplicity.

Actually, the theorem holds for the slightly more general operators, obtained by
replacing P by Py = P+ 8(h2¢) + ¢3), where [|¢}]lg: < 1, [|golls < 1,0 < 6o < h.
Here, H® is the standard Sobolev space and Hj is the same space with the natural
semiclassical h-dependent norm. See Subsection 8.3. This allows us in principle to
consider more general random perturbations and will be used in Section 9.

We also have a result valid simultaneously for a family C of domains I' C €
satisfying the assumptions of Theorem 8.1 uniformly in the natural sense: With a

probability

O(1)eo(h e
(Deo(h) —e ot (8.1.19)
r2pntmax(n(M+1),Ny+M)
the estimate (8.1.18) holds simultaneously for all I" € C.

Remark 8.2. If k > 1/2, then vol p~1 (0T +D(0, 7)) = O(r*~1'), where the exponent
2k — 1 is > 0. More generally, if

vol (p~ 1T + D(0,7))) = O(r*),

>1-

for some « €]0, 1], then we can choose r = o1 and obtain that that the right hand
side in (8.1.18) is O(1)h "&a+1 showing that we have Weyl asymptotics. Notice
here that if z is not a critical value of p, in the sense that dRp(p) and Sp(p) are
independent whenever p(p) = z, then (8.1.9) holds with x = 1.
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In the proof we replace the zero counting proposition from [39] by the stronger
Theorem 6.2 leading to an improved remainder estimate. It may be possible (though
we have not yet checked the details) to replace the right hand side in (8.1.18) by

}g;vol (p~(0r + D(0,h27))),

for any fixed € > 0, and also to let I" be h-dependent of a suitable Lipschitz class as
in section 6.

Remark 8.3. When R has real coefficients, we may assume that the eigenfunctions
¢; are real. Then (cf Remark 8.3 in [97]) we may restrict o in (8.1.10) to be in R”
so that g, is real, still with |a| < R, and change C'(h) in (8.1.14) so that P becomes
a probability measure on Brp (0, R). Then Theorem 8.1 remains valid.

Remark 8.4. The assumption (8.1.7) cannot be completely eliminated. Indeed, let
P = hD, + g(z) on T = R/(27Z) where g is smooth and complex valued. Then
(cf Hager [37]) the spectrum of P is contained in the line Sz = [37 Sg(x)dz/(2n).
This line will vary only very little under small multiplicative perturbations of P
so Theorem 8.1 cannot hold in this case. On the other hand, for other classes of
perturbations, like the ones in Section 7 or in [39], the symmetry assumption can
be dropped.

In the remainder of this section, we shall outline the proof of Theorem 8.1 following
[98, 97].

8.2. Semiclassical Sobolev spaces and multiplication

We let Hi(R") C S'(R"), s € R, denote the semiclassical Sobolev space of order
s equipped with the norm |(hD)*u|| where the norms are the ones in L? ¢? or
the corresponding operator norms if nothing else is indicated. Here (hD) = (1 +
(hD)?)'/2. In [97] we recalled the following result:

Proposition 8.5. Let s > n/2. Then there exists a constant C' = C(s) such that
for all u,v € H(R"), we have v € L*(R"™), wv € Hi(R") and

[ullpee < Ch_anUHHg, (8.2.1)

wy < Ch2Jul

We cover X by finitely many coordinate neighborhoods Xj, ..., X, and for each
X, we let z1, ..., z, denote the corresponding local coordinates on X;. Let 0 < x; €
C§°(X;) have the property that -7 x; > 0 on X. Define H;(X) to be the space of
all u € D'(X) such that

p
lullz = > Ixs(hD)*x;ull* < cc. (8.2.3)
1

It is standard to show that this definition does not depend on the choice of the
coordinate neighborhoods or on ;. With different choices of these quantities we get
norms in (8.2.3) which are uniformly equivalent when h — 0. In fact, this follows
from the h-pseudodifferential calculus on manifolds with symbols in the Hérmander
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space ST, that we quickly reviewed in the appendix in [97]. See also [98], Section
4. An equivalent definition of H;(X) is the following: Let

h'R=> (hD,,)r;x(x)hD,, (8.2.4)

be a non-negative elliptic operator with smooth coefficients on X, where the star in-
dicates that we take the adjoint with respect to the fixed positive smooth density on
X . Then h2R is essentially self-adjoint with domain H?(X), so (1+h2R)*/? : L? — L?
is a closed densely defined operator for s € R, which is bounded precisely when s <
0. Standard methods allow to show that (1+h2R)*? is an h-pseudodifferential oper-
ator with symbol in Sf ; and semiclassical principal symbol given by (147 (z,§))¥?,
where 7(x,§) = 32, 7j1(2)&;&k is the semiclassical principal symbol of h2R. See the
appendix in [97]. The h-pseudodifferential calculus gives for every s € R:

Proposition 8.6. Hj;(X) is the space of allu € D'(X) such that (14+h2R)*?u € L?
and the norm ||ul| g is equivalent to [|(1 + h2R)*/?u||, uniformly when h — 0.

Remark 8.7. From the first definition we see that Proposition 8.5 remains valid if
we replace R"™ by a compact n-dimensional manifold X.

Of course, H;(X) coincides with the standard Sobolev space H*(X) and the
norms are equivalent for each fixed value of h, but not uniformly with respect to
h. The following variant of Proposition 8.5 will be useful when studying the high
energy limit in Section 9.

Proposition 8.8. Let s > n/2. Then there exists a constant C = Cs > 0 such that
H s Yu € HS(RTL), V€ H}SL(Rn) (825)

The result remains valid if we replace R™ by X.

lwollmy < Cllullas[lv]

The proof is straight forward. We work in local coordinates and make a Fourier
transform. Then we have to estimate convolutions in certain weighted L? spaces.
See [98] for the details.

8.3. H’-perturbations and eigenfunctions

Let S™(T*X) = ST(T"X), S™(U x R") = ST,(U x R") denote the classical Hor-
mander symbol spaces, where U C R™ is open. The condition (8.1.5) implies that the
closure of the image of p is not equal to the whole complex plane and (as in [38, 39]
we can find p € S™(T*X) which is equal to p outside any given fixed neighborhood
of p~1(Q) such that § — z is non-vanishing, for any z € . Let P = P + Op, (p — p),
where Op,(p — p) denotes any reasonable quantization of (p — p)(z, h§). (See for
instance the appendix in [97].) Then P — z : H*(X) — HY(X) has a uniformly
bounded inverse for z € Q and h > 0 small enough. Now (see for instance [39, 97])
the eigenvalues of P in 2, counted with their algebraic multiplicity, coincide with
the zeros of the function z — det((P — z)" (P — 2)) = det(1 — (P — 2)"Y(P — P)).
Notice here that (P — z)~'(P — P) is of trace class so the determiant is well-defined

([33]).

Fix s > n/2 and consider the perturbed operator
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where ¢; € H*(X),
ey <1, llgollms <1, 0<6 < 1. (8.3.2)

According to Propositions 8.5, 8.8, @ = O(1) : H; — H; and hence by duality and
interpolation,

Q=0():H - HJ, —s<o<s. (8.3.3)
Again, the spectrum of Pj in €2 is discrete and coincides with the set of zeros of
det((Ps — 2) " (Py — 2)) = det(1 — (Ps — 2) (P — P)), (8.3.4)

where P5 := P + 6Q. Here (P — 2)~!' = O(1) : H7 — Hy for o in the same range
and by an easy perturbation argument, we get the same conclusion for (Ps — 2)~1.
Put

P&z = (ﬁg - Z)_l(P5 - Z) =1- (ﬁg - Z)_l(ﬁ - P) =1- Kg,z, (835)
5572 = P(;ZP&Z =1- (K&Z —+ K:{Z — K;ZK@Z) =:1- Lg’z. (836)

Clearly,
Ks., Ly, = O(1) : H;® — HE. (8.3.7)

For 0 < o < 1/2, let mq = 1j9,4)(S5.). Then using some simple functional calculus
we showed in [97], that

o =0(1): H, ®— H;. (8.3.8)
We have the corresponding result for Py — 2. Let
55 = (P5 - Z)*(P§ - Z) (839)

be defined as the Friedrichs extension from C°°(X) with quadratic form domain
HM(X). For 0 < oo < O(1), we now put mo = 1jg(Ss). Then as in [97], we see that
this new spectral projection also fulfils (8.3.8), for 0 < a < 1.

8.4. Some functional and pseudodifferential calculus

Let P be of the form (8.1.1) and let p in (8.1.6) be the corresponding semi-classical
principal symbol. Assume classical ellipticity as in (8.1.3) and let z € C be fixed
throughout this subsection. Let

S=(P—2z)(P-2), (8.4.1)
viewed as the self-adjoint Friedrichs extension from C°°. Later on we will also con-
sider a different choice of S, namely

S = P!P., where P, = (P — 2)"Y(P — 2) (8.4.2)

and P is defined prior to (8.3.1). The main goal is to make a trace class study of
X(éS) when 0 < h < a < 1, x € Ci°(R). With the second choice of S, we shall
also study Indet(S + ax(£5)), when x > 0, x(0) > 0. The main step will be to get
enough information about the resolvent (w— £5)~! for w = O(1), Sw # 0 and then
apply the Cauchy-Riemann-Green-Stokes formula

1 1 [ ox(w) 1.,
Z28) == S— 4.
(b= L AW Lot ), (8.43)
where x¥ € C§°(C) is an almost holomorphic extension of x, so that

[
ow

O(|Sw|®). (8.4.4)
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Thanks to (8.4.4) we can work in symbol classes with some temparate but otherwise
unspecified growth in 1/|Sw].

Let
s=|p—z|? (8.4.5)
be the semiclassical principal symbol of S in (8.4.1). A basic weight function in our
calculus will be )
o+ s\2
A= ( ) , 8.4.6
1+s ( )

satisfying /o < A < 1.
As a preparation and motivation for the calculus, we first consider symbol prop-
erties of 1 4 2 and its powers.

Proposition 8.9. For every choice of local coordinates x on X, let (x,£) denote
the corresponding canonical coordinates on T*X . Then for allf € R, a,3 € N™, we
have uniformly in & and locally uniformly in x:

PO (1 + 2)‘ —O1)(1+ g)fA—lal—W@—Wl. (8.4.7)
The proof ([98]) is straight forward and the same can be said about the proof of

Proposition 8.10. ([98]) Let w vary in some bounded subset of C. For all ¢ € R,
a, 3 € N, there exists J € N, such that

o 5 S\0x—lal— - _
uniformly in & and locally uniformly in x.

We now define our new symbol spaces.

Definition 8.11. Let m(x, &) be a weight function of the form m(z,£) = (€)FAL.
We say that the family a = a,, € C*(T*X), w € D(0,C), belongs to Sx(m) if for
all o, B € N" there exists J € N such that

920a = O(1)ym(x, &A1 g) =18l S| 7. (8.4.9)

Here, as in Proposition 8.10, it is understood that the estimate is expressed in
canonical coordinates and is locally uniform in x and uniform in £. Notice that the
set of estimates (8.4.9) is invariant under changes of local coordinates in X.

Let U C X be a coordinate neighborhood that we shall view as a subset of R"”
in the natural way. Let a € Sy\(T*U, m) be a symbol as in Definition 8.11 so that
(8.4.9) holds uniformly in £ and locally uniformly in z. For fixed values of o, w the
symbol a belongs to St(T*U), so the classical h-quantization

(27r1h)” J[ et ns hyu(y)dyd (8.4.10)

is a well-defined operator C3°(U) — C*(U), &'(U) — D'(U). In order to develop
our rudimentary calculus on X we need a pseudolocal property for the distribution
kernel K 4(x,y), whose proof is also routine (see [98]).

Proposition 8.12. For all a, 5 € N™, N € N, there exists M € N such that
D0 K a(z,y) = O(hN|Sw| ™M), (8.4.11)
locally uniformly on U x U \ diag(U x U).

Au = Opy(a)u(r) =
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This means that if ¢, € C§°(U) have disjoint supports, then for every N € N,
there exists M € N such that ¢ Ay : H=V(R") — HY(R™) with norm O(RN|Sw|~M),
and this leads to a simple way of introducing pseudodifferential operators on X: Let
Ui, ..., Us be coordinate neighborhoods that cover X. Let x; € C5°(U;) form a par-
tition of unity and let x,; € C5°(U;) satisty x; < X; in the sense that X, is equal to
1 near supp (x;). Let a = (ay, ..., as), where a; € Sy(m). Then we quantize a by the
formula:

A=) X;°0p,(a;) 0 x;. (8.4.12)
1

This is not an invariant quantization procedure but it will suffice for our purposes.

Using integration by parts and stationary phase we can study the composition
to the left with non-exotic pseudodifferential operators and we obtain the following
result for a coordinate neighborhood:

Proposition 8.13. ([98]). Let A = Op(a), a € S10(my), B = Op,(b), b € Sx(ms)
and assume that b has uniformly compact support in x. Then Ao B = Op,(c), where
¢ belongs to Sx(myms) and has the asymptotic expansion

18]
CNZh 0fa(z, &) Db(x, €),

in the sense that for every N € N,

hlol
c= > —0a(z,§)DIb(x,&) +ra(x, & h),
IBl<N A
where Ty € Sp(FEHR"Y).

We have a parametrix construction for w — 5, still with S as in (8.4.1). Let us
first work in a coordinate neighborhood U, viewed as an open set in R". Then for
every N € N we can construct a symbol

1 o} h

Exy = —— mod S)(
w

—= WW), (8.4.13)

such that on the symbol level

1 h
— —S)#Ey =1 )V 4.14
(w aS)# N +7rn, TN € SA((A2<£>) ), (8.4.14)
Ey is a holomorphic function of w, for || > C, (8.4.15)
where C' is independent of .
() ,.(4)

Now we return to the manifold situation and denote by Ey’, 5’ the corresponding
symbols on T*Uj, constructed above. Denote the operators by the same symbols,
and put on the operator level:

Ex =3 %EQ v, (8.4.16)

=1
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with x;, x; as in (8.4.12). Then

1 S 1 _ . S _ .
(w=—8)Ex1 = 1= ~[SGIER G+ L v (84.17)
j=1 j=1
= 1+ Ry +RY
=1 + RN.

Proposition 8.12 implies that for every N, there exists an M such that the trace
class norm of Rg\l,) satisfies

IRY |l < 01N |Sw| ™). (8.4.18)

As for the trace class norm of RE\?), we can combine standard facts about such
norms for pseudodifferential operators and scaling to get

N
1Ryl < Ch™"|Sw] M) // <A2h<€>> dzde. (8.4.19)

The contribution to this expression from the region where A > 1/C is O(hN=")|Sw|~M ™),
The volume growth assumption (8.1.9), that we now assume for our fixed z, says
that
V(t)=vol({peT"X;s<t})=0(t"), 0 <tk 1, (8.4.20)
for 0 < k < 1. Using this and (8.4.19) one can show that

N
Rylle < O™ [ =) |Sw|~™MW), 8.4.21
o
From (8.4.17), we get
1 1
(w — aS)_l = EN,1 — (U] — &S)_lRN
Write

ah
Nign)

1
En_i = s Fn_1 € Sa(
L
More precisely we do this for each EJ(\?)_I in (8.4.16). Then quantize and plug this
into (8.4.3):

1 1 0% 1 8x
1 rox 1 . .
Here by definition,
1 1
O O ;
b <w—a> ;XJ o <w f;)X]

with the coordinate dependent quantization appearing to the right.
After some further estimates we get

tr dxdf (8.4.23)
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As at the last estimate in the proof of Proposition 4.4 in [39] we see that this quantity
is O(a"h™") and more generally,

Mler = O(a™h™™).

For II, one can show, using the fact that the symbol is holomorphic in w for large
¢, that

ath
h" o

i = o (1)
e hr \a)

Summing up our estimates, we get the following result:

1T = O(1)

It is also clear that

Proposition 8.14. Let x € C§°(R). For 0 < h < o < 1, we have

K

||><(;5)|Itr = 0(1)%, (8.4.24)
trX( 27rh // ) dwde + O KZ) (8.4.25)

Remark 8.15. Using simple h-pseudodifferential calculus (for instance as in the
appendiz of [97], we see that if we redefine S as in (8.4.2), then in each local co-
ordinate chart, S = Op,(S), where S = smod Sy o(h{€)™!) and s is now redefined

as
pla.€) - z|>2
s(x, &) = (B0 A 8.4.26
N (e (8:4:20)
The discussion goes through without any changes (now with m = 0) and we still
have Proposition 8.14 with the new choice of S, s.
In both cases it follows from (8.4.24) that the number N(«) of eigenvalues of S

in the interval [0, o] satisfies

O(a”/h™). (8.4.27)

In the remainder of this subsection, we choose S, s as in (8.4.2), (8.4.26). In this
case we notice that S is a trace class perturbation of the identity, whose symbol is
1+ O(h*/(£)*>) and similarly for all its derivatives, in a region || > Const.

Let 0 < x € C§°([0, 00]) with x(0) > 0 and let oy > 0 be small and fixed. Using
standard pseudodifferential calculus in the spirit of [77], we get

1
Indet(S + aox(a—OS)) (27rh

Extend x to be an element of C3°(R; C) in such a way that t + x(¢) # 0 for all
t € R. As in [39], we use that

/ln s+ OzoX(iS))dxdf +O(h)).  (8.4.28)

(B () = 1o

y ), (8.4.29)

where
X(E) — EX'(E)

w(E) = X

(8.4.30)
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so that ¥ € C§°(R). By standard functional calculus for self-adjoint operators, we
have

d S 1 S
pr Indet(S + tx(?)) = tr qu(?) (8.4.31)

Using (8.4.25), we then get for t > o > h > 0:
d
— Indet(S +tx (=9

I
dt t 27rh //t §)dedg + O(ht™%)).

Integrating this from ¢ = ap to t = « and using (8.4.28), (8.4.29), leads to

Proposition 8.16. If 0 < x € C§°([0, 00[), x(0) > 0, we have uniformly for 0 <
h<a<xl1

mmﬂs+aﬂi&) (/[ ms(e,dnde + O ma)). (8432

(27Th

Here the remainder term can be replaced by O(a*) when k < 1 and by O(a+hln«)
when kK = 1.

Notice that (8.4.32) implies the upper bound,

Indet PP, < (27 / In(s)dzdé + O(a”In - )) (8.4.33)

We next consider Ps, = (P5 —2) Y Ps—2) = 1— Ks, with P = P + 6Q,
Ps = P+ 6Q as in Subsection 8.3 and under the assumptions (8.3.4), (8.3.6). Put

Sd,z = P513P5,z =1~ K&z - K&}z + K573K5,z7
where K5, is given by (8.3.6), so that
1Kl < OL), 1 Ksaller < NP5 = 2) M I1P = Pl < O(R7").

Here || - ||t denotes the trace class norm, and we refer for instance to [27] for the
standard estimate on the trace class norm of an h-pseudodifferential operator with
compactly supported symbol, that we used for the last estimate.

Write K57z = K(;z Then
Ks.=—(z— B5)7'Q(z — Bs) "' (P = P),
SO
1550l < ORI, 1Kl < O(IQIIRTT).
It follows that
19521 < ORI, 195l < O(IQIR™).

Let N = N(«,0) denote the number of singular values of Ps. in the interval
[0, /o] for h < a < 1. Assume

5 < O(h). (8.4.34)
Then ||Ss. — So..|| < O(h) and from (8.4.27) we get
N(a,9) = O(a"h™). (8.4.35)

Let 1,(t) = max(a,t). For 0 < € < 1, let C*(Ry) > 14 > 1, be equal to ¢
outside a small neighborhood of ¢ = 0 and converge to 1, uniformly when ¢ — 0.
For any fixed € > 0, we put f(t) = 1,.(¢) for ¢ > 0 and extend f to R in such a
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way that f() =t +g(t), g € C°(R). Let f(t) =t + §(t) be an almost holomorphic
extension of f with g € C§°(C). Then we have:

F(S5.) = S5 — = [ $5.)"0g(w) Ldw).

™

Differentiating with respect to  one can show the identity

0

5 Indet f(Ss.) = tr (f(S&Z)*lf’(S(;’Z)S(;,Z).

Now we can choose f = 1, such that |f/(¢)| < 1for ¢ > 0. Then we get the estimate

0 )
% In det( e E(Sg’z)) = ftr (1a,E(S§,Z>_11/0575<S§,Z)S(5,Z)
||S¢5ZHtr)

- o
_ HQH
= o )&h”

Since Indet 1,(S5,.) = lim._gIndet 1, ((Ss,.), we can integrate the above estimate,
pass to the limit and obtain

Jie

ahn

Indet 1,(Ss,.) = Indet 1,(So..) + O( ).

With some more work, we also get

Indet 1,(Ss.) = HQ”

) dedé + O(a"Ina) + O(——)).  (8.4.36)

8.5. Grushin problems

Let P : H — H be a bounded operator, where H is a complex separable Hilbert
space. Following the standard definitions (see [33]) we define the singular values of P
to be the decreasing sequence s;1(P) > s3(P) > ... of eigenvalues of the self-adjoint
operator (P*P)'/? as long as these eigenvalues lie above the supremum of the es-
sential spectrum. If there are only finitely many such eigenvalues, s1(P), ..., si(P)

then we define sgi1(P) = sgi2(P) = ... to be the supremum of the essential spec-
trum of (P*P)Y2. When dimH = M < oo our sequence is finite (by definition);
§1 > sy > .. > sy, otherwise it is infinite. Using that if P*Pu = stu, then

PP*(Pu) = s7Pu and similarly with P and P* permuted, we see that s;(P*) =
s;(P). Strictly speaking, P*P : N(P)* — N(P)* and PP*: N(P*)* — N(P*)*
are unitarily equivalent via the map P(P*P)~Y2 : N(P)* — N(P*)* and its in-
verse P*(PP*)~Y2 . N(P*)* — N(P)*. (To check this, notice that the relation
P(P*P) = (PP*)P on N(P)* implies P(P*P)* = (PP*)*P on the same space for
every a € R.)

In the case when P is a Fredholm operator of index 0, it will be convenient to
introduce the increasing sequence 0 < ¢;(P) < t5(P) < ... consisting first of all
eigenvalues of (P*P)'/? below the infimum of the essential spectrum and then, if
there are only finitely many such eigenvalues, we repeat indefinitely that infimum.
(The length of the resulting sequence is the dimension of H.) When dimH = M <
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0o, we have t;(P) = Spy41-;(P). Again, we have ¢;(P*) = t;(P) (as reviewed in
[39]). Moreover, in the case when P has a bounded inverse, we see that
1
(P = :
) t;(P)
Let P be a Fredholm operator of index 0. Let 1 < N < oo and let R, : H — C¥,
R_ : CN — 'H be bounded operators. Assume that

(8.5.1)

P—(P R_>:H><CN—>H><CN (8.5.2)
R, 0
is bijective with a bounded inverse
_( £ Ey
&= ( E B, ) (8.5.3)

Recall (for instance from [103]) that P has a bounded inverse precisely when E_
has, and when this happens we have the relations,

P'=E-E,ETJE., EZ.=-R,P'R.. (8.5.4)
Recall ([33]) that if A, B are bounded operators, then we have the general estimates
of Ky Fan,
Snik—1(A+ B) < s,(A) + sx(B), (8.5.5)
Snik—1(AB) < s5,(A)sk(B), (8.5.6)
in particular for k = 1, we get
sn(AB) < ||Allsn(B), sn(AB) < sn(A)||Bl; sn(A+ B) < sn(A) + || BJ|.
Applying this to the second part of (8.5.4), we get
se(BZL) < |R-IRe[Ise(P7), 1<k <N
implying
tr(P) < |R-|[| Ry [ti(E-+), 1<k < N. (8.5.7)
By a perturbation argument, we see that this holds also in the case when P, F_,

are non-invertible.
Similarly from the first part of (8.5.4), we get

se(P7Y) < B+ | E- |1 E-[lsk(EZ),

leading to

S tr(E_y)
~EN(E—) + B E-]I
Again this can be extended to the non-necessarily invertible case by means of small
perturbations.

Next, we recall from [39] a natural construction of an associated Grushin problem
to a given operator. Let Fy : H — H be a Fredholm operator of index 0 as above.
Assume that the first N singular values t1(Py) < to(Fp) < ... < tn(Fp) correspond
to discrete eigenvalues of B Py and assume that ¢x1(Fp) is strictly positive. In the
following we sometimes write ¢; instead of ¢;(F) for short.

Recall that t? are the first eigenvalues both for Py Py and Py Fj. Let e, ...,ex and
fi, ..., fn be corresponding orthonormal systems of eigenvectors of FPyFy and Py F§
respectively. They can be chosen so that

Poej = tifs, By fi = tie;. (8.5.9)

te(P) (8.5.8)
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Define R, : L? - CY and R_ : C¥ — L? by

Riu(j) = (ulej), Rou_ = ;U—(j)fj- (8.5.10)

As in [39], the Grushin problem
{ Pou+R_u_=wv,

Riu=wvy,

(8.5.11)

has a unique solution (u,u_) € L* x CV for every (v,vy) € L? x C, given by

u= E% + EQvy,
{ u - E9U+E9+U+, (8.5.12)
where
N
Bvy =S v (fes E20(G) = (ul), (8.5.13)
1
B, = —ding(t), B < ;L.

E° can be viewed as the inverse of P, as an operator from the orthogonal space
(e1,€a,....en)™ to (f1, for o f)

We notice that in this case, the norms of R, and R_ are equal to 1, so (8.5.7)
tells us that ¢4 (Py) < t,(E°,) for 1 < k < N, but of course the expression for EY
in (8.5.13) implies equality.

Let Q € L(H,H) and put Ps = Py — Q) (where we sometimes put a minus sign in
front of the perturbation for notational convenience). We are particularly interested
in the case when @) = Q,u = q,u is the operator of multiplication with a random
function ¢,. Here § > 0 is a small parameter. Choose Ry as in (8.5.10). Then if
0 < tyy1 and ||@Q]] < 1, the perturbed Grushin problem

Psu+ R u_ =w,
{ Rou=u,, (8.5.14)
is well posed and has the solution
u= E% + Eimr
’ 8.5.15
{ uszi+Ei+'U+, ( )
where
E° E?
g = ( 3 ) 8.5.16
E' E°, ( )
is obtained from £° by
0 0 -1
gr—go(1-s( ¥ QF : (8.5.17)
0 0
Using the Neumann series, we get
E°, =E°, +6E°QFE} + 0°E°QEQEY + S E°Q(E°Q)’EY + ... (8.5.18)
We also get
E°=E°+ > §"EY(QE") (8.5.19)
1
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E) = EY + Y 6F(E°Q)FEY (8.5.20)
1

E° = E° +Y 6*E° (QE"). (8.5.21)
1

The leading perturbation in Ef+ is 0M, where M = E°QEY : CN — C¥ has
the matrix

M(w)jr = (Qexlf;), (8.5.22)
which in the multiplicative case reduces to
M(w);5 = / g(@)en(2); (@)de. (8.5.23)
Put 79 = ty41(Fy) and recall the assumption
QI < 1. (8.5.24)

Then, if § < 79/2, the new Grushin problem is well posed with an inverse £° given
in (8.5.16)—(8.5.21). We get

1 2 1
IE°| < —|E% < =, B < —— <2, (8.5.25)
1 —_ = T0 1 —_ =
T0 T0
1) 0 0 0 (52 1 52
B2, — (B2 +6E2QEY)| < i o < 2?0‘ (8.5.26)

70
Using this in (8.5.7), (8.5.8) together with the fact that t,(E°.) < 27, we get

tk(gi_'_) < tk<P6) < tk(Ei+)- (8527)

Remark 8.17. under suitable assumptions, the preceding discussion can be ex-
tended to the case of unbounded operators. This turns out to be the case for our
elliptic operator Pj.

We next collect some facts from [39]. The first result follows from Section 2 in
that paper.

Proposition 8.18. Let P : H — H be bounded and assume that P — 1 is of trace
class, so that P is Fredholm of indexr 0. Let R, R_,P,E = P! be as in (8.5.2),
(8.5.3). Then P is also a trace class perturbation of the identity operator and

det P=detPdet E_,. (8.5.28)

Now consider the operator P, = P, in (8.3.5) for z € 2, and keep the assumption
(8.4.20).
Define

| B, R_j;
(a0
as in (8.5.9)—(8.5.11), so that P = Py. As in (5.10) in [39] we have

1
|det Ps|? = a N det 1,(S5.), 2In|detPs| =Indet 1,(S;.) + Nln—, (8.5.29)
(0%
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where 1,(t) = max(a,t), t > 0, which with (8.4.36) and the bound N = O(a"h™")
gives

1
(2mh)"

14
In| det Ps| = (/ In |p. dad€ + O(a”In — + = Q). (8.5.30)

8.6. Singular values and determinants for certain matrices
associated to 0 potentials

Lemma 8.19. ([97, 98]) Let ey, ...,ex € C%(X) and put

Let L C C¥ be a linear subspace of dimension M — 1, for some 1 < M < N. Then
there exists x € X such that

dist (¢'(@), )" 2 07

tr((l —WL)EX), (861)

where Ex = ((ejlex)L2(x))1<je<n and 7y, is the orthogonal projection from CHY onto
L.

Proof. Let vy, ...,vy be an orthonormal basis in CV such that L is spanned by
v, ..., vp—1 (and equal to O when M = 1). Then by direct calculations,

N

/Xdist (@), L)2de = 3 (Exvelve) = tr (1 — 71)Ex).

(=M

It then suffices to estimate the integral from above by

vol (X) sup dist (€ (), L)?,

zeX
and we can find an z € X satisfying (8.6.1). O
If we make the assumption that
e, ..., ex is an orthonormal family in L*(X), (8.6.2)

then £x = 1 and (8.6.1) simplifies to

N-M+1
max dist (¢’ (x), L)* > il

may > o) (8.6.3)

In the general case, let 0 < g; < g5 < ... < ey denote the eigenvalues of Ex.
Then, using the mini-max principle, one can show that

dimgiflwfl tr ((1 — ’/TL)gx) =ec1+ée+ ... +enpmr1 = By (864)
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Now, we can use the lemma to choose successively ay, ...,an € X such that

E
- 2 5 7
H € (al)H = vol (X)’
dist (€ (az), C€ (a1))* > b
27> ! — vol(X)’
dist (?(GM) C?(al) D...D (j€>(CLM—1))2 > EM
’ — vol(X)’

Let vy, 1, ..., vy be the Gram-Schmidt orthonormalization of the basis € (a1), € (az), ..., € (ay),
so that

E 3
€ (an) = cprvarmod (v, ..., vay—1), where |cpr| > <Volé\j[>()> . (8.6.5)

Consider the N x N matrix F = (€ (a1) € (az) ... € (ay)) where € (a;) are viewed
as columns. Expressing these vectors in the basis vy,...,vy will not change the
absolute value of the determinant and £ now becomes an upper triangular matrix
with diagonal entries ¢y, ..., cy. Hence

|det E| = |cy - ... - enls (8.6.6)
and (8.6.5) implies that
(E\E,...Exn)Y/?
(vol (X))N/z
Let fi, fo, ..., fy be a second family of continuous functions on X. Define M =
CN — CN by

| det E| > (8.6.7)

N

Mu=>(u|f(a,)C(a), ueCV. (8.6.8)
1
Then
M =Eo F*, (8.6.9)
where - -
F=(f(ay)...f(an)). (8.6.10)
Now, we assume
fj - éj, VJ (8611)
Then F* ='E, so
M=Eo'E. (8.6.12)
We get from (8.6.7), (8.6.12), that
E\Es.. . Ey
det M| > —————. 6.1
et M} = =T (8:6.13)
Under the assumption (8.6.2), this simplifies to
det M| > ———. .6.14
| de |_vol(X)N (8.6.14)
Using that
| det M| = Hs] < shls N M < N where s; = s;(M), (8.6.15)
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we get
Proposition 8.20. Under the above assumptions,

1
st Z (El...EN)N’
vol (X)

e (i) g7

8.7. Singular values of matrices associated to suitable admis-
sible potentials

(8.6.16)

We let P, ﬁ,p,]bv be as in the introduction to this section. We also choose €, g,
D = D(h), L = L(h) as in and around (8.1.10), (8.1.11).

Definition 8.21. An admissible potential is a potential of the form
qg(x)= > opex(x), a € CP. (8.7.1)

O<prp<L

We shall approximate J-potentials in H, ® with admissible ones and then apply
the results of the preceding subsection. As in the introduction we let s > n/2,
0<e<s—n/2

Proposition 8.22. Let a € X. Then Ja € CP, r € H, ® such that

da(x) = Y opey +1(x), (8.7.2)
ur<L
where |
gy < CoL™67279075, (8.7.3)
(3" lewl?)? < (L)FF(Y () 23 an?)7 < OLEF RT3, (8.7.4)
pe<L

The proof uses that §, € H~(279 with norm O(h~™/?) and the fact that for any
s € R,

o0 ~
I anen]? ~ =D () > o]
1 Hh

It then suffices to truncate the expansion of §, in the basis €1, €a, ....

Let Ps be as in (8.3.3) and assume (8.3.4), (8.3.6). Let R(m,) = Ce; @ ... ® Cen
be as in one of the two cases of subsection 8.3. By the mini-max principle and
standard spectral asymptotics (see [27]), we know that N = O(h™") and if we want
to use the assumption (8.1.9) we even have N = O((max(c, h))*h™") by(8.4.35).
For the moment we shall only use that N is bounded by a negative power of h. Let
a=(ay,..,ay) € X" and put

N

gol(z) =D _d(x — ay), (8.7.5)

1

Mgy, .k = /qa(x)ek(x)ej(x)dx, 1<j,k<N. (8.7.6)
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Now (8.3.8) implies that || 3= Arex|ln: < O(||Alle2) so (8.2.2) and the fact that
laallg, - = OWNB2,

imply that for all A\, u € C™,

Moy = [ aul@) (3 Meer) (S mje)da
= OM)NA"{[ Al |l
and hence
s1(My,) = | My, |l cen.ony = O(L)NR™. (8.7.7)
We now choose a so that (8.6.16), (8.6.17) hold.
The e; form and orthonormal system, so £x = 1 and

Ej=N-—j+1. (8.7.8)
Then, choosing the a; as in Subsection 8.6, (8.6.16) gives the lower bound
(NN~ . ImnN.. N

2 x-Sy (87.9)
where the last identity follows from Stirling’s formula.
Rewriting (8.6.17) as
s (N g \NE
> N—k+1 J
e (H vol <X>> |
and using (8.7.7), we get
1 p\ N 1
Sk > - — N~ =&+T, 8.7.10
T o (vol (X)) v (N ) Y (ST

Summing up, we get

Proposition 8.23. We can find ay,...,ax € X such that if ¢, = 3.7 §(z — a;) and
My, .ikx = [ qu(x)ep(x)ej(x)dz, then the singular values sy > so > ... > sy of My,
satisfy (8.7.7), (8.7.9) and (8.7.10).

We next approximate ¢, with an admissible potential by applying Proposition
8.22 to each d-function in q,:

Ga=q+7, q= ) g, (8.7.11)
HE<L
where
lallgy-- < Ch= N, (8.7.12)
7]l < CL™7579R7EN, (8.7.13)
(3 Jaxl?)? < CLEFR 3 N. (8.7.14)

Below, we shall have N = O(h"™") so if we choose L as in (8.1.11), we get
|a|CD < Oh—(%—l—e)M—i—n—‘%’L
and ¢ satisfies (8.1.10), (8.1.11). We get
| M, || < C.L=¢=279p7 "N, (8.7.15)
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For the admissible potential ¢ in (8.7.11), we thus obtain from (8.7.10), (8.7.15):

1 hn Nli;i-l '; _(S_ﬂ_e) n
sp(M,) > —— —— (N)¥%1 — C L~ 659" N,

~ o (vol (X)) N
(8.7.16)
Similarly, from (8.7.7), (8.7.15) we get for L > 1:
| M,|| < CNh™™. (8.7.17)
Using Proposition 8.6, we get for every € > 0,
lallmy < O)NL* 2 R, Ve > 0. (8.7.18)

Summing up, we have obtained

Proposition 8.24. Fiz s > n/2 and Py as in (8.3.3), (8.3.4), (8.5.6) and let 7,,
€1,...,en be as in one of the two cases in Subsection 8.3. Choose the h-dependent
parameter L with 1 < L < O(h=) for some fized Ny > 0. Then we can find an
admissible potential q as in (8.7.11) (different from the one in (8.5.3), (8.3.4)) such
that the matriz M,, defined by

Myr = /qekejdx,

satisfies (8.7.16), (8.7.17). Moreover the Hi-norm of q satisfies (8.7.18).

Notice also that if we choose R with real coefficients, then we can choose ¢ real-
valued.

8.8. Lower bounds on the small singular values for suitable
perturbations

In this subsection, we fix a z € ). We will use Proposition 8.24 iteratively to
construct a special admissible perturbation Pjs for which we have nice lower bounds
on the small singular values of Ps — z, that will lead to similar bounds for the ones
of Ps, and to a lower bound on | det Ps_|.

We will need the symmetry assumption (8.1.7):

P*=ToPol, (8.8.1)

This property remains unchanged if we add a multiplication operator to P.
As in the introduction, we let

V.(t) = vol ({p € T"X; |p(p) — 2|* < t}), (8.8.2)
and assume (for our fixed value of z) that (8.1.9) holds:
V.(t) =0(t"), 0 <t <1, (8.8.3)

for some k €]0, 1]. Proposition 8.14 gives:

Proposition 8.25. Assume (8.8.3) and recall Remark 8.17. For 0 < h < a < 1,
the number N(«) of eigenvalues of (P — z)*(P — z) in [0, a] satisfies

N(a) = O(a"h™™). (8.8.4)
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Let € > 0, s > § + € be fixed as in the introduction and consider

From the mini-max principle, we see that Proposition 8.25 still applies after replacing
P by P,.

Choose 7y €]0, (Ch)z] and let N = O(h*™) be the number of singular values of
Po—20 < t1(Py—2) < ... <tn(FPo— 2) < 79 in the interval [0,7o[. As in the
introduction we put

Ny = M+ sM + g (8.8.6)

where M, M are the parameters in (8.1.11). Fix 6 €]0, [ and recall that N is deter-
mined by the property tx(FPy — 2) < 7o < tny1(Po — 2). Fix ¢9 > 0.

Proposition 8.26. a) If ¢ is an admissible potential as in (8.1.10), (8.1.11), we

have B
lglloe < CH"2lql|my < Ch™™, (8.8.7)
b) If N is sufficiently large, there exists such an admissible potential q, such that if
Ps=Py+ 5h~qu:: Py+90Q, 6= 70 jyNatn
C ’ C
(so that ||Q]| < 1) then
To Ni+n hN1+n
t,(Ps—2z)>t,(Py—z) — > (1-— t,(Po—=z2), v>N, (88.8)
t,(Ps — 2) > 1oh™?, [N —ON]+1<v < N. (8.8.9)
Here, we put
Ny =2(Ny +n) + €, (8.8.10)
and we let [a] = max(ZN] — 0o, a]) denote the integer part of the real number a.
When N = O(1), we have the same result provided that we replace (8.8.9) by
tn(Ps) > moh™2. (8.8.11)

Proof. The part a) follows from Subsection 8.2, the definition of admissible potentials
in the introduction and from the definition of N; in (8.8.6). (See also (8.7.18).) We
shall therefore concentrate on the proof of b).
Let ey, ..., ex be an orthonormal family of eigenfunctions corresponding to ¢, (P, —
z), so that
(Py— 2)*(Py — 2)ej = (tj(Py — 2))%e;. (8.8.12)
Using (8.1.6) < (8.8.1), we see that a corresponding family of eigenfunctions of
(P —z)(P — z)* is given by
f; =Te,. (8.8.13)
fl, - fN and fi,..., fy are orthonormal families that span the same space Fly. Let
Ex be the span of ey, ...,ey. We then know that

(PO—Z)iENHFNaHd(PO—Z)*SFNHEN (8814)

have the same singular values 0 <t; <ty < ... <ty.

Define Ry : L? - CN¥, R_: CY — L? by

Riu(j) = (ulej), R-u_ = ;u_o)fj- (8.8.15)
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Then

P = ( P(}%_ : %* ) :D(Py) x CN — L2 x CV (8.8.16)
Jr

_(E E
o (EE)
The singular values of E_ are given by t;(E_;) = t;(Fp —z2), 1 < j < N, or
equivalently by s;(E_y) = ty11-j(Fy — 2), for 1 < j < N.
We will apply Subsection 8.5, and recall that N is assumed to be sufficiently large
and that € has been fixed in ]0,1/4[. (The case of bounded N will be treated later.)

Let Ny be given in (8.8.10). Since z is fixed it will also be notationally convenient
to assume that z = 0.

Case 1. s;(E_;) > 1oh™™, for 1 < j < N — [(1 — )N]. Then we get the desired
conclusion with ¢ =0, Py = F,.

Case 2.
s;j(E_y) < 1oh™* for some j such that 1 < j < N —[(1 — §)N]. (8.8.17)

Recall that for the special admissible potential ¢ in (8.7.11), we have (8.7.16). For
k< N/2, we have N —k+ 1> N/2, so

k—1

has a bounded inverse

T <
N—-k+1~
and (8.7.16) gives
hn 1 n N
sk(Mg) = C—N(N!)W - CeL_(s_f_G)ﬁ-

By Stirling’s formula, we have (N)¥ > N/Const, so for 1 < k < N/2, we obtain
with a new constant C' > 0:
h" n_og N
si(My) > ol CeL_(S_E_G)ﬁ-
Here, we recall from Proposition 8.25 (which also applies to Fy) that N = O(h"™")
and choose L so that
Lf(sfgfe)hnfwt < hn’

i.e. so that (in agreement with (8.1.11))

Kk—3n

L>> h%-. (8.8.18)

We then get
h" N

for a new constant C' > 0.
From (8.7.17) and the fact that N = O(h"™") we get

s1(M,) < |M,|| < CNR™ < Ch"=2, (8.8.20)

In addition to the lower bound (8.8.18) we assume as in (8.1.11) (in all cases)

that
3n— kK

L <Ch™ for some M > (8.8.21)
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As we saw after (8.7.14), ¢ is indeed an admissible potential as in (8.1.10), (8.1.11),
so that by (8.8.7)

lglloe < Ch™%lgllm; < Ch™™, (8.8.22)
Put
ShM hM1

Then, if § < 70/2, we can replace I by Ps in (8.8.16) and we still have a well-posed
problem as in Subsection 8.5 with @, = @ as above. Here E°QEY = A" M, /C so
according to (8.8.19), we have with a new constant C'

Ni+n N
sp(0E2QEY) > MC , 1<k < 5> (8.8.24)
Playing with the general estimate (8.5.5), we get
Sy(A+ B) = syik-1(A) — s1(B)
and for a sum of three operators
SZ,(A + B + C) Z 8y+k+g_2(A) - Sk(B) — Sg(O).
We apply this to E°, in (8.5.26) and get
52
s, (B2 ) > 8,01 1(6E°QEY) — s,(E°.) — 2—. (8.8.25)
0

Here we use (8.8.17) with j = k = N — [(1 — §)N] as well as (8.8.24), to get for
v<N—-[1-6)N]

s, (E°,) > — 1oh™? —2—. (8.8.26)

Recall that 0 < %.
Choose
§ = —moh™Mtm, (8.8.27)

where (the new constant) C' > 0 is sufficiently large.
Then, with a new constant C' > 0, we get (for & > 0 small enough)

)
s, (E°,) > ahNH", 1<v<N-—[(1-0)N], (8.8.28)
implying
s,(E°.) > 8mh™2, 1 <v < N —[(1-0)N]. (8.8.29)
For the corresponding operator Ps, we have for v > N:
Toh N1
t,(Ps) > t,(Py) — & = t,(Py) — > —

Since t,(P) > 79 in this case, we get (8.8.8).
From (8.8.29) and (8.5.27), we get (8.8.9).
When N = O(1), we still get (8.8.26) with v = 1 and this leads to (8.8.11).
0
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The construction can now be iterated. Assume that N > 1 and replace (P, N, 79)
by (s, [(1—0)N], rh™2) =: (PM, N® 7Y} and keep on, using the same values for
the exponents Ny, Ny. Then we get a sequence (P*), N(k),T(()k)), k=0,1,..k(N),
where the last value k() is determined by the fact that N*(V) is of the order of
magnitude of a large constant. Moreover,

t,(P®) > 7P NE) <) < NG, (8.8.30)
T(k)hN1+V

t, (PHHDY > ¢, (PW) — OT v>N®, (8.8.31)

7FD = R N2, (8.8.32)

N = [(1 - g)N®)], (8.8.33)

PO =p NO =N, 7V =5,
Here,

p+l) = plk) 4 sk k+1) = pk) 4 %q(kﬂ),

||Q(k+1)|| <1, §E+1) — %To(k)hNH_n.

Notice that N®) decays exponentially fast with k:

N® < (1-0)N, (8.8.34)
so we get the condition on k that (1 — 0)*N > C > 1 which gives,
N
k< 1:1?. (8.8.35)
1-0
We also have
i =7 (1)" (8.8.36)
For v > N, we iterate (8.8.31), to get
pN1+n
t,(P®) > t,(P) - . (1+nN 4 p2N 1) (8.8.37)
pN1+n

> 1(p) - mo(0),
For 1 < v < N, let £ = ¢(N) be the unique value for which N) < p < N1,
so that
t,(PO) > 79, (8.8.38)
by (8.8.30). If k > ¢, we get

(k) () ] phEn
t,(P") >t,(PY) —1, O(T)' (8.8.39)

N
The iteration above works until we reach a value k = kg = (’)(hllni) for which
1-6

Nko) = O(1). After that, we continue the iteration further by decreasing N® by
one unit at each step.

Summing up the discussion so far, we have obtained
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Proposition 8.27. Let (P, z) satisfy the assumptions in the beginning of this sub-
section and choose Py as in (8.8.5). Let s > 2,0 < e < s — 2, M > 3o~

27 27 = s—2-e’
Ny =M+ sM+ 3, Ny = 2(N1 +n) + eg, where g > 0. Let L be an h-dependent
parameter satisfying

k—3n,
he i< < L<Ch™M (8.8.40)
Let 0 < 19 < Vh and let NO© = O(h*™) be the number of singular values of
Py —zin [0,70]. Let 0 < 0 < § and let N(0) > 1 be sufficiently large. Define
N® 1 < k < ky iteratively in the following way. As long as N*® > N(6), we put
NE) = [(1—0)NW]. Let kg > 0 be the last k value we get in this way. For k > kg
put N+ = N®) _ 1 until we reach the value ki for which N*1) = 1.
Put Ték) = 10h"N2 1 < k < ky + 1. Then there exists an admissible potential
q=qn(x) asin (8.1.10), (8.1.11), satisfying (8.7.14), (8.7.18), so that,

lgllm; < OMA M2, lgll 1= < O(1)R,

such that if Py = Py + £7oh*"q = Py 4 6Q, § = $hM "1y, Q = h™Mgq, we have
the following estimates on the singular values of Ps — z:

o Ifv >N we have t,(Ps —z) > (1 — hNgn)ty(Po - 2).

o IfNW < v < NE-D 1 <k <y, then t,(Ps — z) > (1 — O(hM+7) 7.
e Finally, for v = N®) =1, we have t;(P; - z) = (1 — O(hN*m)r .,

Now it is possible to pass from the Grushin problem for Ps — 2z to a suitable one
for Ps_. and follow up with estimates on the singular values (cf (8.5.8)) and obtain:

Proposition 8.28. Proposition 8.27 remains valid if we replace Ps — z there with
Ps..

Taking a suitable Grushin problem for Fj, and using Proposition 8.18 we can

show when 7, = Vh:

Proposition 8.29. For the special admissible perturbation Py in the propositions
8.27, 8.28, we have

ln | det Py.| > (8.8.41)
11 1
(// In |p.|dzdé — O <hN1+”—2 (B4 1) (n— + (In 1) ))) .

To

(27Th
We also have the upper bound
[det E_| < [ E_+|™” < exp(CN©),
which leads to

In | det Py.| < g (// In [p. |ded¢ + O (th "% hFn h)) (8.8.42)

Notice that this bound is more general, it only depends on the fact that the pertur-
bation of P is of the form 6Q with § = 7oh™"*™/C and with ||Q]| = O(1).

When 75 < vh we keep the same Grushin problem as before and notice that the
singular values of E_, that are < 73, obey the estimates in Proposition 8.27. Their
contribution to In|det E_| can still be estimated from below. The contribution
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from the singular values of E_, that are > 75 can be estimated from below by
—O(h"™In(1/79)) and this leads to the conclusion that Proposition 8.29 remains
valid when 0 < 79 < V/'h. The same holds for the upper bound (8.8.42).

8.9. Estimating the probability that det ELL is small

In this subsection we keep the assumptions on (P, z) of the beginning of Subsection
8.8 and choose Fy as in (8.8.5). We consider general Ps of the form

Ps =Py +0Q, 6Q = 5hVg(z), 6 = éhNH"TO, (8.9.1)

where ¢ is an admissible potential as in (8.1.10), (8.1.11). Notice that D := #{k; . <
L} satisfies:

D <O(L"h™) < O(h™), N3:=n(M +1). (8.9.2)
With R as in (8.1.10), we allow « to vary in the ball
la]op < 2R = O(h~M). (8.9.3)

(Our probability measure will be supported in Beo (0, R) but we will need to work
in a larger ball.)
We consider the holomorphic function

F(a) = (det Ps ) exp(— |p.|dzdf). (8.9.4)

Then by (8.8.42), we have
In|F(a)| <e(h)h™", |af < 2R, (8.9.5)

and for one particular value a = a° with || < %R, corresponding to the special
potential in Proposition 8.27:

In|F(a")] > —eo(h)h™", (8.9.6)

where €y(h) is given in (8.1.16).
Let o' € CP with |a!| = R and consider the holomorphic function of one complex
variable
f(w) = F(a® 4+ wat). (8.9.7)
We will mainly consider this function for w in the disc determined by the condition
|a® + wal| < R:

0
Dao7a1 : |w+ (Oé Cé)

2
<1-—

2

=72 (8.9.8)

0

" |(a®a!
R R R

whose radius is between ¥3 2 3 and 1.
From (8.9.5), (8.9.6) we get

In| £(0)] > —eo(M)h™™, In|f(w)| < eo(h)h ™. (8.9.9)

By (8.9.5), we may assume that the last estimate holds in a larger disc, say D(— (‘}2 = ) 2r9).

Let wy, ...,wp be the zeros of f in D(—(a—; %),37‘0/2). Then it is standard to get
the factorization

M ol ol
w) = e [[(w — wy), w € D(—(—|—),4r/3), (8.9.10)
1 R'R
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together with the bounds
IRg(w)| < O(eo(h)h™™), M = O(eg(h)h™). (8.9.11)

See for instance Section 5 in [99] where further references are also given.
For 0 < e < 1, put

Q(e) = {r € [0,7; Jw € Dyo 4 such that |w| =1 and |f(w)| < €}. (8.9.12)

If € Q(e) and w is a corresponding point in D,o 41, we have with r; = |w],

M M
ITIr =7l <[ lw — wj| < eexp(O(eo(h)h™™)). (8.9.13)
1 1
Then at least one of the factors |r — r;| is bounded by (ee@€MWh™™NI/M Tn par-
ticular, the Lebesgue measure A(€2(e)) of Q(e) is bounded by 2M (ee®(comh™))1/M
Noticing that the last bound increases with M when the last member of (8.9.13) is
<1, we get

Proposition 8.30. Let ot € CP with |o'| = R and assume that € > 0 is small
enough so that the last member of (8.9.13) is < 1. Then

M{re[0,ro); |a® +ral| < R, [F(a®+ra')| <e€}) < (8.9.14)
Eofff) exp(O(1) + (’)(lf)beo(h) Ine).

Here and in the following, the symbol O(1) in a denominator indicates a bounded
positive quantity.
Typically, we can choose € = exp —Z?ffi for some small a > 0 and then the upper
bound in (8.9.14) becomes
Eo(h) 1
O() — :
Now we equip Beo (0, R) with a probability measure of the form
P(da) = C(h)e®® L(da), (8.9.15)

where L(da) is the Lebesgue measure, ® is a C' function which depends on h and
satisfies

VO] = O(h™), (8.9.16)
and C(h) is the appropriate normalization constant.
Writing o = a® + Rrat, 0 < r < ro(at), ot € §2P-1, @ <rg <1, we get

P(da) = C(h)e®Dr?P=1drS(dat), (8.9.17)

where ¢(1) = ¢ao.a1(r) = ®(a° + rRa") so that ¢/ (r) = O(hN5), N5 = Ny + M.
Here S(da') denotes the Lebesgue measure on S*P~1.
For a fixed a!, we consider the normalized measure

w(dr) = C(h)e?Mr?P=Ldy (8.9.18)

on [0,7(a!')] and we want to show an estimate similar to (8.9.14) for p instead of
A. Write e?Mr?P=1 = exp(¢(r) 4+ (2D — 1)Inr) and consider the derivative of the
exponent,
2D -1
¢'(r) + :

r
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BINs—N3ly

This derivative is > 0 for r <
Introduce the measure i > p by

=: 27y, where we may assume that 2ry < rg.

fi(dr) = C(h)e?rm=)p2D=1qp = max(r, o). (8.9.19)

max

Since fi([0, 7o]) < p([Fo, 270]), we get

fi(0, (")) < O(1). (8.9.20)
We can write
fi(dr) = C(h)e*dr, (8.9.21)
where
W (r) = O(l)(h_N5 + h—N3+[N5—N3]+) = (’)(h—Nﬁ)’ (8.9.22)
Ng = max(N3, N3).
Cf (8.9.2).

Ng

We now decompose [0, ro(at)] into =< h=¢ intervals of length < h™e. If I is such

an interval, we see that

Adr)  p(dr) A(dr)
< = <C on [. 8.9.23
oxn = 5 =) (5029
From (8.9.14), (8.9.23) we get when the right hand side of (8.9.13) is < 1,
O(1) eo(h) h"

a({r € I; |F(a® + rRa*)| < €}) /(1)

= 30 e P Emam e

= O(1)h s EO}EZI) exp 1h Ine).

Multiplying with (/) and summing the estimates over I we get

mvemmwmwm“w&ﬁwansomh%%?wmaSQmma

(8.9.24)
Since p < i, we get the same estimate with g replaced by p. Then from (8.9.17) we
get

Proposition 8.31. Let € > 0 be small enough for the right hand side of (8.9.13) to
be < 1. Then

P(|F(a)| <e€) < O(Dh_NS%}ET?)eXp(O(l})L;(m

Ine). (8.9.25)
Remark 8.32. In the case when R has real coefficients, we may assume that the
eigenfunctions €; are real, and from the observation after Proposition 8.24 we see
that we can choose ag above to be real. The discussion above can then be restricted
to the case of real a! and hence to real o. We can then introduce the probability
measure P as in (8.9.15) on the real ball Bgo (0, R). The subsequent discussion goes
through without any changes, and we still have the conclusion of Proposition 8.31.
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8.10. End of the proof of the main result

We now work under the assumptions of Theorem 8.1. For z in a fixed neighborhood
of ', we rephrase (8.8.42) as

1 1
det Ps .| < —
et Pio| < exp - (o

where ¢(h) is given in (8.1.16). Moreover, Proposition 8.31 shows that with proba-
bility

/ In |p.|dzdé + eo(h)), (8.10.1)

> 1= O1)hNe ey (h)e oTam ™ ¢, (8.10.2)
we have . )
det Py| 2 coxp(y(75.52) / In |p.|dadg), (8.10.3)
provided that € > 0 is small enough so that
The right hand side of (8.9.13) is < 1, Vo' € $?P~1, (8.10.4)
Write e = e~/ € = h"In 1. Then (8.10.4) holds if
£> Ceolh), (8.10.5)

for some large constant C. (8.10.2), (8.10.3) can be rephrased by saying that with
probability

>1— O(1)hNo"ey(h)e (8.10.6)
we have
| det Py.| > exp - (— / In |p.|deds — @). (8.10.7)
’ hn (2m)n
This is of interest for € in the range
eh) < €< 1. (8.10.8)

Now, let I' € €2 be connected with smooth boundary. Recall that 0 < x < 1 and
that

(8.1.9) holds uniformly for all z in some neighborhood of oT'. (8.10.9)
Then the function )
= —— [/ In|p,|dzd 10.1
8= G [ n1p-ldzds (8.10.10)

is continuous and subharmonic in a neighborhood of 9I'. We shall apply Theorem
6.2, with 0 < r < 1 constant, to the holomorphic function

u(z) = det P ,.
Then, according to (8.10.6), (8.10.7) we know that with probability

o1 O;;J)Viﬁb)e—m (8.10.11)
we have
()| = 6(5) =€ j=1,.,N, N = i (8.10.12)
In a full neighborhood of OI' we also have
R In|u(z)| < ¢(z) + Ce. (8.10.13)
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We conclude from Theorem 6.2 that with probability bounded from below as in
(8.10.11) we have for every M > 0:

[#(w(0)NT) — o %/ML (dz)] < (8.10.14)
Oh(j) (f + (T + D(0.1))).

where p denotes the measure A¢pL(dz).

According to Section 10 in [39], the measure 5~ A¢L(dz) is the push forward under
p of (2m)™™ times the symplectic volume element and we can replace 5-A¢L(dz)
by this push forward in (8.10.14). Moreover u 1(0) is the set of eigenvalues of Pj so

we can rephrase (8.10.14) as

[#(o(F5) ML) —

O (£ 4 vol (o0 + D(0.1))) ).

This concludes the proof of Theorem 8.1, with P replaced by the slightly more
general operator Fj.

vol (p~H(T"))| < (8.10.15)

1
(2mh)"

9. Almost sure Weyl asymptotics of large eigenvalues

9.1. Introduction

W. Bordeaux Montrieux [10] has studied elliptic systems of differential operators
on S! with random perturbations of the coefficients, and under some additional
assumptions, he showed that the large eigenvalues obey the Weyl law almost surely.
His analysis was based on a reduction to the semi-classical case (using essentially
the Borel-Cantelli lemma), where he could use and extend the methods of Hager
(38].

The purpose of this section is to describe the work of Bordeaux Montrieux and the
author [11] on the almost sure Weyl asymptotics of the large eigenvalues of elliptic
operators on compact manifolds. For simplicity, we treat only the scalar case and
the random perturbation is a potential.

Let X be a smooth compact manifold of dimension n. Let P° be an elliptic
differential operator on X of order m > 2 with smooth coefficients and with principal
symbol p(z,§). In local coordinates we get, using standard multi-index notation,

PP= 3" ao(z)D*, p(z,&) = Y ag(x)E™. (9.1.1)
|| <m |ae|l=m
Recall that the ellipticity of P° means that p(z, &) # 0 for £ # 0. We assume that
p(T*X) # C. (9.1.2)

Fix a strictly positive smooth density of integration dz on X, so that the L? norm
| - || and inner product (:| - -) are unambiguously defined. Let T': L*(X) — L*(X)
be the antilinear operator of complex conjugation, given by I'u = @w. We need the
symmetry assumption

P* =TPT, (or equivalently, P* = P) (9.1.3)
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where P* is the formal complex adjoint of P. As in [98] we observe that the property
(9.1.3) implies that

p(z, =€) = p(z,§), (9.1.4)

and conversely, if (9.1.4) holds, then the operator 1(P+TI"PT') has the same principal
symbol p and satisfies (9.1.3).

Let R be an elliptic differential operator on X with smooth coefficients, which is
self-adjoint and strictly positive. Let €g, €1, ... be an orthonormal basis of eigenfunc-
tions of R so that

Re; = (1)%ej, 0<pg<pd<pg<.. (9.1.5)
Our randomly perturbed operator is
B) =P+ (), (9.1.6)

where w is the random parameter and
o(@) = ad(w)e;. (9.1.7)
0

Here we assume that 042 (w) are independent complex Gaussian random variables of
variance o7 and mean value 0:

af ~ N(0,0%), (9.1.8)
where
B
() e DT S oy S (u)) (9.1.9)
3n— 2 1
M=-"""2%2 0<B<- p>n, (9.1.10)
s— 2 —¢ 2

where s, p, € are fixed constants such that
n

<<n0<<n
g <s<p-3, 0<e<s—o.

Let H*(X) be the standard Sobolev space of order s. As will follow from consid-
erations below, we have ¢f, € H*(X) almost surely since s < p — %. Hence ¢} € L™

almost surely, implying that P° has purely discrete spectrum.
Consider the function F(w) = argp(w) on S*X. For given 0, € S' ~ R/(27Z),
Ny € N := N\ {0}, we introduce the property:

P(6y, Ny) : Z IVFF(w)] # 0 on {w € S*X; F(w) = 6,}. (9.1.11)

Notice that if P(6y, No) holds, then P(6, Ny) holds for all § in some neighborhood
of 90.

We can now state our main result.

Theorem 9.1. ([11]) Assume that m > 2. Let 0 < 6; < 0y < 27w and assume that
P(01, Ny) and P(62, Ny) hold for some Ny € N. Let g € C*([6y,65];10, 00[) and put

9 gpon = {re?;01 <0 <6, 0<r < Ag(6)}.
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Then for every § €0, % — [ there exists C > 0 such that almost surely: 3C(w) < oo
such that for all X\ € [1,00]:

1
[#(a(P)) N I8 op00) — 20"

< O(w) + Cam w0,

Here o(P°) denotes the spectrum and #(A) denotes the number of elements in the
set A. In (9.1.12) the eigenvalues are counted with their algebraic multiplicity.

vol p ' (T], g:00)] (9.1.12)

The proof actually allows to have almost surely a simultaneous conclusion for a
whole family of 6y, 6,, g:

Theorem 9.2. Assume that m > 2. Let © be a compact subset of [0,2r]. Let
Ny € N and assume that P(0, Ny) holds uniformly for 6 € ©. Let G be a subset of
{(g9,601,02); 0; € ©,0, < 0y, g € C([6,62];]0,00[)} with the property that g and
1/g are uniformly bounded in C*°([0y,05];]0,00[) when (g,601,02) varies in G. Then
for every 6 €]0, 5 — B[ there exists C > 0 such that almost surely: 3C(w) < co such
that for all X € [1,00[ and all (g,0:,602) € G, we have the estimate (9.1.12).

The condition (9.1.9) allows us to choose o, decaying faster than any negative
power of pg. Then from the discussion below, it will follow that g, (x) is almost surely
a smooth function. A rough and somewhat intuitive interpretation of Theorem 9.2 is
then that for almost every elliptic operator of order > 2 with smooth coefficients on a
compact manifold which satisfies the conditions (9.1.2), (9.1.3), the large eigenvalues
distribute according to Weyl’s law in sectors with limiting directions that satisfy a
weak non-degeneracy condition.

9.2. Volume considerations

In the next subsection we shall perform a reduction to a semi-classical situation and
work with A™ P, which has the semi-classical principal symbol p in (9.1.1). Again,

V.(t) = vol{p € T*X; |p(p) — z|> < t}, t > 0. (9.2.1)
Proposition 9.3. For any compact set K ¢ C = C\ {0}, we have
V.(t) = O(t"), uniformly for z € K, 0 <t <1, (9.2.2)
with k = 1/2.
This follows from:

Proposition 9.4. Let v be the curve {re? € C; r = g(), 0 € S'}, where 0 < g €
C1(SY). Then
vol (p™' (v + D(0,1))) = O(t), t — 0.
This follows from the fact that the radial derivative of p is # 0.
Using (9.1.11), we can prove:

Proposition 9.5. Let 6, € S*, Ny € N and assume that P(0y, No) holds. Then if
0 < ry <71y and v is the radial segment [ry,75]e, we have

vol (p~1 (v 4+ D(0,1))) = O(t'™N), t — 0.
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Now, let 0 < 0y < 0y <27, g € C*([b4, 62];]0, 00[) and put

I%,, = {re”; 6, <0 <6y, r1g(0) < r < rag(6)}, (9.2.3)

02;7r1,m2

for 0 <r; <ry <oo. If 0 <ry <ry<+ooand P(#;, Ny) hold for j = 1,2, then the
last two propositions imply that

vol p~ (0T + D(0,t)) = OY™), t — 0. (9.2.4)

01,02;5r1,72

9.3. Semiclassical reduction

We are interested in the distribution of large eigenvalues ¢ of P’ so we make a
standard reduction to a semi-classical problem by letting 0 < h < 1 satisfy

o — m
C= 2 =1, hxfglm, (931)
and write
W"(PY—¢) = h"P) —z=:P+h"q) - z, (9.3.2)
where
P=n"P"= > as(x;h)(hD)*. (9.3.3)
la]<m
Here
ao(x;h) = OMR™ 1) in C, (9.3.4)
ao(z;h) = a’(z) when |a| = m.

So P is a standard semi-classical differential operator with semi-classical principal

symbol p(z,§).
Our strategy will be to decompose the random perturbation

hm(]g = 5Qw + k’w(l'),

where the two terms are independent, and with probability very close to 1, 6Q),, will
be a semi-classical random perturbation as in Section 8 while

[kollrs < h, (9.3.5)
and
n n

is fixed. Then h™P° will be viewed as a random perturbation of "™ P° + k,. In
order to achieve this without extra assumptions on the order m, we will also have
to represent some of our eigenvalues oz?(w) as sums of two independent Gaussian
random variables.

We start by examining when

1h™ )
Proposition 9.6. There is a constant C' > 0 such that (9.3.7) holds with probability

1
B 2 h2(m—1) )

s < h. (9.3.7)

>1—exp(C
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Here is a brief outline of the proof. We have
= Zaj(w>€j7 oy = hma? ~ N(Ou (hmaj>2>7 (938>
0

and the «; are independent. Now, by the functional characterization of H® in Sub-
section 8.2, we get

1h™ g0

Hmzmj a (@) (9.3.9)

where (19)*c; ~ N(0, (,)?) are mdependent random variables and &; = (15)*h" ;.

Combining this with Proposition 7.5 and standard Weyl asymptotics for R leads
to the result.

Write

G = 4o+ @3 (9.3.10)

W= Y. ajwe, &= > aj(we (9.3.11)

0<hu?§L h,uf;>L
From Proposition 9.6 and its proof, we know that
1
m 2 . e
IIh™ ¢ || = < h with probability > 1 — exp(Cy — W) (9.3.12)

We write

P+ h"q = (P +h"q;) + h™q,,
Theorem 8.1 can be applied with P replaced by the perturbation P+h™q?, provided
that we have ||h™q2 ||z < h.

The next question is then wether h™ql can be written as Toh*V1™q,, where ¢, =
Yo<nuo<r j€j and lalcp < R with probability close to 1. This turns out to be
impossible without extra assumptions.

In order to avoid such an extra assumption, we shall now represent a? for h,u? <L
as the sum of two independent Gaussian random variables. Let jo = jo(h) be the
largest j for which hy) < L. Put

1 _
o' = 6hKe’Ch ’ where K > p(M+1), C>1 (9.3.13)
so that o/ < %aj for 1 < j < jo(h). The factor h* is needed only when 3 = 0.
For j < jo, we may assume that of(w) = oj(w) + of (w), where o/; ~ N(0, (¢)?),
off ~ N(0, (0f)?) are independent random variables and

J
o7 = (') + (o))?,

so that
of =\/o; — (o) < 0.
Put ¢} = ¢, + ¢, where
q, = Z a;(w)ej, q = Z a;’(w)ej.
hu9<L hu<L
Now (cf (9.3.10)) we write
P+ ", = (P + W™ (g + ¢3)) + h"™q,,
Theorem 8.1 is valid for random perturbations of
Py:= P +h"(q} +q),
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provided that [|h™(q” + ¢3)|lzs < h, which again holds with a probability as in

(9.3.12). The new random perturbation is now h™q/, which we write as 7oh?1 g,

where ¢, takes the form
Ju(z) = Z Bj(w)e;, (9.3.14)

0<hpl<L
with new independent random variables

1 1

By = —h" NI (W) ~ N0, (RN (R))P). (9.3.15)
70 70
Now, by Proposition 7.5,
hmf2N17n0./(h) R27_2
P(|3|%0 > R?) < 1)D - 0 :
(I8lep > R7) < exp(O(1) p, O(l)(hm—2N1—nO-/(h))2>

Here by Weyl’s law for the distribution of eigenvalues of elliptic self-adjoint differ-
ential operators, we have D < (L/h)"™. Moreover, L, R behave like certain powers of

h.

e In the case when 8 = 0, we choose 75 = h'/2. Then for any a > 0 we get
1

C’h“>

for any given fixed a, provided we choose K large enough in (9.3.13).

P(|B|lcp > R) < Cexp(—

e In the case 3 > 0 we get the same conclusion with 75 = h=%¢’ if K is large
enough.

In both cases, we see that the independent random variables ; in (9.3.14), (9.3.15)
have a joint probability density C(h)e®@" L(da), satisfying (8.1.15) for some N,
depending on K.

With k = 1/2, we put

1 1
h) =h"((In -)* +1In —
o) = (10 )7 +1n ),
where 7y is chosen as above. Notice that ey(h) is of the order of magnitude h*~" up
to a power of In % Then Theorem 8.1 gives:

Proposition 9.7. There exists a constant Ny > 0 depending on p,n,m such that
the following holds: Let ' € C have piecewise smooth boundary. Then 3C' > 0 such
that for 0 <r <1/C, € > Ce¢y(h), we have with probability

CCO(h) .

>1 - ¢ Tam — (e oR, (9.3.16)
gy hntmax(n(M+1),Ny+M)
that
c
I#(R™PY)YNT) — vol (p~H(T))| < —(E +vol (p~ 10T + D(0,7)))). (9.3.17)
(2mh)" h™r
As already noted, this gives Weyl asymptotics provided that

vol p~ 10T + D(0,7)) = O(r®), (9.3.18)

for some « €]0, 1] (which would automatically be the case if £ had been larger than
1/2 instead of being equal to 1/2), and we can then choose r = €/0+%) 5o that the
right hand side of (9.3.17) becomes < C&Ttah ™",
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As in [97, 98] we also observe that if I" belongs to a family G of domains satisfying
the assumptions of the Proposition uniformly, then with probability
Cﬁo(h) <

>1-— ¢ Tam — (e OR, (9.3.19)
72 hntmax(n(M+1),Ny+M)

the estimate (9.3.17) holds uniformly and simultaneously for all I' € G.

9.4. End of the proof

Let 61, 02, Ny be as in Theorem 9.1, so that P (6, Ny) and P(6s, Ny) hold. Combining
the propositions 9.3, 9.4, 9.5, we see that (9.3.18) holds with a = 1/Ny when I' =
I3, 6,:10> A > 0 fixed, and Proposition 9.7 gives:

Proposition 9.8. With the parameters as in Proposition 9.7 and for every a €
10, <[, we have with probability

' No
>1— — Ceo(h) ¢ Ta® — Ce TR (9.4.1)
ETTNG fyn-max(n(M-1),Ny+11)
that
m g ]' —1 g €1+1N0
") 0T 1) = vl (7 T, ) O, (942

Moreover, the conclusion (9.4.2) is valid simultaneously for all X € [1,2] and all
(01,602) in a set where P(01, Ny), P(02, No) hold uniformly, with probability

OEO(h) Pl

>1-— e Tam — Cle” Tn. (9.4.3)

2Ny —~
€1+ Ny pntmax(n(M+1),Ny+M)

For 0 < § < 1, choose € = h™%¢y < Ch2=#~%(In )%, so that €/eg = h™°. Then for
some N5 we have for every a €]0,1/Ny[ that

1 Ca 1_ ¢ 1 _1
[#(a(h™P,) N TG g00) — WV(ﬂ (P (15, 1)) < ﬁ(m *“f(In 5)2)1”0,
(9.4.4)
simultaneously for 1 < A < 2 and all (01,6:) in a set where P(0;, Ny), P (62, No)
hold uniformly, with probability

C
>1— — ¢ . (9.4.5)
The upper bound in (9.4.4) can be replaced by
Cs ) (4-p—20)/(No+1)
hn
Assuming P(6y, Ny), P (62, Ny), we want to count the number of eigenvalues of P,
in
FL/\ = F‘zl,@g;l,k
when A — oo. Let k()) be he largest integer k for which 2% < X and decompose

k(A -1
FL)\ = ( U F2k72k+1) U FQk(A)A.
0
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In order to count the eigenvalues of P in Iy ger1 we define h by h™2% = 1, h =
2-k/m 5o that

#(o(P)) NToyrger1) = #(o(W"P))NT12),

vol (p~* (Cok gr1)) = (27r1h)" vol (p~* (T'12)).

(2m)"
. .1s Ngk Sk
Thus, with probability > 1 — C27m e 2™ /¢ we have

|# (0 (PY) N Dy i) — vol p~! (Tgr g )| < C52572 m G2 (9.4.6)

b
(2m)"

Similarly, with probability > 1 —

|#(O-(P<8) N ng(x)’}ﬁ

C2Nsk(N)/me=2"MNIM/C e have

1 —B—26)~——
1 < CsAmA™m Ny T 9.4.7
(27T) 7o ., VO p ( )| 1 0 ) ( )
simultaneously for all A € [\, 2A[.
Now, we proceed as in [10], using essentially the Borel-Cantelli lemma. Use that

S oNek 2RO _ (1) T
¢
Z 2k%2—$(%—5—25)ﬁ _ (9( ))\E—a(*_ﬁ 25)N0+1

2k <)
£
to conclude that with probability > 1 — C2¥5me=2""/C | we have

[#((PY) N Ty ) — volp~ ! (Tye y)| < 05)\%*%(%*5*25)@

1
(2m)"
for all A > 2°. This statement implies Theorem 9.1. O
Proof of Theorem 9.2. This is just a minor modification of the proof of Theorem
9.1. Indeed, we already used the second part of Proposition 9.7, to get (9.4.7) with
the probability indicated there. In that estimate we are free to vary (g,6q,02) in
G and the same holds for the estimate (9.4.6). With these modifications, the same
proof gives Theorem 9.2. a

10. Some open problems.

e The distribution of resonances or scattering poles for certain self-adjoint op-
erators like the Schrodinger operator is a very intriguing and difficult problem
where many basic questions remain unanswered.

Resonances can be viewed as eigenvalues of a non-self-adjoint operator, ob-
tained from the original self-adjoint one by changing the Hilbert space. If we
take a Schrodinger operator and add a random perturbation to the potential
with support in some fixed compact set, we may ask wether with probability
close to one the resonances obey some kind of Weyl asymptotics. In dimen-
sion 1 there is a classical result of Zworski [112], saying that we do have
Weyl asymptotics without any random perturbations, but assuming a non-
flatness condition near the end points of the convex hull of the support of the
potential. In higher dimensions there are results by T. Christiansen [16, 17]
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and Christiansen and P. Hislop [18] saying that in the “generic case” there is
(roughly) a lower bound on the number of scattering poles in a sequence of
large discs which is of the same order of magnitude as would be prescribed by
a reasonable Weyl law. The methods of Christiansen and Hislop use the anal-
ysis of several complex variables and it would be interesting to understand
the relation with the methods developed in our lectures.

The damped wave equation in its stationary version is an example of a non-
self-adjoint operator which is close to a self-adjoint one. The eigenvalues are
confined to a band parallel to the real axis and since the work of Marcus-
Matseev [72] we know that the real parts obey the Weyl law with a good
remainder estimate. As for the distribution of imaginary parts many results
are known, G. Lebeau [66], Sjostrand [96], N. Anantharaman [6], S. Nonnen-
macher and E. Schenk [88], M. Hitrik, Sjostrand, S. Vu Ngoc, [53], [52].

The following problem seems to be open: Suppose we add some randomness
to the damping term, and that the underlying geodesic flow is not ergodic (as-
suming that we work on a compact manifold without boundary for simplicity).
Then with probability close to 1, do the imaginary parts of the eigenvalues dis-
tribute according to a Weyl law formulated with the help of the time averages
of the damping term?

What about statistical properties of eigenvalues? Can it be true, for instance
in the simplest one dimensional situations with Gaussian random variables in
the perturbation as in [39], that we have Poisson distribution of the eigen-
values? What about correlations between eigenvalues? Can we have results
similar to the ones that are known for the zeros of random polynomials? (Cf
[90, 9].) A step in this direction may be the recent preprint of T. Christiansen
and Zworski [19] where the authors study the expectation value of the num-
ber of eigenvalues in a domain for certain one-dimensional pseudodifferential
operators with doubly periodic symbol.

It would be of great interest to have the sharpest possible bounds on the
norm of the resolvent. The general theory of non-self-adjoint operators only
gives very weak upper bounds which can be sharpened near the boundary of
the range of the symbol (like for instantance in Section 4). In the proofs of
the various results on Weyl asymptotics for randomly perturbed operators it
is quite clear that the random perturbation has the effect of improving the
upper bounds on the resolvent and sometimes in dimension one we can even
get a polynomial upper bound, as was observed by Bordeaux Montrieux [10].
It is currently not clear how far these improvements go in higher dimensions.
Notice that for random matrices there are results showing that we can have
a polynomial bound in terms of the size of the matrix. See M. Rudelson [87].

Sometimes it is natural to have additional symmetries. For instance in the case
of the Kramers-Fokker-Planck operator one would like to restrict the random
perturbations to the class of such operators. Another such class is that of
PT-symmetric operators where the question of reality of the spectrum seems
to be of great importance. I recently showed that for elliptic PT symmetric
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operators with PT symmetric random perturbations, we have Weyl asymp-
totics with probabality close to 1. In particular most PT symmetric operators
have most of their eigenvalues away from the real axis.

e A long term project may also be to apply the theory to non-linear problems.
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PART III
From resolvent bounds to semigroup
bounds

Abstract

The purpose of this part is to revisit the proof of the Gearhardt-Priiss-
Hwang-Greiner theorem for a semigroup S(t), following the general idea of
the proofs that we have seen in the literature and to get an explicit estimate
on ||S(t)] in terms of bounds on the resolvent of the generator.

11. Introduction

Let H be a complex Hilbert space and let [0,+o0[> t — S(t) € L(H,H) be a
strongly continuous semigroup with S(0) = I. Recall that by the Banach-Steinhaus
theorem, sup; ||S(t)]] =: m(J) is bounded for every compact interval J C [0, 4o0].
Using the semigroup property it follows easily that there exist M > 1 and wy € R
such that S(t) has the property

P(M,wp): [IS@)| < Me*, t > 0. (11.0.1)

In fact, we have this for 0 < ¢ < 1 and for larger values of ¢, write t = [t]+7, [t] € N,
0<r<1,and S(t) = S(HHUS(r).

Let A be the generator of the semigroup (so that formally S(¢) = exptA) and

recall (cf. [30], Chapter II or [81]) that A is closed and densely defined. We also
recall ([30], Theorem I1.1.10) that

M
Rz — wo,

(z— A) 1= /OOO Stedt, (2 — A)7Y| < (11.0.2)

when P(M,wy) holds and z belongs to the open half-plane Rz > wy.
Recall the Hille-Yoshida theorem ([30], Th. I1.3.5) according to which the following
three statements are equivalent when w € R:

e P(1,w) holds.
o [(z— A < (Rz—w)™, when 2z € C and Rz > w.
o [N =AY <(A—w)™!, when A €w, +00.

Here we may notice that we get from the special case w = 0 to general w by passing
from S(t) to S(t) = e “tS(¢t).

Also recall that there is a similar characterization of the property P(M,w) when
M > 1, in terms of the norms of all powers of the resolvent. This is the Feller-
Miyadera-Phillips theorem ([30], Th. I1.3.8). Since we need all powers of the resol-
vent, the practical usefulness of that result is less evident.
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We next recall the Gearhardt-Priiss-Hwang-Greiner theorem, [30], Theorem V.I.11,
[106], Theorem 19.1. See also [109], [24].

Theorem 11.1.

(a) Assume that ||(z — A)7Y| is uniformly bounded in the half-plane Rz > w. Then
there exists a constant M > 0 such that P(M,w) holds.

(b) If P(M,w) holds, then for every a > w, ||(z — A)7| is uniformly bounded in
the half-plane Rz > «.

The part (b) follows from (11.0.2) with wy replaced by w.

The purpose of this part is to revisit the proof of (a), following the
general idea of the proofs that we have seen in the literature and to get
an explicit ¢ dependent estimate on e !||S(¢)||, implying explicit bounds
on M.

This idea is essentially to use that the resolvent and the inhomogeneous equation
(0 — A)u = w in exponentially weighted spaces are related via Fourier-Laplace
transform and we can use Plancherel’s formula. Variants of this simple idea have
also been used in more concrete situations. See [13, 32, 49, 89].

Note that we can improve a little the conclusion of (a). If the property (a) is
true for some w then it is automatically true for some w’ < w. We recall indeed the
following

Lemma 11.2.
If for somer(w) >0, ||[(z—A)7|| <
we have

T(}u) for Rz > w, then for every W' €jw—r(w),w|

I(z = A) 7 < , Rz > W'

rw) = (w—w

Proof. Let Z € C, RZ > w. Then ||(Z—A)7!|| < ﬁ For z € C with |z — 2] < r(w),

we have
(z—=A)Z-A)=1+(2-2)(Z—A)"", where ||(z—-2)E-A) 7| < |z—2|/r(w) < 1,
so 1+ (2 — 2)(z — A)~! is invertible and
1
|2 = 2| /r(w)

10+ (E=2E-A7) < =

Hence z belongs to the resolvent set of A and
1
rw)—lz—2

(z=A)T=E-AT1+E-9E-A) L =47 <

Now, if z € C and Rz > «', we can find Z € C with Rz > w, |z — Z| < w —w’ and
the lemma follows. O

Remark 11.3.
Let

wo = inf{w € R{z € C; Nz > w} C p(A) and sup ||(z — A)~!|| < cc}.
zZ>Ww
For w > wy, we may define r(w) by

1 -1
o= S = A7
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Then r(w) is an increasing function of w; for every w €lwy, 00|, we have w —r(w) >
wo and for W' € [w — r(w),w] we have

rw) > rw) — (w—uw.
We may state all this more elegantly by saying that r is a Lipschitz function on
Jwo, +oo[ satisfying

dr
o< —<1.
S5 S

Moreover, if wy > —o0, then r(w) — 0 when w \, wp.

Remark 11.4.

Notice that by (11.0.1), (11.0.2), we already know that ||(z — A)7|| is uniformly
bounded in the half-plane Rz > 3, if 5 > wy. If a < wy, we see that ||(z — A)7Y| is
uniformly bounded in the half-plane Rz > «, provided that

e we have this uniform boundedness on the line Rz = «,
e A has no spectrum in the half-plane Rz > «,

o ||[(z — A)7Y| does not grow too wildly in the strip
a<Rz<B:l(z— A7 <O1)exp(O(1) exp(k|Sz])),
where k < 7/(f — a).

We then also have
sup [|(z — A)7H| = sup [[(z = A)7}. (11.0.3)

Rz>« Rz=«

This follows from the subharmonicity of In||(z — A)™!||, Hadamard’s theorem (or
Phragmén-Lindelof in exponential coordinates) and the maximum principle.

Our main result is:

Theorem 11.5.
We make the assumptions of Theorem 11.1, (a) and define r(w) > 0 by

1
— — A7
) AW [(z—A)""

Let m(t) > ||S(t)|| be a continuous positive function. Then for all t,a,a > 0, such
that t = a + a, we have

ewt

1S@)| < " (11.0.4)

(e z2qo.ap s e r203)

Here the norms are always the natural ones obtained from H, L?, thus for instance
1S = ISl z#,30), if w is a function on R with values in C or in H, ||u|| denotes
the natural L? norm, when the norm is taken over a subset J of R, this is indicated
with a “L?*(J)”. In (11.0.4) we also have the natural norm in the exponentially
weighted space e™ L*([0,a]) and similarly with a instead of a; || fle--r2(0,0)) =
e f ()l 22 (j0,a))-

As we shall see in the next section, under the assumption of the theorem, we have
P(M,w) with an explicit M. See also the last section.

We also have the following variant of the main result that can be useful in problems
of return to equilibrium.
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Theorem 11.6.

We make the assumptions of Theorem 11.5, so that (11.0.4) holds. Let © < w and
assume that A has no spectrum on the line Rz = © and that the spectrum of A in
the half-plane Rz > © is compact (and included in the strip © < Rz < w). Assume
that ||(z — A)7Y|| is uniformly bounded on {z € C; Rz > &} \ U, where U is any
neighborhood of o, (A) :={z € 0(A); Rz > 0} and define r(©) by

7“((7}) = ;u:p~ ”(Z - A)_IH

Then for every t > 0,
S(t) = Sy + R(t) = S + S(t)(1 — 11,
where for all a,a > 0 with a +a =1,

€Zt

IRO)] < - TS (1L.0.5)

AL ~ R
(w) H m He—"-"L2([0,a]) ” m He—“"L2([O,E])
Here T1, denotes the spectral projection associated to o, (A):
1
M, = / ~ A) Nz,
£ i Jp A

where V is any compact neighborhood of o (A) with C' boundary, disjoint from
o(A)\ o (4).

12. Applications : Explicit bounds in the abstract framework
Theorem 11.5 has two ingredients: the existence of some initial control by m(t) and

the additional information on the resolvent.

12.1. A quantitative Gearhardt-Priiss statement

As observed in the introduction (see (11.0.1)), we have at least an estimate with
m(t) = M expat, for some @ > w. We apply Theorem 11.5 with this m(¢) and
a = a = %. The term appearing in the denominator of (11.0.4) becomes

1 1 1 —
||E||6*W'L2([O,a])”EHe—W'LQ([Oﬁﬂ) = §M ’t, (12.1.1)
if © =w, and
1
- [1—exp((w=—0))], 12.1.2
i e o) (1212
itw>w.
Hence we obtain the estimate with a new m™*(t), with
2M(& —
m"e(t) = (©—w) exp wt.

r(w)[1 — exp((w — @)t)]
This gives in particular that S(t) satisfies P(M,w), with

M = sup (eXp —wt min(]\fi\ exp wt, m"ew(t))> .
t

We will see how to optimize over w in Section 12.3.
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Let us push the computation. Without loss of generality, we can assume @ = 0
and we make the assumption in Theorem 11.5 for some w < 0. Combining Theorem
11.5 and the trivial estimate

1S(8)|| < M = M exp —wt exp wt

we obtain that we have P(M,w) with

N 2M |w|
M =M in(exp —wt '
Sup (mlﬂ(eXp Wi, r(w)(1 — expwt) >>

This can be rewritten in the form:

~ 1 2M M
M =M sup (min(, M) =142 ] :
u€l0,1] u r(w)(1—u) r(w)

Proposition 12.1. -
Let S(t) be a continuous semigroup such that P(M,®) is satisfied for some pair
(M,©) and such that r(w) > 0 for some w < ©. Then:

2M (& — w)

It < 57 (14 21

) exp wt . (12.1.3)
12.2. Estimate with exponential gain.

In the same spirit, and combining with Lemma 11.2, we get the following extension
of (12.1.3) (with @ = 0)

— (1= $)r(w) +2M (@ — w + sr(w))
<=M — 0,1[.
It < ( (S exp(es — ()t Vi € [0.1]
(12.2.1)
Taking s = 71 gives a rather optimal decay at oo in O(t) exp(w — 7(w))t.

If we assume now instead the control of the norm of the resolvent on Rz > 0,
hence if we are in the case w = & = 0, we get

oM
St < ———,
ISOI <
~ \N
and using the semi-group property < % , for any N > 1. Hence we can get

an explicit control of the decay of S(t), by optimizing over N. As in the theory of

analytic symbols, we can take N = F(at) where E(s) denotes the integer part of s

and « such that o < r(0)/(2M), we get an exponential decay of S(t).

Alternately, we can use the extension of the resolvent on 8z > —sr(0) and this leads

to :

(1—s)+2Ms
(1-s)

I1S@)|] < M ( ) exp(—sr(0))t, Vs € [0,1]. (12.2.2)
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12.3. The limit w \, wy

Consider the situation of Theorem 11.5 and let wy be as in Remark 11.3. Assume
that wy > —oo so that r(w) — 0, when w — wp. For t > 1, w > wy, we get from
(11.0.4):

eS| < G < (1)et(w_w0) (12.3.1)
= r(w) [ m(s)2e2w05ds r(w)
Optimizing over w €|wy, wp + €], we get the existence of C' such that
e S(t)|| < Cexp®(t), (12.3.2)

with
O(t)= inf tH{w-—wy)—Inr(w).

wE|wo,wo~+€o]
It is clear that lim; o, ®(¢)/t = 0, but to have a more quantitative version, we need
some information on the behavior of r(w) as w \, wy. Let us treat two examples.

It
— wo)k

C
for some constants C, k > 0, then choosing w — wy = k/t in (12.3.1), we get

eS| < Otk t > 1.

r(w)z(w , when 0 < w —wp < 1,

On the other hand, if

(W—wy)™®

, when 0 < w —wp < 1,
Ca

r(w) > exp —

for some constants C',a > 0, then
et(wfwo)

r(w)

and choosing w — wy = (Ct)_a%rl, we get the existence of a constant C such that

(w— wo)a> 7

< exp <t(w —wp) + O

et ||S(t)]| < €Tt > 1.

13. Applications to concrete examples

13.1. The complex Airy operator on the half-line

Let us consider (as in [5]) the Dirichlet realization PP of the Airy operator on R* :
D? + 4z and P the realization of D? + iz in R. One can determine explicitly its
spectrum (using Sibuya’s theory or Combes-Thomas’s trick) as

o(PP) = {\je'5 | j € N*}
where the \;’s are the eigenvalues (immediately related to the zeroes of the Airy
function) of the Dirichlet realization in R of D? + z.
It was shown in [40], that ||(P”—2)7!|] isas Rz > 0 and Sz — +oo asymptotically
equivalent to |[(P — Rz)7!|| and that [|(PP — z)7!|| tends to 0 as Rz > 0 and

3z — —o0. The standard Gearhardt-Priiss theorem, applied to A := — PP, permits

to show that, for any w > —A; cos %, we have

IS(®)]] < M., exp(wt).

[-96



Theorem 11.6 permits the following improvment :
S(t) = exp (=€ M t) 1L, + R(t)

with
|R(®)]] < Mg exp(@t),
for any @ > —Ay cos 3.
Here TI, is the projector associated with the eigenfunction of PP associated with
A1 €'5 . Hence we get a much better control of the semi-group.

13.2. The case of the Kramers-Fokker-Planck operator

Inspired by the work by F. Hérau and F. Nier [47|, F. Hérau, J. Sjostrand and
C. Stolk [48] studied the Kramers-Fokker-Planck operator

P=y-hd, — V'(z)-hd, + %(y — hdy,)(y + hd,) (13.2.1)

on R** = R? x R, where v > 0 is fixed and we let h — 0. We assume that
V e C*(R™"R) with 0°V = O(1) for every a € N” of length > 2 and we also
assume that V' is a Morse function such that |VV(z)| > 1/C when |z| > C for
some constant C' > 0. Then we know from [47] and under much weaker assumptions
from B. Helffer, F. Nier [41] that P is maximally accretive with P > 0, so that P
generates a semi-group of contractions e */* t > 0. In particular the spectrum of
P is contained in the closed right half plane. In [48] it was shown that for every fixed
C > 0 and for A > 0 small enough, the spectrum of P in the strip 0 < Rz < Ch is
discrete and the eigenvalues are of the form

where ); are eigenvalues of the different quadratic approximations of P,—; at the
various points (z,0) where V'(z;) = 0. Here the points Ej all belong to a sector
IS < O(RN), so the eigenvalues in (13.2.2) are all confined to a disc D(0, Ch).

It was also shown in [48] that if @ > 0 and R\; # © for all the eigenvalues A;,
then ||(P — 2)7!|| = O(1/h) uniformly on the line Rz = ho. The same estimate
holds when 0 < Rz < Ch and |z| > Ch. Actually, using a form of semi-classical
sub-ellipticity (closely related in spirit to the one established in [47] and further
studied in [41]) it was also shown that this estimate holds in a larger parabolic
neighborhood of iR away from the disc D(0, C h), and using this stronger result and
a contour deformation in a standard integral representation of e /" (again in the
spirit of [47]) it was established in [48] that

e P/ = PR + R(2), (13.2.3)

where I, is the spectral projection associated with {z € o(P); 0 < Rz < W},

and || R(t)|| < Const. e~ ™. Now this result becomes a direct application of Theorem
11.6 to A := —P/h and we do not need any bounds on the resolvent in the region
Rz > hw.

In [45, 46] similar results were obtained for more general operators, for which we
do not necessarily have any bound on the resolvent beyond a strip, and the proof was
to use microlocal coercivity outside a compact set in slightly weighted L2-spaces.
Again Theorem 11.6 would give some simplifications.
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13.3. The complex harmonic oscillator

The complex harmonic oscillator
P := D? +iz?

on the line was studied by E.B. Davies [21, 22|, L. Boulton, [12] and M. Zworski
[113] in connection with the analysis of the pseudospectra. As for the complex Airy
operator, it is easy to determine the spectrum which is given by e’ (27+1),5€N.
This operator is maximally accretive and we can apply Theorem 11.6 with A = —P.
From these works as well as those of K. Pravda-Starov [83] and Dencker-Sjéstrand-
Zworski [26], we know that for fixed Rz as Sz — 400,

im [[(P—2)7"|=0.

Sz——+00

More precisely, for any compact interval K, there exists C' > 0 such that
(P —2)"Y|<C|S2| 77, for 32> C, Rz € K.

This follows from [83, 26], notice here that the results in [26] are given in the semi-
classical limit for the spectral parameter in a compact set, but there is a simple
scaling argument, allowing to pass to the limit of high frequency. See for example
[99] and Section 4.3. As Sz — —oo we have by more elementary estimates:

/(P —2)7Y] < ISz, for S22 < 0.
We can therefore apply Theorem 11.6 and get
S(t) = exp (—ei% t) I, + R(t),

with
|R(8)[] < Mg exp(@t),
for any @ > —3 cos § . Here IL, is the spectral projection associated with the eigen-

value e's of P.
Hence we get again a much better control of the semi-group.

14. Proofs of the main statements

14.1. Proof of Theorem 11.5
As already mentioned, we shall use the inhomogeneous equation
(O — A)u = w on R. (14.1.1)

Recall that if v € H, then S(t)v € C°([0, 0o[; H), while if v € D(A), then S(t)v €
CL([0, 00[; H) N CO(]0, o[; D(A)) and

AS(tyv = S(t)Av, (0, —A)S(t)v=0. (14.1.2)

Let C%(H) denote the subspace of all v € C°(R;H) that vanish near —oo. For
k € N, we define C*(H) and C*(D(A)) similarly. For w € C9(H), we define Ew €
CY(H) by

Bu(t) = /t S(t— s)uls)ds. (14.1.3)

[-98



It is easy to see that F is continuous: C% (H) — C*(H), C¥(D(A)) — C*(D(A))
and if w € CL(H) N CY(D(A)), then u = Fw is the unique solution in the same
space of (14.1.1). More precisely, we have

(O — A)Fw =w, E0;,—A)u=u, (14.1.4)

for all u,w € C(H) N CY(D(A))

Now recall that we have P(M,wp) in (11.0.1) for some M, wy. If w1 > wy and
w € CYU(H) N e’ L*(R;H) (by which we only mean that w € C9(H) and that
|w||ewr r2ir) < 00, avoiding to define the larger space e L*(R;H)), then Ew
belongs to the same space and

[Bwlleor 2@ < (/0 ewlt”S(t)“dt> [wllewr 220
M

W1 — Wo

<

||w||e“’1'L2(]R;H)'

Now we consider Laplace transforms. If u € e*"S(R; H), then the Laplace trans-

form
+o0

alr) = / et dt
is well-defined in S(I',; H), where
I, ={re€CRr =w}

and we have Parseval’s identity

L
%HUH%Q(FW) = |lulfew L2 (14.1.5)

Now we make the assumptions in Theorem 11.5, define w and r(w) as there, and
let M,wqy be as above. Let w € ¢S, (D(A)), where S, (D(A)) by definition is the
space of all u € S(R;D(A)), vanishing near —oo. Then w € e**'S, (D(A)) for all
wy > w. If wg > wy then u := Ew belongs to 'S, (D(A)) and solves (14.1.1).
Laplace transforming that equation, we get

(r— A)u(r) = w(r), (14.1.6)

for 7 > wy. Notice here that w(7) is continuous in the half-plane RT > w, holo-
morphic in R7 > w, and . € S(I';) for every @ > w. We use the assumption in
the theorem to write )

a(r) = (1 — A)~'ao(r), (14.1.7)
and to see that @(7) can be extended to the half-plane R7 > w with the same
properties as w(7). By Laplace (Fourier) inversion from I',, we conclude that u €
eSS (D(A)). Moreover, since

_ I
[a(7) I < mllw(T)HH, Tel,,
we get from Parseval’s identity that
1
|| ew 2 < ——||w]|ewL2- (14.1.8)

r(w)
Using the density of D(A) in H together with standard cutoff and regularization
arguments, we see that (14.1.8) extends to the case when w € e* L*(R; H) NC9(H),
leading to the fact that u := Fw belongs to the same space and satisfies (14.1.8).
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Consider u(t) = S(t)v, for v € D(A), solving the Cauchy problem
(O —A)u=0,t>0,
u(O) =v.

Let x be a decreasing Lipschitz function on R, equal to 1 on | — 0o, 0] and vanishing
near +o0o. Then

(0 — A)(1 = x)u=—X"(t)u,

and

+o0
INulZope = [ WO di

< Ix'mlle a2 floll®

where we notice that y'm is welldefined on R since supp x’ C [0, oo].
Now (1 — x)u, x'u are well-defined on R, so
11 = ullsz < r@) N ulleorr < (@) mlleors ol (14.19)
Strictly speaking, in order to apply (14.1.8), we approximate x by a sequence of
smooth functions. Similarly,
Ixulles r2ry) < lIxmlles L2y [0
S0
lullew 22y < (r(@) HIXMllesz2 + XMoo 22 0] -
Let us now go from L? to L>. For t > 0, let x,(s) = X(t — s) with Y as x above
and in addition supp ¥ C] — 00, ], so that x,(¢) = 1 and supp x; C [0, 00[. Then

(0: = A) (1 (s)uls)) = Xy (s)uls),

and

xoult) = [ S(t— )X, (s)uls)ds.

(o]
Hence, we obtain

e u(t)]] = "”t||X (t u(t)|l
<[y m( s)IX'(t = s)[||lu(s)]| ds
14.1.10
<[ et — ) [F(E - s)] e fuls)ds  LEHO)
< ||mX ||ew 2 [|ullew L2 (supp s ) -
Assume that
X = 0 on supp x+ - (14.1.11)

Then u can be replaced by (1 — x)u in the last line in (14.1.10) and using (14.1.9)
we get
e u®)]l < r(w) " mxllew rallmy e 2|0l (14.1.12)
Let

supp x C] — 00, a], suppx C|] — o0,al,a+a=t, (14.1.13)
so that (14.1.11) holds.
For a given a > 0, we look for x in (14.1.13) such that ||mx/[|cw-z2 is as small as
possible. By the Cauchy-Schwarz inequality,

@ 1
1= [T W ©lds < Ixmlle s2ll— e 120 (14.1.14)
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SO

1
IxX'm||ew 2 > — : (14.1.15)

17 e 20,0

We get equality in (14.1.15) if for some constant C),
1
IX'(s)|m(s)e™* = Cme‘“s, on [0, al,
Le. .
X' (s)m(s)e™* = —C’m(s)ews, on [0, a,
where C' is determined by the condition 1 = [ [x/(s)|ds.
We get
1
=3
|| He w L2(]o, a[
Here x(s) =1 for s <0, x(s) =0 for s > a,
1
262w”d0, 0<s<a.
With the similar optimal choice of x, for which
- 1
HX,”?‘He“"L2 = 71 )

HEH@*W'LQ([O,E])

we get from (14.1.12):
B < , (14.1.16)
T(W)HEHG*W‘LQ([O,Q])||E||e—W'L2([O,E})

provided that a,a > 0, a + a = ¢, for any v € D(A). Observing that D(A) is dense
in H, this completes the proof of Theorem 11.5.

14.2. Proof of Theorem 11.6
We can apply Theorem 11.5 to the restriction S(t) of S(t) to the range R(1 — IL)

of 1 —II,. The generator is the restriction A of A so we get

1501 < —

wt
1 1
G SN e

e
Then (11.0.5) follows from the fact that R(t) = S(t)(1 — IL.).

(14.2.1)

15. An iterative improvement of Theorem 11.5

Working entirely on the semi-group side and applying Theorem 11.5 repeatedly, we
shall see how to gain an extra decay O(1)exp(—t/2/C) for some C' > 0. It is not
clear that this result is of practical use, especially in view of Lemma 11.2, but the
computations are amusing.

Recall that under the assumptions of Theorem 11.5 we have the estimate (11.0.4).
Here we may have m bounded continuous for 0 < ¢ < T and equal to +oco for ¢t > T,
where T" > 0.
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Write m(t) = m(t)e*". Then (11.0.4) shows that ||S(¢)|| < m(t)e*!, where
1
rW)ll = loal %oz

Take a = a = t/2 and divide the previous inequality by r(w):

mi(t) < L a+a=t. (15.0.1)

m(t) _ 1
rw) T D) ds
which we can also write
. t)2 _ B )
fityz [ e as. ) = ;EZ)) ) = 7%(?3

Now assume that e *||S(¢)|| < m(t) < O(1) for 0 < ¢t < T. Then we extend m
0 [0,4o0[, by defining
m(t 1
Wz<; T2 @e g (15.02)
rw 0 (m) ds

first for T' <t < 2T, then for 2T <t < 4T and so on. Correspondingly, we have

f(t) = /Ot/2 f(s)?ds, t>T. (15.0.3)

Theorem 11.5 now shows that e “!||S(¢)|| < m(t) < O(1) for all ¢ > 0. By
construction we see that m(t) is decreasing on [T, +0ol, so we have

1
e S (t)]| < M, M = max(supm,
151 ([o,T[ r(w) f0T/2 m(s)=2ds
Notice that f is increasing on [T, 4+00[. We look for upper bounds on m or equiv-
alently for lower bounds on f. For k > 1, put I = [T2*1, T2¥[, so that the length
of Iy is |I| = T2%1. Put

F(k) = inf f=f(T2*') when k> 1, F(0)= &)njf[ f(@).

). (15.0.4)

Then, F(1) = 5/2 f()2dt > L F(0)?, which we write

1
TF(1) > S(TF(0)).
For k > 1, we get

F(k+1)> /OTQk 1 f)2dt > TF0)* +TF(1)* 4+ 2TF(2)? + ... + 28T F(k — 1)?,
which we write
TFE(k+1) > (TF(0)*+ (TF(1))* +2(TF(2))* + ... + 25" 2(TF(k — 1))%. (15.0.5)
Since f is increasing on [T, +00[, we have
F()<F@2)<F@3) <.
Thus for k£ > 2,
TE(k+1)>2"2(TF(k —1))? > 2"2(TF(1))* > 2"4TF(0))*,

which we write

TF(k) > 2"(TF(0))*, k> 3.
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Let ko be the smallest integer k£ > 3 such that

2"(TF(0)" > 2,

so that TF(k) > 2 for k > ko .
Now return to (15.0.5) which implies that

TE(k+1)>2"2(TF(k —1))? k>1.

We get

TE(k+2) > 2" TF(k))? k> 1,

implying,

T(F(k+2)) > (TF(k))? IW(TF(k+2))>2In(TF(k)).

In particular,

In(TF (ko + 2v)) > 2/ In(TF (ko)) > 2"In2, v € N.

We conclude that

Tf(t) > 2%, ohot2=l < /T < Qkot2v,

The last inequality for ¢ implies that 2 > (27%0¢/T)Y/2  so we get

TF(t) > 2@ U 1 > gho=1, (15.0.6)
or equivalently, N
T<§)T < o TRy > ko=l (15.0.7)
r(w
where we recall that kg is the smallest integer such that
26
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