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FUNCTIONS OF THE LAPLACE-BELTRAMI OPERATOR

YU. SAFAROV

King’s College London

May 1996

Let M be a closed n-dimensional Riemannian manifold, C*°(M;Q!/2) be the space
of smooth half-densities on M, Lo(M;Q/?) be the Hilbert space of half-densities with
the natural inner product (u,v) = [, u(z)%(z)dz, and H*(M;QY2), s € R', be the
corresponding Sobolev spaces. We shall always deal with operators acting in the spaces
of half-densities. This is just a technical assumption, using the natural isomorphism

C®(M;QY?) 5 u — g7 /2y € C°(M)

one can easily reformulate all results for the operators acting in the space of functions.
The Laplace-Beltrami operator A on M is defined in any local coordinates by

Au(z) = g7V(x) Y Oy (9(2) 99(2) By (972 (@u(@)))

where g% is the metric tensor and g := |det{g%}|~1/2 is the the canonical Riemannian

density. Clearly, A is a symmetric negative operator in Ly(M;Q1/2).
Let v be a symmetric first order differential operator. Set

A, = V-A+v, Ay = V-A

(we retain the same notation for the self-adjoint extensions of the operators A and v). It
is well known that A, is a pseudodifferential operator (¢ DO) of Hérmander’s class ¥1 ,
with principal symbol

€]z = (Zgij(:v)ﬁi{j)lﬂ, (z,6) e T*M
1,3

(see definitions below). The main aim of the paper is to show that under some restrictions
onw € C® (Rl) the operators w(A,) also belong to appropriate classes of 1)DOs.

Throughout the paper we shall use some elementary notions and results from differ-
ential geometry which can be found, for example, in [KN].
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2 YU. SAFAROV

1. Hormander’s classes of pseudodifferential operators. Let (¢)_ = +/|€]2 +
We say that a function a € C*°(M,, x T*M,) belongs to Hormander’s class S™ o6 if in any
local coordinates

108088 a(y, z,€)| < constag,, (€)rAtolfl+ihl )

T

for all multiindices «, # and 7.

Let A : C®(M;QY?%) — C°(M;Q?) be a linear operator with Schwartz kernel
A(z,y). The operator A is said to be a DO of the class ¥ s if

(1) A(z,y) is smooth outside the diagonal in M x M ;
(2) in each coordinate patch U xU C M x M the kernel A(z, y) is represented modulo
a smooth function by an oscillatory integral of the form

(2m)™" / @ VEq(y, z €)dE, ae STy

If 1 — p < 6 < p then there exists a function a,, € C*®°(T*M) such that
a(2,2,€) = am(2,€) (mod S;577)

for all the local amplitudes a. The function a,, is determined modulo S;”6+6"’ by the

y¥DO A and is called the principal symbol of A (see [H], [Sh], [T], [Tr] for more precise
definitions).

2. Classes of functions w. Let 0 < p < 1. We denote by S;* (RY) the class of functions
w € C*(R') such that

Iw(k)(s)l < consty (1 + |s|)m”“p, Vk=0,1,.

where w(*) stands for the kth derivative 8¥w. It is easy to see that for any function
wE S;"(Rl) we have t*¢(t) € CN¢(RY), where N, — +o0 as k — 400 (in other words,
t*&(t) gets smoother and smoother as k — +o00 ). Therefore the Fourier transform &(t)
of a function w € S ;n(Rl) coincides with a smooth rapidly decreasing function outside
any neighbourhood of the origin ¢ = 0.

3. The cases p > 1/2 and p < 1/2. It has been already proved [T, Ch. XII.3] that
w(A,) is a YDO of the class U7, with principal symbol w([¢|;) if w € S;”(Rl) with
p > 1/2. In [T, Ch. XIL3] the author conjectured that for 0 < p < 1/2 the operators
w(A,) can also be included in some classes of ¥YDOs. In particular, this would imply
that all such operators are pseudolocal, that is, sing supp (w(A,)u) C sing supp u for all
u € Lo(M; Qv 2). Note that the latter may not be true if we only assume the function w
to be bounded with all its derivatives (this corresponds to p = 0). For example, 4~ is
a Fourier integral operator which is not pseudolocal.

We have w(|¢|z) € S, for allw € S (R'), 0 < p < 1. However, if p < 1/2 then
1—p =6 > p. The condition § < p plays the crucial role in the standard (coordinate)
theory of ¥DOs; if it is not fulfilled then almost all classical results fail. Moreover, in
this case the principal symbol is not invariantly defined (it may depend on the choice
of local oscillatory integrals). We overcome this difficulty by dealing with symbols from
some special subclasses of Sy, and introducing DOs in an invariant (coordinate free)
way.
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FUNCTIONS OF THE LAPLACE-BELTRAMI OPERATOR 3

4. Classes of symbols. We say that a function a € C®°(T*M) belongs to the class
S,"(g) if a admits an asymptotic expansion of the form

a(z,€) ~ > cr(@ & wiltls), €l — o0,
k=0

where ¢ € S1 0, Wk € S;’““ (Rl), lo+mo =m, lg+mg > lgp1 +mgy1, and I +my, — —c0
as k — oo. Here and further on the sign ~ means that the asymptotic expansion is
uniform with respect to all the parameters involved and can be differentiated infinitely
many times.

Obviously, if a € S;*(g) and b € S;"'(g) with m’ < m then ab € S;"+ml(g) and
a+be S (g). We also have S;*(g) C S]7_,, so in any local coordinates the functions
from S*(g) satisfy (1) (as these functions are independent of y, all the y-derivatives in
(1) vanish).

Given local coordinates x, let us denote

Vgk = O + Z% z) & O, , (2)

where F,f;j are the Christoffel symbols of the Levi-Civita connection. The first order

differential operator V  « is identified with a vector field on T* M which is called the hori-

zontal lift of the coordinate vector field d,+. By definition of the Levi—Civita connection,
z*(|€]z) = 0 for all k. Therefore for any function a € S;*(g) we have

l@? Vs Vgiz oo Vyip a(z,€)| < consta .. i, (€>m—P|a| (3)

T

for all multiindices o and indices i1,... ,ip (cf. (1)).
The differential operators V « are not commuting; for example,

[Vzk,Vm;] = ZRijkl(.’B)fiagj,

i,J

where R 1 are the components of the curvature tensor. Let & be the normal (expo-

nential) coordmates with origin z and Vj be the operators (2) corresponding to these
coordinates. The symmetrization of the tensor V;, Vi, ...V, ipa(z, &) with respect to the
indices 41, ... ,1p is said to be the pth symmetric horizontal differential of the function a
at the point (m, €). We shall denote the components of this tensor by V$a(z,§), where o
are the multiindices of length p.

Remark. One can define the classes W (I") of symbols on T*M assuming (3) instead
of (1) (here I stands for the Levi-Civita connection). For the corresponding classes of
¥DOs all the classical results remain valid under condition p > 1/3 (see [S]).

5. Definition of ¥ DOs. Let V be some sufficiently small neighbourhood of the diagonal
in M x M. For (z,y) € V let v, .(t) the shortest geodesic joining = and y such that
Yy,z(0) = z and 7y,5(1) = y. This geodesic exists and is uniquely defined.
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4 YU. SAFAROV

We define the global phase function ¢(z,&,y) by

o(z,6,y) = —(1,2(0),8), (z,9)€V, €T M

(similar phase functions have been considered in [D]). Obviously, the phase function ¢ is
linear in €. If y are the same coordinates as x then

w@a&y)fv(w—y)S—-%-Ezfﬁﬁﬂ(wtﬂﬁ)@?—yﬂﬁk+—00x—yP), y— . (4)
1,7,k

If z are arbitrary coordinates and y are the normal coordinates with origin z such that
dz* /8y’ = 6% at the origin then

p(z,6y) = (z-y) & (5)

Remark. In the classical (coordinate) theory of ¥ DOs one deals with phase functions of
the form (5) assuming, however, that the coordinates y are the same as z.
We associate with a function a € S;"(g) the oscillatory integral

Alz,y) = (2m)™" 9_1/2(-’3)91/2(21)/6“"(”’5’”&(27,6) ¢, (z,y)eV. (6)

Under change of coordinates .A behaves as a half-density on M x M and, in view of (4), in
any coordinate patch A coincides with the Schwartz kernel of a 1YDO of the class v p-
We say that an operator A is a DO of the class ¥ *(g) if its Schwartz kernel is
smooth outside the diagonal and is represented in a neighbourhood of the diagonal by
the oscillatory integral (6) with some a € S*(g). The function a is said to be the (full)
symbol of A and is denoted by gy.
The Schwartz kernel of a yDO A € ¥T', can be represented by the oscillatory integral

(6) with a € S (see [S]). Therefore YT, C ¥ *(g).
6. Composition of YDOs and adjoint operators. Let

w(x,f;y,z) = (':)’y,ma£> - <7z,x7§> - <'3’y,z,q)z,x£>a

where £ € TyM and ®, ; : T;M — T, M is the parallel displacement along the geodesic
72,z- Let x be arbitrary coordinates and y and z be the normal coordinate systems with
origin z such that 8z* /8y’ = 8z% /827 = 6% at the origin. We define

1 , .
Poa(@€) = ¢7(x) 0y +0.)°(9(z) Yo gyDEop e )|
18118l

y=z=r '

The functions Pg ., € C*°(T*M) are polynomials in £; we denote their degrees by dg ,.
The coefficients of Pg, are components of some tensors, which are polynomials in the
curvature tensor and its covariant differentials. One can prove (see [S]) that Pyo = 1,
Pgo=0forall B+#0, Py, =0 for all vy # 0, and

dgy < min{ |8, [y}, (181+1vD)/3},  VB7. (7)
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Proposition 1 ([S]). Let A € V75, B € S;"(g) or A € ¥ " (g), B € S['¢. Then
AB € U™ (g) and

nn(@,6) ~ Y 2. " Po(2,€) DEPon(,€) DIVEap(2,8), [€le = o00. (8)
o,B,y

Note that in view of (7) the terms in the right-hand side do form an asymptotic series.

Theorem 2 ([S]). If A€ ¥ *(g) then A* € ¥ *(g) and

1 —
gA* (iL',f) ~ a D?Vg (TA(.'L',é.), |§lm — 0.

«

By Theorem 2, if A is a ¥ DO with symbol w(|¢|,) then A — A* is an operator with
infinitely smooth kernel.

7. The operator w(A,). Proposition 1 implies the following
Lemma 3 ([S]). Let B € Y75 and A be a ¢ DO with symbol w(|€]z), w € S:,"(Rl). Then

apa(z,€) — op(z, &) w(|€le) ~ Y bi(z, ) wD(Elz), €]z — o0, (9)

M

LY
I
[

bi(z, &) w(lElz), €]z — oo, (10)

NE

oaB(z,&) — og(x, ) w(|€]z) ~

1

Q.
I

where b; € S)'5 L and I;j € S/"s - The functions b; and b; depend only on the operator B
and Rzemannmn metric g.

Remark. The asymptotic expansions (9) and (10) are easily obtained from (8); the only
difficulty is to prove that b; € Syg ™ ~1 (one would expect bj € S1'¢)-

Theorem 4 ([S]). Ifw € S;"’(Rl) then w(A,) € ¥ *(g) and

O-W(Au)(w,g) ~w Ifl + Z Cu,] z E G )(lé.‘ ) |£lz — 00,

j=1

where ¢, ; € SRO. The functions c, ; are determined recursively from the system of

equations
k

oat(2,6) = I€l; + Cu,j (2, €) -

In particular,

oa(@,6) = 7 lelz" (52 Bty @ - 25(0)

+%lflglau(ax,fwZlﬂ;?Zéfvmmu(x,s) Sl 02, 6)  (mod 3id)

J
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6 YU. SAFAROV
1 PN
CV,Q(x?g) = - i‘é’ ZR]k(x) éj ‘Sk
ik

- T Y @ Vaou(n,e) + Gleokw ) (mod ST,
J

where £ = O¢;|€le, Rjk are the components of the Ricci tensor, S(z) is the scalar
curvature, and o, is the symbol of the differential operator v as defined in section 5.

Sketch of the proof. Let 0 < r < 1 and U, (t) = exp(itA}). The operator U,(t) is the
unique solution of the Cauchy problem

DU (t) — AT U, () =0,  U.(0)=1. (11)

Using Proposition 1 and (9), we construct an approximate solution of (11) as a ¥’DO of
the class ¥{_,.(g) (in this construction the fact that b; € S~ is of central importance).

Then, by well known a priori estimates, U, (t) € ¥_ (g). Flnally, givenw € S (RY), we

take 7 € (1 — p,1), set w,(s) = w(s¥/") and apply the inversion formula for the Fourier
transform:

w(4,) = (2m)™? / op(t) €4 dt .

Theorem 4 immediately implies

Corollary 5. Letw € S;n(Rl) and Q = w(A,) —w(Ao). Then Q € ¥ *"P(g) and
1.1 i
= Slel W (lel) 0w + 71l (1617w (1gls) — " (€l)) &V,

— 16l (lelz o/ (ele) — 0" (Jel)) 0% (mod SJ(g))

8. Operator series. The following lemma is a simple consequence of Lemma 3 and
Theorem 4.

Lemma 6. Let A be a ¥ DO with symbol b(x,&) w(|¢|:), where b € STy and w € S
Then

oo
A~ Bu(do) + Y Bew®(4y),
k=1

where B € WT'§ is the Y DO with symbol b(z, &) and By € ¥7'5~ 1. The operators By, are
determined by the function b and Riemannian metric g.

Here and further on (when we deal with operator series) the sign ~ means that the
difference between the left-hand side and the finite sum up to £ = N in the right-hand
side becomes more and more smoothing operator as N — oo.

Obviously, Theorem 4 and Lemma 6 imply

XV-6



FUNCTIONS OF THE LAPLACE-BELTRAMI OPERATOR 7

Theorem 7. A € V*(g) if and only if there exist YDOs Cy € ‘I’lﬁo and functions
wg € S;”k such that ‘

A ~ chwk(Ao),

k=0
lo+mo=m, lx + mg 2 lgr1 + Mgy1 and Iy + m — —c0 as k — oo.
Theorem 4 and Lemma 6 also imply

Corollary 8. Ifw € S," then

o0
w(Ay) ~ w(Ao) + > P, ;w9 (4),
j=1
where P, ; € \11(1)70 are some 1) DOs depending only on the operator v and Riemannian met-

ric g. The symbols of P, ; coincide with c, j—co ; modulo \Ill_,é (here ¢, ; are the functions
introduced in Theorem 4 and co j are those corresponding to v = 0). In particular,

1
opP,; (xv 5) = 5 IEIQ_:l UV($7§) (IIlOd Si(}) ’

Opoa(2:6) = — 1IN 3 E Vaoula,8) + S 02(w,6)  (mod S,
J

9. Boundedness and composition of ¥)DOs of the class ¥ *(g). Clearly, if w €
S,"(R') then w(Ao) : H*(M;QY/2) — H*~™(M;Q/?) for all s € R'. Therefore Theorem
7 implies
Theorem 9. A Y DO A € ¥ ™(g) is bounded from H*(M;QY?) to H=™(M;Q/?) for
all s € RY.

Let wy € S (RY), wy € S;nz(Rl), and A, B be the ¥DOs with symbols w;(|¢]z),

wo(]€]z) respectively. Applying Lemma 6, Theorem 4 and Proposition 1, we see that
AB € U mt™m2(g) and

o0

j k
oap(@,6) ~ > (@ &)W () ws? (€la),  [€le — o0,
7,k=0
where the functions a; € Sf,o depend only on the Riemannian metric. Since w'(|¢|;) =
> éj O¢;w(|¢|<), this asymptotic expansion can be rewritten in the form (8) with some

functions Pg ., depending only on the Riemannian metric. By Proposition 1 the same
result remains valid for arbitrary operators A € ¥ " (g) and B € ¥ *?(g). Finally, if for
all A and B (8) holds with some functions Pg , independent of A and B then Pg., = Pg.,.
Thus, we have proved

Theorem 10. If A € ¥;™(g) and B € ¥ **(g) then AB € ¥ M1%™2(g) and the asymp-
totic expansion (8) holds.

Remark. In the general case (7) does not directly imply that (8) is an asymptotic series;
it seems that (8) contains terms of growing orders. However, all the bad terms disappear
due to symmetries of the curvature tensor.
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