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qournées Equations auz dérivées partielles
Evian, 2 juin—6 juin 2008
GDR 2434 (CNRS)

Anisotropic Bose-Einstein condensates and
metaplectic transformations

Nicolas Lerner

Abstract

This conference is a report on a joint work with A. Aftalion and X. Blanc.
A detailed paper is available on HAL: Fast rotating condensates in an asym-
metric trap (http://hal.archives-ouvertes.fr/hal-00342278/fr/).

1. Introduction

1.1. Bose - Einstein condensates

Bose-Einstein Condensation in a gas: it is a new form of matter at the coldest
temperatures in the universe... Predicted 1924... by Albert Einstein and Satyendra
Nath Bose ...Created 1995 by Eric Cornell, Wolfgang Ketterle, Carl Wieman.

When the temperature is close enough to the absolute zero, (~ 1 nanokelvin),
identical atoms with integer spin, trapped in a potential well are all described by
the same wave function, linked to the ground state of the well. Fast rotating BEC:
the rotation is triggering the creation of vortices, i.e. lines where the density |¢|? is
vanishing.

1.2. The Gross-Pitaevskii energy
The starting point is

1
Bop(¥) = 5{at 0 Wi + 5 [ 10/'da, (1)

where ¢, is a quadratic form depending on the real parameters w, v, € such that
W reE=1.
Here ¢" is the operator with Weyl symbol
(21, 12,61, &) = & + & + (1 = )} + (14 v7)a5 — 2w(a1&y — 2261),

Keywords: Bose-Einstein condensates; Bargmann spaces; Metaplectic transformation; Theta functions; Abrikosov
lattice.
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ie. ¢v = D?+ D3+ (1 —v?)2? + (1 +v?)x3 — 2w(z1 Dy — 22D1). We would like to
minimize the energy FEgp(1) under the constraint [[¢||z2 = 1 and understand what
is happening when ¢ — 0.

1.3. The isotropic Lowest Landau Level
When the harmonic trap is isotropic, i.e. when v = 0, it turns out that
q= (& +wra)® + (& — wxy)® + (23 + 23)
so that
2Ep(v) = |(Dy +wa2) +i(Dy — wan)y||* + %IWJH2 + € [Jz|y]* + g/ ¥ da.
We note that, with z = x1 + iz,
1

(0 + Tw2)
im

1 _
Dy +wxe +i(Dy — wxy) = ﬁﬁ —iwz =

and defining LLL, = {¢ € L2, ¢ = f(2)e ™} = ker(d + 7wz) N L2, we get for
Y e LLL, ||¢||zz = 1,

1 , w o€ g
Eap() = LI (D -+ waa)b 4 i(Da —wm o |+ 2+ S e+ ¢ [ ol
(im) =1 (d+mwz)h=0

and with ¢(x) = u((we)”%) (we)'/? (unitary change in L?(R?)),

Eap(¥) = o+ o= ( [ WPuw)Pdy + o [ lu(w)l'dy)
The minimization problem of Fgp(v) in the LLL,, is thus reduced to study
Erpr(u) = [[lefullf +w’gllullzs, u€ LLL
ie. with z = x1 + izg, u(xy, 22) = f(z)e_“*”z'Q, f entire (and u € L?).
Epop(u) = / 22 |u(z)Pdz + g / u(z)|*dz, L3 u= f(z)e™ "=, f entire.

This program has been successively carried out in a paper by A. Aftalion, X. Blanc,
F. Nier. A key point is the fact that, in this isotropic case, the diagonalisation of
the quadratic hamiltonian is rather simple:

Ui iyt
1= (56 — 2+ (56 +mP + (D)6 + )l + (D)6 - )
05 H3y3

Since we want to tackle the non-isotropic case where v # 0 in
¢ =&+ 6+ (1= v)ai+ (14 v)a; = 2116 — 2281),

one would like to determine the anisotropic LLL. The symplectic diagonalization of
q requires some particular attention.
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2. Quadratic Hamiltonians

2.1. On positive definite quadratic forms on symplectic spaces

If @ is a positive definite quadratic form on the symplectic Ry x R, one can find
some symplectic linear coordinates (y,n) such that

Q= > wm+yl), ;>0

1<j<n

The 2n eigenvalues of the fundamental matrix

0 I,
F =00, az(_[n 0)

(0 is the matrix of the symplectic form) are the {#+iy;}1<j<n, related to the 2n
eigenvectors {e; & i€; }1<j<n. The {e;, €;}1<j<, make a symplectic basis of R*":

o(ejex) =0k, olej ) = o(ej,er) =0,

and the symplectic planes II; = Re; @ Re; are orthogonal for Q).

A one-line-proof of these classical facts: on C?" equipped with the dot-product
(), diagonalize the sesquilinear Hermitian form io. The symplectic group Sp(n) (a
subgroup of Sl(2n,R)), is defined by the equation

X'ox =0, ie VX,Y eR*™ (oxX,xY)=(cX,Y).

Lemma. Let B € GL(n,R) and let A,C be n X n real symmetric matrices. Then
the matrix =, given by n X n blocks

- _(B' =B'C \_{(I 0\(B"' 0)\(I -C
—APCTAABTY BT —AB'c) \A 1) 0 B)\0 I

belongs to Sp(n). Any element of Sp(n) can be written as a product Z 4, B, ¢, = A5.B5.C5 -
We shall use that lemma to diagonalize our Hamiltonian.

2.2. Effective diagonalization and the symplectic group
We want ¢ = n? + p3y? + n3 + pdys. We find (easily) the eigenvalues
O<pi=1+w*—a<p=1+w’+a, a=Vvt+iw?
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We want to determine the symplectic mapping reducing ¢. It gets more complicated:
we introduce the parameters

2w/j]1 @~ 2w2 _ VQ i 232 4 2 4 2 2 2
61:0{ 2w2+y2: 2w,u since (a — 2w?)? — v* = 40w? + 4w* — 40?a = dw?pud
- 1
2w a+ 2w? — 12
br = a+ le:Z—i- vz 2wz since (a +2w?)? — 14 = 4w? + 4wt + 4?0 = 4?3
2c
Y=
w
A2 — M1 . 1 B 1 _a—2w2+y2
e - - - - )
ot Pifopn 14 BEE2 ] adBeor o
A2 — Ho B 1 B 1 _a+2w2+y2
TR T = T
2 22 4
v a+v7)* — 4w
and we have )\%—f—/\g:l_FE, )\%)\gz ( 4()12 7
A1 A+ N
d= e =21 2 which gives cd:%:gm):%.

2 T 2
We define the symplectic mapping x:

T1 A1 0 0 _% n
To | 0 A _%2 0 Y2
& 0 & —dged Ay 0 m
& /\% — M\icd 0 0 cAy 2
=X
and we have
?/2 _ O 4 CAl % 0 i)
771 O _)\72 + AlCd )\1 0 fl
Up’ _/\11 + )\QCd 0 0 )\2 52

-1 .
The matrix x = ZEapc = <i ?) <B0 BEL) (é ]C'> with

(Ao (0 at _ 0 o —d
B_<0 )\2_1>’ C_<d_1 0/’ A= AldM—cd 0 '
Anyhow, is is possible to find explicitly a symplectic transformation diagonalizing

our quadratic form.

Q($,€> = f% + 53 + (1 — V2)$% -+ (1 —+ Vz)l'g — 2&1(1’152 — 513251)
= (qgox)(y,n) =i + piyi + m + 13y3.

Moreover the particular form =4 g ¢ above is quite helpful.
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2.3. Generating functions

We define on R™ x R"™ the generating function S of the symplectic mapping

= _ (B -B'c \ (I o\(B' 0)\(I -C
=asc=\apt p—apc) "4 1)\ o B)lo 1
by the identity
S(z,n) = ;((Ax,@ +2(Bz,n) + <C’n,77>) so that E(g;j D 77) =@ gi

Note: for a symplectic mapping =, to be of the form above is equivalent to the
assumption that the mapping x — pri=(x®0) is invertible from R" to R™; moreover,
if this mapping is not invertible, the symplectic mapping = is the product of two

mappings of the type Z4 p . The (symplectic) mapping _O has no generating

1
I 0
function but is the product

I I I 1
—-1/2 —-1/2
) (4D)

3.1. Irving E. Segal formula

3. Quantization

Let a be defined on R} x R¢. Its Weyl quantization is the operator

/
(a"u)(z) = // 62”(“”3/)5@(% —; ’ O u(x)da' dE.
Note that ¥u = %%‘j = Dju, zfu=mwu, (2;§)" = %(l‘ij + Djac]). Let x
be a linear symplectic transformation x(y,n) = (x, ). Segal’s formula : there exists
a unitary transformation M of L*(R™) such that

(aox)” = Ma"M, ie ((ao X)wvl,vg>Lz(RZ) = (a" Muvy, Mv2) r2@n).

L*RY) " LA(RY)

MT lM*

LQ(RZ) —— L*R")

(aox)w v

3.2. The metaplectic group and the generating functions

For a given y, how can we determine M 7 Of course M is not unique, since it can
be multiplied by a complex number with modulus 1 (we shall see that it is the
only latitude). We shall not need here the rich algebraic structure of the two-fold
covering Mp(n) (the metaplectic group in which live the transformations M) of the
symplectic group Sp(n). We are glad to know a generating function for x since, in
that case

(Mo)(&) = [ 575D i()dn| det B,
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with S(z,n) = %((Ax, z) + 2(Bxz,n) + (Cn, n>)

3.3. Explicit expression for M
We have
q(z,6) =€+ &+ (1 — 1)t + (1 + 0222 — 2w(21& — 2961)
= (qo)(y:m) =i + Hiyi + 0 + 13,
(qo )" = M'q"M, (Mv)(@) = [ *=SEDi(n)dy|det B2,

S(x,n) = ;((Ax,@ + 2(Bx,n) + (Cn,n).

We get readily

(Mv) (21, 22) :(,\1>\2)71/2€2z'vrd((m,\2)—1_C)m1$2

. 1 N . —1 —1
% // 6217rd 7717721)(771’772)62171'()\1 z1m+A, I2"2)d771d772,

(MU) (1,17 $2) :()\1/\2>—1/262i7rd((/\1>\2)*1_c)a:1:c2 (eziﬁd_lDlDQU)()\flxl, )\2_1x2)'

After some algebraic complications, xy and M are known explicitely in terms of v, w.
Because of this complexity, it does not seem possible to avoid using some algebraic
structure as a compass in the computations in the anisotropic case.

4. The Fock-Bargmann space and the anisotropic LLL

4.1. Nonnegative quantization and entire functions

The isotropic lowest Landau level was defined earlier as
LLL = {ue L*u= f(z)e ™ with f entire} = ker(d + 72) N L?.

That space plays an important réle in our problem of minimisation, since it is the
space in which we minimize the Gross-Pitaevskii energy, leading to the problem, for

L2(R?) 3 u= f(z)e ™ ', f entire, |ju .2 =1,
Erpp(u) = / |z|?|u(z)|?dx +w29/ lu(z)[*dz, w?+e =1

As already said, we wish to determine the anisotropic analogue of that space and
that energy, and we notice that it has many links with well-known objects and
notions, such as the Coherent States Method, anti-Wick symbols. ..

For X,Y € R?" we set

HH(X, Y) _ e—g\X—YPe—m[X,Y]

where [X, Y] is the symplectic form (if X = (z,£),Y = (y,7n), [X,Y] =& -y—n-2).
The operator [Ty with kernel II5(X,Y) is the orthogonal projection in L*(R?*") on
a proper closed subspace H, canonically isomorphic to L*(R™). In fact, one may
define W : L*(R") — L?(R?") by the formula

n —7(z—y)? 2im(xz—YL
(Wu)(y,n) = (u, @ym)lﬁ(R”)a @y,n(x) = /e m(mv) gim(e=g)n,

VI-6



It is standard and easy to see that

W*W =Idp2@gn) (reconstruction formula u(x) = /Rzn Wu(Y)py(x)dY),
WW* =TIy, W is an isomorphism from L*(R™) onto H,
H ={u € L*(R}" ) such that u = f(z)e 3 2 = n4iy | f entire},
which is the isotropic LLL, up to some normalization constant.
For a Hamiltonian a, we define a™Vi® = W*aW :

L2(R”") ‘ L (R*")

(multiplication by a)

WT lw*

L*(R") o L*(R")

aWick

Note that a(z,£) > 0 = a"Vik = W*aWW >0, as an operator. The relationship
between the Weyl quantization and that Wick formula is interesting, but for our
problem here it is enough to note that, if ¢ is a quadratic form,

Wick _

1
q q" + — traceq,
AT

in such a way that, up to some unimportant shift in the value of the energy, we may
choose whatever quantization. A consequence of the above formula is also that, for
d=Wuce H, ||q)HL2(]R2”) =1= HUHLQ(R")a

1
J[ 210G dydn = (G2 W paggan) = (u,uhsaen + - fullfaen = 1/(47).

In other words: the lowerbound of the multiplication by 2% in the LLL is bounded
below by a positive constant.

4.2. The anisotropic LLL
We recall:
q(x,6) = &+ & + (1 —v*)af + (1 + )25 — 2w(:1& — 2261)
= (g0 x)(y,m) = ni + piy; + 15 + 13Y;.
(qo )" = M'q"M,  (Mv)(@) = [ S0 i()dy|det B2,

S is a generating function of y, o ~ 1, puy ~ ve,

7 13

2 2
g = <(>\1cd — e + Ale) n ,J%(Agd—lz)m n c)\2331>

2 2
+ <(/\gcd — Y+ AQDM) . (Ald‘lel + c)\m) .

3 15Y3
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In the (y,n) coordinates, we want to consider the orthogonal projection onto the

space of the vy (y;) ® 2V/4u3/*e=™2¥3 where v; € L*(R). In fact we examine
2

g = (ug)\ldle 4 uzcxlm)g 4 (AQDIQ (@ - )\gcd)xl)
and we note that
(g, u) = || (ug/\ld_lDrl—FuQc)\lxg)u i (AQDIQ—(dAl_l—)\ch)m)u||2 +E2
The equation defining the LLL is

H2y2 72

(,ug)\ldle n u20A1x2> i (&Dm (@ — )\gcd)x1>

1
= % (Mg)\ldlal + i)\gaz + 2iﬂu20)\1$2 + 27T(d)\fl — )\QCd)l'l)

1 /1 1
== E <2M2)\1d181 —+ 25)\282 + iWMQC)\l.QIQ + W(d)\fl — )\26d>$1> .

We set t; = ugl)\fldxl, ty = A;lmg and we get for z =t + its

0
— + iﬁﬂgC}\l)\QtQ + W(d)\l_l — )\QCd)Mg)\ld_ltl

0z

a _ — —
= = bimmed T (AN haedmAd 1 ; 2

z

0 0
= 5 + ZW% + 277%(1 — 2\ \g0) = 53 + zw% — 277%1/204’1
— 6777%222677%(2)2geﬂ%ziefﬂ%(@z

0z

Going back to the original coordinates, the anisotropic LLL is thus the subspace of
the functions u of L?*(R?) such that

2 2 2
f(xl + zﬂgajg) exp (—Zﬂ: z3(1 — 2%{) + (Boz2) (1 + 2Va)]> exp (—iﬂiojacl:@),
where f is entire. The parameters (35,... were defined earlier and are explicitely

known in terms of w, v.
Two remarks.

e First, it seems difficult to guess the above definition without going through
the explicit computations on the diagonalization of ¢.

e The operator M can be used to give an explicit expression for the isomor-
phism between L?(R) and the anisotropic LLL and also to express the Gross-
Pitaevskii energy in the new coordinates.

4.3. From a Lagrangean plane to a symplectic plane for the
LLL

The Fock-Bargmann space has a particular structure: it is a proper closed subspace
of L?(IR?), canonically isomorphic to L?(R) ; we have seen in the isotropic case that

LLL = W(L*(R))
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with some explicit isometric transformation W. The same properties can be carried
out in similar terms for the anisotropic case, with a different W, say W; since we
know that, for quadratic forms, the Wick and the Weyl quantizations are the same,
up to some shift, we may decide to choose the quantization given by W to quantize
q, that is to consider the operator

(W) qW.
The outcome of these computations lead directly to a one-dimensional problem on

which we will give some details in the conclusion. The Lagrangean plane {{; = & =
0} of R* on which the function u is defined, has also a symplectic structure.

5. The various regimes for the energy

5.1. The energy in the anisotropic LLL

In the LLL, one can simplify the energy. We define

Ay = M(nz = ipgys)"M* = pip (Md ™' Dz, + ehiw2) +1i (AaDay — (AN = Naed)1)
Ay = M —ipy)"M* = py (Mod ™ Dy, + chomy )+ (Mred — dA;)aa + M Dy, ) -

We have proven
M1+ o
2
and the LLL is defined by the equation Asu = 0. On the other hand, we have
d[,bl_l Re Al — Im A2 = d/\l_ll’l, dﬂg_l Re AQ — III] Al = d)\z_ll'g,

and thus for u € LLL, since Asu = 0 , using the commutation relations of the A;’s,
one gets

d2)\1’2x% = d2,u1’2(Re A1)2 + ((Ay — A;)/Qz’)2 + 2d/q1(Re Ap) (A — AY) /21

— 2,2 A2 H2
lul (Re 1) +47T7

¢" = ATA; + ALA, + = (ReA)” + (Im A;)® + (Re Ay)? + (Im Ay)?

and similarly,
PNy 203 = Ay ((As + A5)/2)? + (Tm A, )?

2

= (Im A1)2 +

Ampy
As a result, we get on the LLL,

2\—2.2 | 12y-2,2 2 , opi
/1“1/\1_ T+ d /\2_ Ty = (R6A1> + (ImAl) + 471-”2 —+ A2

_9 2 2
and ¢ = 2\ 202 + d?)\y 2k — wa — P2 4 22 50 that

2Er 11 (u 2/ <M161$1 ﬁl ) |u(z, o) dxldx2+g/ |u( xl,x2)| dxidx,

H2 1
+ or <ﬁ152 + 51@)
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We note that

VB 20 - v 2a(20% + €2) _
2 ot 202 1412 €?, (coefficient of 27) 25 = i (coefficient, of 3) .
A function in the LLL is in L?*(R?) and can be written as
2 2 2
f<x1 + iﬁzxz) exp <_Zﬁ: 211 — 2%) + (Bazo)*(1 + 2Voz)]> exp (_@'W:ijm)’

with f entire. We have to deal with

1
Eunnw) = [ (5@ + ad)lulon,a2) o+ SJulas, )| ) da,

with k2 ~ %, v? +w? + €2 = 1. The Euler-Lagrange equation without

the holomorphic constraint is
(222 + K223)u + 2g|ul*u = Au,
so that the Thomas - Fermi profile for the density is

2
7TR1R2

In the isotropic case: v = 0,k = €, Ry = R», circular shape.

2 xf a3 4 1.-3 4 1,.-3
p=ul"= (1——), Ry =4gkm € ®, Ry =A4ger "k °.

5.2. The weakly anisotropic case
With

2
7TR1 R2
R, is large when € > 13, i.e. v < €'/3. We are interested first in this regime, that we

call the weakly anisotropic regime. In that case, a truly anisotropic effect is visible
since we may have

x? xl
p=|u*= (1 S S 2>, Rt =4gkn e, Ry =d4dger 'k73,

R~ ke >Ry ~er™
when k > €, i.e. € < v(<K €/3). The true isotropy (R, ~ Rs) is lasting until v
reaches the order ¢, then for € < v < €3, the profile is truly anisotropic with
Ry > R,. The projected GP equation is
2

€ 2, K o 2
HLLL{<21'1+2$29|U| _M)U] =0,

and in the weakly anisotropic regime, we can look at the equation of the Abrikosov
problem

a1 )s] =0

whose solution is given by a Theta function,

a2 [v1 . . .
u(z, () = e (#-12P)g (z 7411;7,7) , 2 =ux1 +ifxy, T is the lattice parameter.
T

The zeroes of the function u lie on the lattice

A3
yImT

(Z+ 7Z)
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and |u| is periodic. The optimal lattice minimizing f [u|*/(f |u|?)? (integrals taken
on one period) is the hexagonal one (7 = ¢*7/3). As in the isotropic case, we can
construct an approximate ground state by multiplying the Theta function by a
profile p as above. To have a solution in the LLL, we define

v = HLLL(pu@).

We prove then that

1
Errr(v) = / S(€2? + w2ad)pda + 9“2( ™) / prda + O((re) /2 (K o) /S = wT/3EH%),

5.3. The strongly anisotropic case

This is the case €'/ < k. In that case, the limit of the projected GP equation is
K, 2
Urrr [(?372 + glul )U} = pu.

The © function is no longer a solution, but a particular solution is given by the
Gaussian
(ﬁ)l/ll fﬁngrz T2
2
In this regime, the ground state behaves like this Gaussian in the z5 direction, and
an inverted parabola in the x; direction, without visible vortices. Indeed with
3
()
4R
The ground state is approximated by

Ae’%zg/e 86 ((w ? _inm)p(t)dt.
R

1/2(1 . ﬁ 1/2 R (39 (V6)1/2)1/3 R - 672/3.

p(xl) = R2>+ ? 462

6. Conclusions and perspectives

6.1. The critical case

This is the regime v = €/3. Open. Both methods (weakly isotropic and strongly
anisotropic) break down.

6.2. The full GP energy

We may consider

Eap(v) = (g0 X)"0,0) + === [NVl fagae), with lollpauey = 1,

)\)\

with the Euler-Lagrange equation

2 *
(D} + iy} + D3 + pdu3)v + ﬁN (INvPNv) = dw,
2 2

N = exp 2ind 'D; D, o ~ 1, g ~vie.
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6.3. A quasi-ODE

Since the LLL = W(L?*(R)), we are in fact reduced to a one-dimensional problem

(D} + )6+ Lo (WP W) = Mg,
1A2
where ¢ is a function of L*(R). The non-linear term is close to be a local one.
e [s it interesting to use the simplicity of the quadratic terms 7
e [s it possible to handle that quasi-ODE, since W is rather explicit ?
e Maybe find some particular special functions solutions ?
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