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1 Introduction

The motivation for our work comes mainly from the one-electron theory of
quantum solids, more exactly from the spectral theory of ”perturbed” peri-
odic Schrodinger operators. We shall give below two examples; a more detal-
ied description of other ”models of disorder” can be found in [BNN]. Consider
a periodic lattice, [, = {a = Y0, mia; | m; € Z, {&;)3 — basis in R®},
and

Ho = —A + Vper(x) (1.1)
where V,er(x) € L2,.(R?) and

Vper(X + @) = Vper(x), all a€T.

The hamiltonian Hj is the basic object of the theory of periodic crystals
and its spectral properties are well understood [RS]. Let now I" be a set in
R? with the property that

inf  |a—-b|>1>0 (1.2)
a,ber; a#b

and V/(x) a rapidly decreasing potentipl. The "impurity” model of quantum
solids is described by the hamiltonian
H=Hy+ ) V(x—b) (1.3)
ber
(we assume that the decrease of V(x) is sufficiently fast as to assure that
Sber V(x — b) is uniformly locally L? ). If T consists of a single point, (1.3)
becomes the usual ”one-impurity model” hamiltonian:

*Permanent address: Dept. Theor. Phys., Univ. of Bucharest and Inst. of Math. of
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Hipp = Ho + V(X) (1.4)
whose spectral and scatering theory is again well developed. Consider now
for A > 0:

Hy=Hy+ Y_ V(x—Ab). (1.5)

ber

For A — o0, (1.5) describes the physical situation in which the impurities
are far one from each other. At the heuristic level it is known” that the
spectral properties of H;m, and H, are related; in particular, if E € p(Hp) is
an eigenvalue of Hj,,, then in the limit A\ — oo, H) has a ”miniband” arround
E with a width which shrinks exponentially as A — oco. The situation is
similar to the one encountered in the usual tight-binding limit in which Hj
is replaced by —A. Since the main technical ingredient in the study of
the tight binding (as well as semiclassical) limit [D],[C],[HS1-3],[BCD] is the
exponential decay of the eigenfunctions of —A + V(x) , the first step in
the study of the impurity tight binding limit must be a good control of
exponential decay of the eigenfunctions of H;n, corresponding to energies in
p(Ho).

Another, interesting from the physical point of view, particular case of
(1.3) is the one in which I" is contained in a plane, say z3 = 0, (x =
(21, 22,23)). In this case the physical heuristics indicates that the (gen-
eralised) eigenfunctions of (1.3) corresponding to energies in p(Hp) decay
exponentially as | z3 |— oo.

One can consider also the same problems when a magnetic field is added
i.e. Hy is replaced by (P — a)? or at a higher level of complexity by (P — a)2+
Vper(x). The simplest question in this context, is to prove the exponential
decay of the eigenfunctions of

. 0 B.’L‘g 2 3 0 BIBl 2 2
(—za—xl + —2—) + ~ig T —2--) +V(x), xeR
for energies outside the set of the Landau levels.

Following the seminal work of Combes and Thomas [CT] and of Ag-
mon [A] there is an enormous literature on exponential decay of eigenfunc-
tions in the N-body problem and precise results have been obtained (see e.g.
[A],[H1],[H2], and references therein; for extensions of Agmon type results
to the magnetic field case see [HN],[HS3]). Since we are interested in ener-
gies which may belong to the essential spectrum of H and more important
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are not below the essential spectrum of the ”asymptotic” hamiltonians, a
direct application of the Combes-Thomas-Agmon analysis is not possible.
(The results in [BG],[W],[MP] concerning Dirac operator are for energies in
(—m,m) and potentials vanishing at infinity, when one can still apply the
Agmon theory to the square of the Dirac operator; see the remark at the
end of Section 3.) Moreover due to the fact that the potential does not van-
ish at infinity, one cannot apply the techniques based on Mourre estimates.
In [BNN] an elementary method ( covering many cases of physical interest,
but not the magnetic field case) to prove exponential decay has been used.
The result below is that a Combes-Thomas-Agmon type analysis provides
exponential upper bounds under very general conditions. It turns out that
one can carry the Agmon analysis to the case at hand by replacing his A-
positivity condition with the strict injectivity of the Combes-Thomas rotated
operator (see (2.4),(2.8) below and also [H1]). Exponential decay of eigen-
functions, in some cases when A-positivity condition is not fulfilled, has been
also obtained by Helffer and Sjostrand [HS2] in their deep study of tunelling
through nonresonant wells in the semi-classical limit. We obtain only ( very
likely non optimal) upper bounds. The problem of the lower bounds (see e.g.
[FH30.], [H2] and references therein for the N-body case) or of the actual
behaviour at infinity of the eigenfunctions seems to be harder and remains
open. Detailed proofs and applications will be given elsewhere.

2 The results.

In what follows 2 C R™ is a domain with (smooth) boundary 0f2, and
WP (Q) are the standard Sobolev spaces [GT].

2.1 The Schrodinger case.
Consider in L2(Q) the Schrodinger operator

H=(P -a®x))?+qx), P=-iV (2.1)
where

a € (Lf.(Q))" Va e Li(Q); p=maz{n,4}; q€ Sa(Q) (2.2)
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(see [CFKS] for the definition of S,; we recall that for n < 3,q € S,(Q) if
and only if

SUP.eq Jx-yi<yna | 4(¥) [? dy < co.
As a consequence of (2.2), H is well defined and symmetric ( but, in
general, not essentially self-adjoint) on C§°(€2).

Definition 1 (S) Let E € R. 9(x) € W22(Q), is said to be a slowly in-
creasing solution of (H — E)Y = 0 in Q if it is a weak solution, i.e. for all
o(x) € CL(Q) ( (-,-) denotes the scalar product in L3(2) )

(H=E)p,9) =0 (2.3)
and for all § > 0 , exp(—6(1+ | x [)V?)y(x) € L*(N)

For h(x) : Q — R, h € C3(Q), we consider the "rotated” operator

H(h) = H — iB(h)— | Vh |*= exp(—h)H exp(h) (2.4)
with
B(h)=(P—a)-Vh+ Vh- (P —a) (2.5)
defined on C§°(€2).
For d > 0 we set
Q= {x € Q| dist(x,00) > d} (2.6)
and for h(x) as before and €,6 > 0
hse(x) = —6(1+ | x [2)1/% + h(x)(1 + eh*(x))~". (2.7)

Theorem 1 (S) Suppose:
i. Y(x) is a slowly increasing solution of (H — E)Y =0 in Q, | E |< Eo.
1. There exist &y, €0, ¢ > 0 such that for 0 < 6 < by, 0 < € < g and all
¢ € C5°()
| (H(=hse) —E)ellZcll el (2.8)
Then there exists K < oo depending upon a, q, d, ¢ and Ey such that for
all0 <6< b

1) [ dx <
Q24

K[| o (1] Vhag() ) | €409 (x) [* dx (29)
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2.2 The Dirac case.

Consider now, in (L2(€2))*, the Dirac operator

D=a-P+pm+Qx), Q) = Q1(x) + Qa(x) (2.10)

where Q;(x) are 4 x 4 hermitean matrices satisfying:

/{IX—y|<1}ﬂQ | Q:(y) Pl x—y P2 dy <oo, allxeQ, p<?2

(=Ix—al)
x—a|

| Q) < C T 22

, C<1/2
ael’ |

where I is a set in Q such that infazp, aper [2a—b [>0

Definition 2 (D) Let E € R. ¥(x) € (L2.(Q))* is said to be a slowly
increasing solution of (D — E)¥ = 0 in § if it is a weak solution, i.e. for all
d(x) € (CL(N))* (< -, > denotes the scalar product in (L2())* )

<(D-E)®,¥>=0 (2.11)

and for all 6 >0
exp(—6(1+ | x [))V2)¥(x) € (L*(Q))*

As in the Schrédinger case, for h : @ — R, h € C}(2) we consider the
rotated operator

D(h) = exp(—h)Dexp(h) = D — ia - Vh. (2.12)

Theorem 2 (D) Suppose:
i. ¥(x) is a slowly increasing solution of (D — E)¥ =0 in Q

1. There exist dp,e0 > 0,c > 0 such that for 0 < 6 < 80,0 < € < ¢ and
all ® € (CL(N))*

I (D(=hse) = E)® |2 c || @ | (2.13)

Then there ezists K < oo depending upon Q,d, c such that for all 0 < § < &

4

/de 2 | exp(hso(x))¥;(x) |* dx < K /Q _p | exp(hso(x))¥;(x) | dx

(2.14)

2d j=
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2.3 An example.

Let
mr={x€R®|n-x>R, |n|=1, R>0}CcR? (2.15)
H = Hp |cge(an,z) (2.16)
(see Section 1 for Hy)
Suppose E € p(Hy), | E |< Eo, a = dist(E,o(Hp)) and let ¥ be a slowly
increasing solution of (H — E)¥ = 0 in Qp g. Take in Theorem 1S, h(x) of

the form
h(x) =pu(n-x— R); pu>0. (2.17)

It turns out that for sufficiently small px the condition (2.8) is fulfilled.
For example, by standard perturbation arguments, (2.8) is fulfilled for all
u < po where py is given by

oapd +2u0 | P-n(Hy — E)7' ||= 1. (2.18)
Then from (2.9) one obtains for all u < py:

/ | e SAHXIDY 2 Hu(mx=R) 30} |2 gy <
n-x>R+2d

_ 2y1/2
const. 20 R | e+ (x) |2 dx. (2.19)

If in addition one supposes that

sup / | (x) |? dy < oo (2.20)
XE€Qn,r 7 {IXx-y|<1}(\ On,r
then one obtains (y = zn+y,, y..ln)
sup / | e**p(zn +yy) |* dy < oo (2.21)
x, €R2 Jz>R+2d; |y —x,|<1

The value of po given by (2.18) is far from being optimal even at the
qualitative level. In particular in the limit @ — 0 it gives po ~ o while, as
well known, for E < info(Ho) one has po ~ a2, A more carefull analysis
shows that the same is true for E in the gaps of Ho:

Theorem 3 There exists k > 0 such that (2.8) is fulfilled for p < kat/2.
The best value of k (very likely it depends upon n ) is still to be found.
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3 Outline of the proof.

We shall outline the proof in the Schrédinger case; the proof in the Dirac
case is similar and much simpler, due to the fact that D is first order. We
start with the following ”localisation energy lemma”, going back implicitely
at least to Agmon [A] (I was kindly informed by T. Hoffmann-Ostenhof that
it is actually much older) and having a clear physical meaning: it gives the
amount of kinetic energy due to localisation by f of the ”eigenfunction” 2.
Let for ¢1, ¢2 € Wcl’2(Q)

higs, ¢a) = [ P =)@ G(P — a)ga(x)dx + [ Gixq(x)ga(x)dx
Lemma 1 Let v be a solution of (H—E)Y=0inQand f:Q— R, f€

Ce(Q). Then
h{f, ) = E(f¢, f) = (@, | Vf * )
Let h: Q2 >R, heC>®(), g€ CL(). Since for all ¢ € C§°(N):
0= ((H — B)p,$) = (H(h) — E)e™p, ™),

((H(h) — E)p,e"g) = (lg, H(W)]p, ") = (¢, F) (3.1)
with
F ={=2i(P —a)-Vg— Ag+2Vh-Vg}ep. (3.2)

The next lemma gives (via Lemma 1) the control of (F, F'):

Lemma 2 Suppose supp g C Q4. Then there exist a < 1, b < oo, depending
upon a, q, d such that

(F, F) < 2(e"y, me"y)

with

n

x) + (—=Ag +2Vh- Vg)?
where

mi() =1 Ly wh + w28y p 4 1| +) ()2
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The next and the last ingredient is a regularity lemma:

Lemma 3 Suppose
s%p(l Vh)+|AR]) <M < o0 (3.3)
and g : Q — R, g€ C5°(Qq). Then H(xh) |cooqy,) 15 closable in L*(Qq/0)
and g1 belongs to the domain of its closure.
(From (3.1), due to Lemma 3,for h satisfying (3.3) and g € C§°(Q2)
(H(=h) - E)e"gp = F.

Suppose now hs satisfies (2.8). Then using again Lemma 3:

("o g, e™egy)'/2 < C7H(F, F)V* (3-4)
Let now ga(x) : Q2 = R, g4 €C>®(Q), 0<ga(x) <1

] 1 forx €y
gd(x)——{O for x ¢ Qq

2. 0%ga4(x)
ilég(Ing(X)lJr;I P

i

) = G(ga) < o0.

Take g, € C§° () satisfying gn(x) — ga(x) together with the derivatives up
to second order and sup,, G(¢9») < Ggq < 0o. Then from (3.4), Lemma 2 and
Lebesgue dominated convergence theorem:

Ve 7 dx <
2d

K fn \de(1+ | Vhse(x) |?) | €"=®p(x) |? dx. (3.5)

and the result in Theorem 1 follows taking the limit € — 0.
- Remarks :
i. If for some E, H satisfies the Agmon’s A condition then, as well known,
the exponential bound follows directly from Lemma 1: one takes f = ge®
and a removing cut-off procedure as above gives the result.
ii. In the Dirac case (supposing ¥ € (W*(Q))*) one has instead of
Lemma 1:

<DfY,DfV>—-E*< fU fU>=<V |Vf]?T >

so for energies for which D? — E? > ) the exponential bound comes again
directly, la Agmon, without using (2.13) [W],[MP] (see also [BG]).

VII- 8



References

[A]

[BG]

[BNN]

[BCD]

C]

[CT]

[CFKS]

[D]

[FH30,]

S. Agmon, Lecture on Exponential decay of Solutions of Second
Order Elliptic Equations: Bounds on Eigenfunctions of N- body
Schrodinger Operators, Princeton, Princeton University Press,
1982.

A. Berthier-( Boutet de Monvel ) and V. Georgescu, On the point
spectrum of Dirac operators, J. Funct. Analysis 71, 309-338 (1987).

A. Boutet de Monvel, A. Nenciu and G. Nenciu, Perturbed pe-
riodic hamiltonians: essential spectrum and exponential decay of
solutians, submitted to Lett.in Math.Phys.

Ch. Briet, J.-M. Combes and P. Duclos, Spectral stability under
tunneling, Comm.Math.Phys. 126, 133 (1989)

U. Carlson, An infinite number of wells in the semiclasical limit ,
Asymp. Analysis 3, 189-214 (1989).

J.-M. Combes and L. Thomas, Asymptotic behaviour of eigen-
functions for multiparticle Schréodinger operators, Commun. Math.
Phys. 34, 251-270 (1973).

H. Cycon, R. Froese, W. Kirsch and B. Simon, Schrodinger opera-
tors, Berlin, Springer 1987.

F. Daumer, Equation de Schrodinger dans I’aproximation du tight-
binding, Thse, Universit de Nantes, 1990.

R. Froese, 1. Herbst, M. Hoffmann-Ostenhof and T. Hoffmann-
Ostenhof, LZ%-exponential lower bounds to solutions of the
Schrédinger equation, Commun. Math. Phys. 87, 265-268 (1982).

D. Gilbarg and N. Trudinger, Elliptic Partial Differential equations
of Second Order, 2nd edition, New York, Springer 1983.

B. Helffer and J. Nourrigat, Decroisance a !'infini des functions
propres de ’operator de Schrédinger avec champ electromagnetique
polynomial, J. d’Analyse Math. 58, 263-275 (1992).

VII- 9



[HS1]

[HS2]

[HS3]

[H1]

[H2]

[MP]

[RS]

(Wi

B. Helffer and J. Sjostrand, Multiple wells in the semiclassical limit,
Commun. PDE 9, 337-408 (1984).

B. Helffer and J. Sjostrand, Multiple wells in the semi-classical limit
ITI. Interactions through non-resonant wells, Math. Nacht. 124,
263-313 (1985).

B. Helffer and J.Sjostrand, Effect tunnel pour l’equation de
Schrédinger avec champ magnetique, Annali Scuola Normale Sup.
Pisa 14, 625-657 (1987).

I. Herbst, Lower bounds in cones for solutions to the Schrédinger
equation, J. d’Analyse Math. 47, 151-174 (1986).

I. Herbst, Perturbation theory for the decay rate of eigenfunctions
in the generalised N-body problem, Commun. Math. Phys. 158,
517-536 (1993).

A. Mohamed and B. Parrise, Approximation des valeurs propres
de certaines perturbations singuliers et applications a ’operator de
Dirac, Ann. Inst. Henri Poincar 56,235-277 (1992).

M. Reed and B. Simon, Methods of Modern Mathematical Physics
IV:Analysis of Operators, New York, Academic 1978.

X. P. Wang, Puits multiples pour l'operator de Dirac, Ann. Inst.
Henri Poincar 43, 269-319 (1985).

vii- 10



