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Abstract

In the this talk we outline how to bound the atomic and molecular
ground state density at the nucleus by a certain explicitly given posi-
tive constant times the third power of the nuclear charge. We discuss
the relation of this result with a conjecture of Lieb, the “The Strong
Scott Conjecture”. We will indicate how the proof generalizes to proof
this conjecture in a weak sense.

1 Introduction

The Hamiltonian of an atom of N electrons with ¢ spin states each and a
fixed nucleus of charge Z located at the origin is given by

Hyz = fj (—Au ~ %) + f} — (1)

v=1 wr=1 |tﬂ - t'/l
u<v
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self-adjointly realized in /\ (L*(R3®) ® 7). Furthermore we write ¢ for an

eigenfunction that belongs to the bottom of the spectrum of Hy z, i.e., a
ground state eigenfunction and

py(¥)
= q], Lon=1 Eu—l fR3(N 1) W)(tlv 01503 %%—-1,00-1;% 00,5841, 0p415 -5 TN, UN)lz
de 1...dt,,_1dfy+1...dtN (2)

for the corresponding density.

A quantity of particular interest is the ground state density p,(0) at the
nucleus. Recently Narnhofer [4] argued that one might expect for an atom
p»(0) = O(Z3). In this talk we will outline a proof of this conjecture. In fact
we can prove

Theorem 1 Let py be a ground state density of Hn,z and N = Z, then
py(0) < 41qu3 + const Z61/%,

This value is not in disagreement with Lieb’s Strong Scott Conjecture [3]
which is actually older and stronger than Narnhofer’s: according to Lieb
the scaled atomic density py(t/Z)/Z> should converge to the corresponding
quantity of the bare Schrédinger operator HY , which equals Hy,z except
for the omission of the second sum, the electron-electron interaction. If
one assumes this convergence to be pointwise this would predict py(0) =
ﬂqZ"’ + 0o(Z3) (Lieb [3], (7.35)). We are now explicitly able to see that our
theorem does support this conjecture, since 7z which is about 0.065 is bigger

than ’é}) which is about 0.048. On the other hand it shows that our estimate
is rather good — we loose only using (3) — but presumably not yet sharp.

To conclude the introduction we note that Solovej announced recently
that the ground state energy of molecules having a certain reflection sym-
metry, e.g., molecules consisting of two equal atoms, is equal to the sum of
ground state energies of the corresponding atoms up to order o(Z%/%). Given
this fact our proof immediately generalizes to such molecules.

VI-2



2 Outline of the Proof

The starting point of our proof is the inequality

Z [ py()
< —
p1l’(0) = 4r Jre lt|2 dr

(3)

of Hoffmann-Ostenhof et al. [1]. The evaluation of the right hand side will be
done by controlling the ground state energy up to second order in Z which in
turn requires control of the ground states on distances Z~* and Z~!/3 from
the origin. To do so we pursue a strategy similar to [6].

For the sake of notational simplicity we formulate our theorem and this
outline of the proof for the most canonical case only, namely neutral atoms

ie, N=127.
FlI‘St we define for € € [0, %)

N e
HIEV,Z = HN,Z - Z —2.
v=1 ItVI
With this notation we may write for positive €

po(t) oo _ 1
R |t)? €
L

c [ETF(N, Z) + %Z2 _ infU(va,z) + constZ47/24] (4)

(&, Hy,z9) — (3, Hiy 7)]
<

where we use [5], Theorem 1. (We denote by Erp(N, Z) the infimum of the
Thomas-Fermi functional

£rr(p) = [, Sn(9%° = Zp(o)de + Do)

on I = {p e L'(R}NL¥3R3)|p >0, fp< N} where v = (672/¢)* and

7P =75 /R3 /]123 Itt)—pssl)d ds

is the usual Coulomb scalar product.)
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To proceed we need to estimate the infimum inf o(Hf; ;) of the spectrum
of Hy ; from below. To this end we use Lieb’s inequality on correlation (Lieb
[2]) and the Lieb-Thirring inequality to obtain

infU(va’Z)
> info(XV,1®...91 ®h5\'g; ®1®...Q1) — D(prF, prr) — const Z3/{5)
v—1 factors N-v factors
where
¢ Z 1
h]\'z,TzF=—A‘ﬁ—ﬂ+PTF*-'—l- (6)

The first term on the right hand side can be estimated by the sum of all
negative eigenvalues of (6) which are in turn given by

& l(l+1)—€e¢ Z o  og(r')
R, o= —— = _ 7
tpna(r) < dr? + r? r +/0 max{r,r'}

= ff,z‘Pn,l(r)

dr') Pna(r)

(I = 0,1,2,...) using separation of variables. Here o(r) = 4nr?prp(t) for
r = |t|. (Note that prp is spherically symmetric.)
We treat small [, i.e., | < L = [Z%/?"], and large [, i.e., [ > L, differently:
Small I: we estimate hj from below by

& l(+1)—€ Z

dr? r? r
The eigenvalues of this operator are |

Z2
4\ + n)?

where n = 1,2, ... and A is the positive root of A(A+1) = [({+1) — ¢; more
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explicitly A = /(I + 3)? — e — 3. Thus

0o 2

L-1 L-1
— 204+ 1) tr hS > — 21 1
gq( + 1) trhf > gaq( + n=1“16+n)

72 L-1 0 1 ¢
= g2 2041 7 T °
T )E((Hn) (V+172 -1 +n) Ju+1)

e3((+3) -9+ (l+%)2—§—%+n)

+_
B e e RO N (R ANk

for some ¢ with 0 < ¢ < e. We obtain a lower bound by replacing ¢ by any
number bigger or equal to € and smaller than 1/4.

Note that the sum over n is convergent for each term separately. More-
over, for the last two terms the summation over [ when extended to infinity
is convergent, too. The term of interest is the one that is homogeneous of
degree one in €:

Z2L—loo Z2oo o) €
—q— 32 —q—
2 gnz—_:l l+" 2 1-_-0nZ=:1(l+n)3
Z2oo 71'2
= ¢S L =T gz 7
5 szuz 5977 (7)

Large I: we follow the treatment in [6] which yields
Y g2+ 1) trh§ = 3" q(20+ 1) tr A + O(Z%%/77) (8)
I=L I=L

uniformly in e.
Summation over [ analogously to [6] yields

2

1
info(Hy, z) 2 Err(N, Z) + (g - 71r—2> qZ% — const <Z262 + Z53/27) 9)

Picking now € = Z~ 3 and putting together (3), (4), and (9) yields the desired
result.

VI- 5



3 Some Remarks on the “Strong Scott Con-
jecture” in a Weak Sense

Our main tool was the estimate of the ground state energy of the modified
Hamiltonian Hf, ; where added a Z2ﬁ—term to the original Schrédinger
operator. Instead of this term we may add a function Z2U(Zr) where U is,
e.g., any C§°(R4). The estimates for large [ go through unchanged and the
explicit calculation for small [ may be substituted by first order perturbation
theory. In this way one can show that the scaled ground state density does
indeed converge to hydrogenic density weakly. This is part of an ongoing
investigation with A. Iantchenko and E.H. Lieb.

Acknowledgement
It is a pleasure to thank Thomas Hoffmann-Ostenhof for the invitation to the Schro-
dinger Institute in Vienna where the present work was done and for telling me about his
lower and upper bound in the bosonic case which actually generated my interest in the

subject.

References

[1] Maria Hoffmann-Ostenhof, Thomas Hoffmann-Ostenhof, and Walter
Thirring. Simple bounds to the atomic one-electron density at the nu-
cleus and to expectation values of one-electron operators. J. Phys. B,

11(19):L571-L575, 1978.

[2] Elliott H. Lieb. A lower bound for Coulomb energies. Phys. Lett.,
7T0A:444-446, 1979.

[3] Elliott H. Lieb. Thomas-Fermi and related theories of atoms and
molecules. Rev. Mod. Phys., 53:603-641, 1981.

[4] Heide Narnhofer. Towards control over electron density in heavy atoms.

Preprint, UWThPh-1993-15, June 1993.

[5] Heinz Siedentop and Rudi Weikard. On the leading energy correction
for the statistical model of the atom: Interacting case. Commun. Math.
Phys., 112:471-490, 1987.

VIi-6



[6] Heinz Siedentop and Rudi Weikard. A new phase space localiza-
tion technique with application to the sum of negative eigenvalues
of Schrodinger operators. Annales Scientifiques de I’Ecole Normale
Supérieure, 24(2):215-225, 1991.

VIi- 7



