GREGORY ESKIN

JAMES RALSTON
Inverse scattering problems in several dimensions

Journées Equations aux dérivées partielles (1993), p. 1-11

<http://www.numdam.org/item?id=JEDP_1993 A17 0>

© Journées Equations aux dérivées partielles, 1993, tous droits réservés.

L’accés aux archives de la revue « Journées Equations aux dérivées partielles » (http:/www.
math.sciences.univ-nantes.fr/edpa/) implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/legal.php). Toute utilisation commerciale ou impression sys-
tématique est constitutive d’une infraction pénale. Toute copie ou impression de ce fi-
chier doit contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=JEDP_1993____A17_0
http://www.math.sciences.univ-nantes.fr/edpa/
http://www.math.sciences.univ-nantes.fr/edpa/
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/

INVERSE SCATTERING PROBLEMS IN SEVERAL DIMENSIONS
G. ESKIN AND J. RALSTON

Department of Mathematics, UCLA

§1. Refined inverse scattering problem for a real-valued potential
Consider the Schrédinger equation in R™:
(1) (~A+g(z) -k )u=0,
where ¢(z) is a real-valued potential,
u(z) = e** + v(z,w, k)

is the sum of the incident plane wave e’***, k > 0, |w| = 1, and the reflected wave

v(z,w, k). We assume that v(z,w, k) has the following asymptotics:

eik]z

= (oenro(g)),

where 6 = ]—;-[ and || = oo. Function a(f,w, k) is called the scattering amplitude. It is

(2) v(z,w, k) =

convenient as in [ER1] to consider an integral equation

g(§ —n)h ’ ak ~
3) B Gk + oy [ i = —ite - 0),

where §(£) = [gn 9(z)e™**¢dz is the Fourier transform of ¢(z). Then

% . n-3
(4) a(0,w,k)=£;((%) e-':)_ h(k, kw, k).
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Since a (8,w,k), 8 € S*™, w € S"~}, k € Ry, is a function of 2n — 1 variables while
g(z) depends on n variables the inverse scattering problem of determining ¢(z) from the
scattering amplitude a(6,w, k) is clearly an overdetermined problem (see [F], [N], [NK],
[Me] where this problem was studied).

One can try to determine g(z) using only a part of the scattering amplitude. The
backscattering amplitude a(#, —6, k) is a natural candidate since it depends on n variables
(6 € S*~1,k € Ry) as the potential g(z). It was shown in [ER1] that the inverse backscat-
tering is a well-posed problem when we don’t require that ¢(z) is a real-valued potential

i.e. we allow complex-valued potentials.

However when ¢(z) is real-valued the inverse backscattering problem is still overdeter-
mined. Note that §(¢) = g(—¢§) if ¢(z) is real-valued but the backscattering amplitude
b(€) = a( ]'§'| , 1—?% ,|€]), obtained from a real-valued potential ¢(z) does not satisfy the rela-

tion b(€) = b(—€) i.e. b(€) is not a Fourier transofrm of a real-valued function.

In order to find a natural inverse problem in the case of real-valued potentials consider
the one-dimensional case. In this case b(£) is a complex-valued function on the real line

satisfying the following relations:

uE)=r(€), €>0,
6 =r"(§), £<0,

(%)

where r+(£) and r~(£) are the right and the left reflection coefficients. Note that

r¥(¢) =r¥(=€), €€eR'.

It is known (see [Ma]) that in the absence of bound states one can recover real-valued

potential on the line from one reflection coeffient (either left or right). It will follow from
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our results that bound states play no role in the inverse scattering problems for n > 2.
Hence in several dimensions the analog of a reflection coefficient would be b(§) restricted
to a half-space and the inverse problem will be the following: Choose arbitrarily a unit
vector v € R™. Denote by R? the closed half-space {¢ : £ - v > 0}. The inverse problem
will consist of the recovering of a real-valued potential g(z) from the restriction of the
backscattering amplitude to R,

As we shall show even this inverse problem is still slightly overdetermined.

If ¢(z) is real-valued function then its Fourier transform é(£) is not an arbitrary function
on R7 since it must satisfied the relation &(¢) = &—¢) for £ € R” such that £ -v = 0.

Let x(t) € C$°(R*) be a cutoff function such that x(t) =1 for [t| < 1, x(t) = 0 for [t| >

and x(t) = x(—t). For each £ € R™ we have the following decomposition
(6) E=-vv+§,

where £, - v = 0. Denote by P, the following operator acting on functions defined on RZ:

(Po)E) = F(6) = x(6 - f() + x(g - vy LELHIEE)

Q = 7€)+ 3 X(€ WFE) - £(6)).
Note that

(8) (P f)&) = P8
and

©) (Po1)E) = £(6)
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if f(€§) = f(—€) i.e. f(€) is a Fourier transform of a real-valued function.
As in [ER1] denote by Ho n the closure of C§°(R™) in the norm

(10) Ifllan = sup (1+ €DV (" €+ h) O, nf(e)l)
¢, hER™ ||

and denote by H y the subspace of Hq, N consisting of functions satisfying f(§) = f(—¢).

Let P, be the extension of P, f to R" by defining

(11) (B f)(€) = (P f)(=€) when ¢¢RT.

Then P, is a linear bounded operator from H, n onto H, o N

Consider the case n > 3 dimensions. (The case n = 2 need a special consideration.)
It was proven in [ER1] that there is an open dense set O C Hq,n such that O, = ONH] v

is also an open dense set in H; y and such that

(12) ¢) = 5(9)

is analytic niap of O into Hy n. Therefore

(13) 5§ = P.S(9)

is a real-analytic map of O, to H .

Moreover the following result holds:
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THEOREM 1. There is an open dense set O, C O, in H]  such that the map B,5(9)

13 a local homeomorphism in H a,N in a neighborhood of any G € o..

Note the result above shows that the data b(¢) on RT are still overdetermined since on
the plane ¢ - v = 0 one only uses the combination b(¢, ) + &(=¢,).
The proof of Theorem 1 follows the same steps as the proof of Theorem B in [ER1]. First
we show that the Frechet derivative of d(P,5(§)) is a Fredholm operator of index zero for
any § € O, and it is invertible when ||§]|o,~ is small. Since P, S(§) is a real analytic map
we get that B,S (¢) is a local homeomorphism for any § belonging to an open dense set of
the connected component of O, containing zero potential. It was shown in [ER1] that O is
a connected set in Hy N but O, is not a connected set in H a N To prove that B,S (9) is
a local homeomorphism for any § belonging to an open dense set O!. C O, we shall follow

an approach similar to [ER3]:

Consider equation (3) for z = k +i7, k € R!, 7 € RL:

(14) h(§, ¢,k +ir) +

/ q(f — 'I)h(ﬂ, (7 k + ".)

(2m)»

It follows from [ER1] that solution h({,(, k) exists for any real k assuming that § € O.
Therefore the scattering amplitude is defined for all § € S*~!, w € S™~1, k € R:

(15) a(0,w,k) = Cp xh(k6, kw, k)
where § € O and
n-3
1 k % =ix
=— (=) 7 )
(16) Cni i ((27!‘) e )
In particular the backscattering amplitude

17) 8, k) = a(8, -8, k) = Cn xh(k6, k6, k)
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is a function on S"~! x R!. Note that 5(,0) = C, «k(0,0,0) is independent of 6.

Denote by S2=T the closed half-sphere w - v > 0. In the case of complex-valued potentials
g(x) we shall consider the inverse problem of recovering §(¢) from the restriction of (6, k)
to g'_y"_:f x R!. More precisely, denote by P,Sl) the following operator acting on functions

"¢(6,k), 8 € S271, k € R, such that ¢(6,0) is independent of 6:

18)  (PMe)(6, k) = o6, k) + %x(kﬂ-u) (c (—I%,—ka,) —c (%,ko,)) ,

where

6=(0-v)v+89,.

For any §(£) € O C Hq,n define the following map:

N e on—1 1
(19) §(6) = P(b(6,k), €SI, keR,
where b(6, k) is the backscattering amplitude.

THEOREM 2. Denote b(€) = (PVb)(8,k) where ¢ = k6. If §(£) € O C Hon then
bi1(€) € Hq,N. Moreover S is an analytic map from O to Hy N and the Frechet derivative

dS.(,l) 18 a Fredholm operator of indez zero for any ¢ € O.

Since dSS" is invertible for small llglla,n and O is connected we obtain the following

theorem:
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THEOREM 3. There is an open dense set O; C O such that 59)((1') 18 a local homeomor-

phism in a neighborhood of any ¢ € 0,.

Consider now the case of real-valued potentials. If §(¢) € O, = O N H \ than taking

the complex conjugate of (14) we get

(20) B(E, G, k) = h(—€,—C, k).

Therefore if § € O, we have

(21) 50, k) = Cpx h(kB,—kB, k) = Cn _ih(—k6, k8, —k) = b, k).

Hence

bl(£)=b(9’k)+%"(k0'")(b( |g| —k|8, I) (|g| K6, I))
@) =00+ a0 (o (i) = (-1 )) = -

Therefore b,(§) € H],  and Theorem 3 implies the following result:

THEOREM 4. The restriction of the map sV o, =0n H{ y is a local real analytic

homeomorphism in Hy y in a neighborhood of any g € O.NH; N

Note that O; N H}, y is open and dense in H; y. Now we shall show that for § € Or
the restriction of the map 4,(§) = Mg (§) to R? coincide with the map P, S(§) (see (7))
Since b(6, k) = b(8, —k) when §(£) € O, we obtain from (18)

(23)  (PMb)(6,k) = b(6, k)+ x(k6 - u)( ( % kv,)-b(%,w,)).
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Denote £ = k6. Then £, = k6, and £ € R? when k >0, § € S;'~. Comparing (23) and
(7) we obtain

(24) (P)(€) = (PMb)(6,k) for £=k8,k>0,0€ S0
Therefore
(25) P,b(¢) = P{Vu6,k), E=k6

for any ¢ € O, and Theorem 1 follows from Theorem 4 with O, = 0, N H y.

§2 A new well-posed inverse scattering problem in two dimensions

The singularity of the backscattering amplitude at k = 0 makes the inverse backscatter-
ing problem in two dimensions more difficult than in n > 3 dimensions.
One way to overcome this difficulty was proposed in [ER2]. It was shown there that for a

dense open set of §(§) € H,, N we have

(26) HE) = g (615 + b,

where x(t) is the same cutoff function as in (7), 6o > 0 is small, 8 # 0 is a constant, by(§) €
H, n and bo(0) = 0. It was proposed in [ER2] to consider B and by(§) as “coordinates” of
the backscattering amplitude ¥£) and it was proven that the map §(¢§) — %x(lf 165 1) +bo(€)
is a local homeomorphism in Hy n in a neighborhood of any § € O; where 0, is an open

dense set in H, n. In this section we consider another inverse scattering problem in two

dimensions.

Fix ko > 0 and denote

(27) € = 3 (kot ko),
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where 6 and w are unit vectors in R?. Denote by £+ the rotation of { by the angle J

clockwise.
For any € # 0, |£| < k we define

(28) koby =€+ /K2 - |§|2 ykowy = —€ + /K3 — |E|2

Ifl IEI

(28') kow— = — - €I kow- = —§ — IEP

IEI l£| '

Then |0+| = 1, |ws| = 1. Vice versa any two vectors kof, kow where |8] = |w| =1, 8 # w,
can be represented either in the form (28) or in the form (28') where £ = 1 (ko8 — kow).
Let h(£,(, k) be the solution of equation (3) for k¥ > 0. It was proven in [ER1] that

(29) h(f,(, k) = h(—Ca—gak)aV(Evca k)

It follows from (29) that

h(ko8, kow, ko) = h(€ + [k} — |512 —€+ k5 - |E|2 ko)

m IEI
¢ )

- _ 2 _ 2 >

h(e k- IR S~ — Rl m

where 8 # w, £ = 1(ko8 — kow) and either (28) on (28') holds. Note that h(ko8, kow, ko) is
a single-valued function of ¢ = (ko8 — kow) for 0 < || < ko. Let x(t) be the same cutoff
function as in (7) and 6, be a fixed unit vector, |§o| = 1. Denote by b(£) the following
function:

(31) 52(€) = Ca o h(€, =€, [€]) for [€] 2 ko,
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1
b2(€) = C2,k,(h(kob, kow, ko) — x (§|0 - wl) h(ko6, ko8, ko)
1
+ X (5 6 — w|) h(kobo,kobo,ko) for |[€| < ko where

(31") £=%(k00—kow) for w#6 and £=0,%=0 for w=4.

Here Cy 4, = &= (i—:)% e'% is the same as in (16), n = 2. Note that 5;(¢) is equal to
the backscattering amplitude for k¥ > ko and it contains less information than the full
scattering amplitude for k = ko: we have subtracted the forward scattering amplitude
C2,kh(kob, ko8, ko) in the neighborhood |w — 6] < 1. Although h(ke6, kow, ko) is a discon-
tinuous function of £ at £ = 0, b2(£) is continuous with respect to £ at £ = 0. Moreover

b2(§) € He N assuming that §(£) € Hon,0<a <1, N >0.

THEOREM 5. There is an open dense set U in H, n(R?) x Ho n(R?) such that for any
pair (§,§') € U, ba(€) = by(€) implies § = G'. Moreover, for (§,§') € U and § — §' small
in Ho N(R?) we have

g —d'llg.n < Cllbz - B2llg,n

i.e. the map G — by(€) s well-posed.

Note that one can modify b(¢) by taking x(316 —w|) [ g, h(ko8, ko8, ko)p(6)df instead
of x(316 — w|)h(kobo, kobo, ko). Here p(f) is arbitrary such that fI9I=l p(6)d6 = 1.

Another inverse scattering problem for potential without compact support in two di-
mensions was studied in [No).
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