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REGULARIZING ESTIMATES FOR SCHRODINGER
AND WAVE EQUATIONS

By Alberto Ruiz

§1. INTRODUCTION. Let us consider the initial value problems

(1_1) { L1U1($,t) = F(.’t,t), (IIZ,t) c R™ x R,

u(z,0) = 0.

where L; denotes the time dependent Schrodinger operator i0; + A,,
and

Lyua(z,t) = F(z,t), (z,t) € R" xR,
(1-2) uz(z,0) =0
3¢u2(:1:,0) = 0,

for L, the Wave operator Oy + A;.
We define the Morrey-Campanato class L*? p < n/a,a >0 as

(1-3) L*? ={V € IZ,

loc?

such that ||V, = sup(r“(r_"/ |V (z)[Pdz)*/?) < oo}.
Zo,T,

r,Zo

We prove weighted estimates for solutions of the problem (1-1), more precisely:

THEOREM 1

Let u; be a solution of (1—1),i =1,2 and V a non negative function such that sup, V
is in the class L2P with p > (n—1)/2, n > 3,then there ezists a constant C only depending
on n such that the following a prior: estimate holds

(1-4) sup R~ / / | DL/ 2y, dtde < C|l sup V”2,p”F”L2(V—1dzdt)
B(IQ,R)

zo,

The last inequality can be understood as a smoothing effect for the non homogeneous
equation, with a gain of one half derivative and a gain of one half derivative in the L?
spaces gap. This can be easily seen in the weaker case p = n/2 which corresponds with V' €

ud 2(L°°) by duality we can prove the following estimate (in the case of the Schrédinger
operator see [RV2])

(1-5) IIDL/ 2|2, = ::Jp}—z/Bzo R)/ |DYu;|*dtdz < C||F|%, (L2(R))’
Withl—l=l and n > 3.
2 n

Similar estimates have been obtained in [KPV] for the wave equation, with gain of
one derivative and with non homogeneous term F in L?(|z|dz). Also other kind of mixed
norm inequalities has been obtained by [H].
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As in [RV2], these inequalities are consequence of a similar one for Helmholtz equa-
tion:
THEOREM 2 Let u be a solution of

Au+(t+ielu=f =z €R",

where € > 0, and let V(z) € L2 withp > (n—1)/2,n > 3.
Then there ezists a constant C > 0, independent of 7 and € such that

1
(1-5) sup (= / IDY2u2)/2 < CIV [l p I By -rasy.
R JB(z0,R)

IQ,R

Meanwhile the L? estimates are consequence of traze type lemmas (see [AH]), the
present ones involve curvature of the zero set of the symbols and can be seen as consequence
of some type of restriction theorems for the Fourier transform.

In the case of the Schrodinger equation, (1-2) can be used in a perturbation argument,
obtaining the following theorem wich is an improvement of theorem 1.1 in [RV2]:

THEOREM 3 Let V be a potential in R™ x R,n > 2, which can be written as
V(z,t) = Vi(z,t) + Va(z,t) with sup,e(_1,71 [V1] € L?? p > (n-1)/2, V2 € L"([-T,T] :
LY), r>1

and || supsei—1.17 [Villl2,p Small enough.

Then there ezists a unique solution u(z,t) of

16 0w+ Azu+V(z,t)u=0 (z,t)e R* xR
(1-6) { u(z,0) = uo(x).

such that
(1-7)  lullz2 e x[-7,11,1Va (2,0)|dzde) T Sup. lu(-,t)ll2@n) < C(T)|luollL2(mn)-
Moreover,
1/2, 1112 1 T 1/2,.12 2
9 WDMulb=sey [ [ 1DYPdide < O@Dlualsqany
zo,R B(zo,R) /-T

If Vo =0, T can be taken to be oo and C(T') independent of T.

Let us remark that this class of time independent potential contains the functions
in the Lorentz spaces L"/?* with small norm. Also some functions like (1/|z|?)f(z/|z|)
for f € LP(S™!) with p > (n — 1)/2 and small norm and V € L:/Z(Li”), without any
restriccion on the size of its norm, are included in the statement of the theorem.

Theorem 3 (smoothing effect for the initial value problem) has been obtained in the
free case V = 0 by [S], [V], [CS1] and for potential with more restrictive conditions that
in our statement by [SSj], [CS2], and [RV2].
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This kind of smoothing effect was firstly observed by [K] in the case of the non linear
KDV equation, and plays an important role in the proof of well posedness of some linear
and non linear equations (see [S], [KPV]). For similar identities see [LP].

In section 2 we prove Theorem 1, as consequence of theorem 2 and some estimates for
solutions of the the initial value problem for the homogeneous equation. In section 3 we
outline the proof of theorem 2. In section 4 we prove theorem 3 .

These results are a summary of joint work with Luis Vega. An expanded version will
appear elsewhere. Notation

(F(z,.))(r) = ff:o e T F(z,t)dt,

(f'(.,t))‘(f) = [pn € F(z,t)dz.

F(¢,7) will be the whole Fourier transform.

S*=1 and do, the euclidean sphere of radius r and its measure.

I f will be the fractional integration defined by (I°f)"(€) = |¢|~*f(¢),0 < a < n.
D;f will be the fractional derivative, (Df)"(§) = |€|°f(£).. Sometimes we write
I*=D;*~ '
J* f will be the Bessel potential, (J*£)"(¢) = (1 + [¢]2)~*/2(£),0 < s < n.
T . :
IIFNIF = supzy,r % So(zo,r) -1 |FI*dtd.
NFNIZ = SUDgz,R 71:7 fB(zo,R) S |F[*dtdz.

ANI® = 59P20,% % Jo(z0,R) [fI*d2-

§2. PROOF OF THEOREM 1

The proof is based upon representation formulas for solutions of problems (1-i) and
some, more or less known, a priory estimates for solution of the initial value problems:

Liuy(z,t)=0 z€ R",t>0,
(2-1) { 1u1(z, )

Uy (3:’ 0) = fla
and

Lauy(z,t) =0 z€R",t>0,
(2-2) UQ(.’E, 0) = fl,

8tu2(:z:, 0) = f2.
Let us denote

Sfi(z,t) = e'*® f1, the solution of (2,1);

(2-3) W1 fi(z,t) = Re'V=2 f; the solution of (2-2) for f, =0,
W2 fa(z,t) = Se™V=A D1 f; the solution of (2-2) for f; =0

Proposition 2.1: Let do be the uniform measure on the unit sphere S~ and do its
Fourier transform, let V € L2? with p > (n —1)/2, n > 3, and consider the operator

Tf(z) = do * f(z).
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Then there ezists a constant C such that

ITfllzz(vy < ClIVllzpll fllz2v-1)
for any f in Cg°.
Proof : See [RV1].

Proposition 2.2: Let u be an L? density on S™™1, consider the extension operator

Eu(z) = (udo) (z)

and V as in Proposition 2.1 then there exists a constant C, independent of u such that

IBullz2qvy < C(IVII2,p) Nl 2 (sm-1)

Proof: By duality it reduces to
[ B stao= [ \firde = [ 5+ doy)
Sn-1 Sn-1

S ClV 2l fliz2qvia-o)

where we have used Holder inequality and Proposition 2.1.
Proposition 2.3: Let V(z,t) as in theorem 1, and v > —1/2, then the following a
priori estimates hold:

(24) 1 fillzxvasan < Cllsup VIl fillzs,
(2-5) |DIW1 f1llL2(vdzary < C|| sup VlI%,’,l"IID;’+""’f1IIL2,
(2:6) IDIWa flluvazay < Cllsup VIEZIDI 2 fo|2,

Proof: Let us consider first estimate (2-4). Using polar coordinates and a simple
change of variable we can write,

(2-7) etBygy = '/o‘oo eitr’ ‘/:gn_l ' iig(€)do,(€)dr

= 1/2/{; e'ts /S";‘:‘ eizfﬁo(f)da\/;(f)s_lﬂds
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Taking supremun in t and using Plancherel, we have
1SFillz2(vazay < € /R At / | [S o € FO)do (O™ ds) sup V (2, t)de
0 e
< C( / / | / &' f1(€)dor(€)|? sup V(z, t)der ~1dr)
4 0 R» Jsr-! t

<CllswpVilay([ [ (@) Pdor(e)dr)
0 -t

= Cllsup Vlizg | fillscany

The last inequality follows from Proposition (2.2). Let us go to (2.5) and (2.6). From
(2-3), since all the operators in the statement commute, we may reduce to prove

(2-8.) ID2e™Y 2 fllavazan < Cllsup Vg DT fll s,

As in the above case we may write

Dgeit\/zf = /;oo et /s"“ e’ f(€)do(€)dr,

r

Then the proof follows as in the Schrédinger case.
Proposition 2.4: The following inequalities hold

(2-9) I1D22S fillloo < Cllfllz2,
(2-10) I1DzW1 fillleo < C||DF ful 22,
(2-11) I1DIW2f2lllee < CIDY™" fallz2,

Proof: It is similar to the proof of Proposition 2.3 , just use theorem 2.1 in [AH]
instead of Proposition 2.2.

Remark on dual operators.

We can obtain easily the following formal expresions for the dual of the above opera-
tors:

S*F(z) =/ S’(F(.,t))(s,:c)la___tdt
W!F(z) = / W,-(F(.,t))(s,a:)|a=tdt,i =1,2.
By duality we can prove the following estimates, with C independent of T
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T
e | [ SFCs 0062t 2y < Ol 308 VIGENF s tov-rasi

(2-5%)
-1/2 T 1/2
”Dz /o WI(F(-,t))(saz)',.—_tdt”m(nn) < tes[%%‘] V”z,p ||F“L2(R»x[o,n,v—ldzdt),

(2-6%)
T 1/2
| D2 / Wa(F( ), omitl 2oy < Ol 350 VIET NPl wto1,v-ind0,

Next lemma gives a representation of the solutions of problems (1.1) and (1.2), in
order to discribe it, let us take the solution to the corresponding equations obtained by
taking whole Fourier transform :

F
vi(2,t) = lim / / izgitr 7 Eé’:i, dedr,

vo(z,t) = lim // gizétitr e F(f,'r). dédr.

e—0+ — (7 + i€)?

Lemma 2.5: The solutions of problems (1.1) and (1.2) can be written as:
ui(2,1) = vi(3,1) + Ri(z, )

where
= S(S*(@)) and R, = (W, Wy + WiW5)(G),

for G(z,t) = sigtF(z, t)
Proof: The case of Schrodmger equation can by seen in [RV2].
For the wave equation , since vs is a solution of the equation, the remainder term is

given by
Ry(z,t) = Wi(va(.,0))(z,t) + Wy (0va(.,0))

But
iz F(£1T)
ve(z,0) = el—l»l(I)l.*- //e flflz — (7' +ze)2 dédr
= lim / / ) / T AL
= 1/2 hm / 'sz(f,t)lﬁl_l /l—ﬁ—l—'(:::_——)'detdﬁ-i- -Ia—;%r———dedtdf)dtdf
= / ¢ |¢| 1S sigt (€, £)dE dt.




Similar calculations for 0;v(z,0) give the result.
End of proof of theorem 1:
The bound for R; is a consequence of lemma 2.5 , (2.4*) and (2.9).
For R, use the lemma, (2.5*%) and (2.11), (2.6%) and (2.10).

Let us proceed to bound v;. Recall

2B, T)
D1/2 - Y tzé+titr Iﬂ ’
) GI_LI&/ |€|> — 7 + ie dedr,

then, by Minkowsky integral inequality, Plancherel identity in ¢, we have

1/2

too . 1/2
= C[oo IH/ewel—fﬁl—ﬁ—l—l_-_l-_ie-(F("T))A(ﬁ)dﬂ”zd‘r)l/z-

Theorem 2 and Plancherel give

(/°° I Sltlp Vl2, /Rn |(F(x,,))~(,.)|2(8l:p V(a:,t))-ldsz)llz

—00

(212)) i o
= ([ 150 Vlay [ 1P 0P a0V (a,8) e

—0o0
o 1/2
< ([ 1swwViey [~ 1P 0PV, 0 aras)
Rr ¢ oo

For v, similar argument work.

§3.

We are going to outline the proof of theorem 2. For the complete proof see [RV3].
By homogeneity of the inequality we may reduce to the case 7 = 1.

Also, by dilation invariance we assume zo = 0.

Take
KPS 0050 + el
|6|2—1+i€~j=0 J J oo\§S )y

where the functions 9,7 = 1,... are given by ¥;(£) = %(2’[¢]), for a cutoff function ¢
supported on {t € R:1/2 < t < 2} and q, is a symbol of zero order bounded by C2.
The terms j = 0 and j = oo can be bounded by using the results on fractional integrals
and Holder inequality (see [FP],[ChF]).
A partition of unity in the Fourier transform side, together with the invariance by
rotations, allow us to assume that

m(§) =

(3.1) suppf C {(&1,¢') € R x R™1:|¢'| < 1/46,}.

V-7



By taking é = 27 everything is reduced to the following

Lemma 3.1 For § a possitive number , m(§) a C§° function supported on {£:1—6 <
|€| < 1+ 6} and V € L?P then there ezists a possitive n and a constant C, such that the
following inequalities hold for any function satisfying (3.1):

(3.2) forp=(n-1)/2]|| /R" e m(€) f(€)de|l| < Collog|(IV ll2,p)"* N1 fll2(v-1d2)-

(33)  forp> =D/ [ = m@FOE < CEMVlap) 2 iacv-ran

Proof: Let us denote z = (z1,2') € R*,z' € R*™L.
By using Plancherel in z’ we have

/OR /Rn_l I/" e;z’.£'+iz1£1m(ﬁ)f(g)dglzdxldx,

- /oR /R | /Reiz‘e‘m(ﬁ)f(é)d£1Izdggdxl.

(Ter F)(E) = /R 16 m(€)F(€)dEy.

We prove that Ty, : L*(V~'dz) — L*(d¢'), and

Define

(3.4) ITeullz2(v-ran)—12(ag) < CETF Vg, i p > (n—1)/2,
(3.5) 1 Teull22(v-2a)—12aey < CBlI0g8IIV lep, i p = (n — 1)/2,

with C independent of z;.

60 [Td@rd = [T @i = [ 1R,
where

Qz. f(y) = T7, [Tx, F(€))(w)
(3.7) = / eI =Im =i i (ny  €') / /R e**18m(¢) f(€)d€rdmde’.

Use Holder inequality in (3.6) and obtain

[imasera<( [ |f(y)|2v-1(y)dy)l/2( / IQz,fle(y)dy)l/z,
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hence it suffices to prove

(38) 1Qz: fllz2vigyay < ClVllzpllfllzzv-1ay)8°"F2, for p > (n —1)/2,
(39) < C”V”2yp||f||L2(V‘1dy)62|log5|’ for p= (n - 1)/2,

We may write

Q. f(¥1,9") = / P2y — y1,61,8)f (&1, e 1= € de, de'

where

P(tlaglsél) = m(Elyfl)e—itlsl /eitlnl m(nl,fl)dﬂl-

From the support propperties of m , we may write, for a function ¢ supported in [—2,2]
and identically 1 in [—1,1]

P(ey = y1,61,€") = (6, €) / BEE) I m(Cy + 4, )dG
= (61, €)(m(() + &, €)8(D) (@1~ w)
(3.10) = Om(es, €) (£ m((),€)) (1) o 56(82) ) (@1 = w0,

Now we take an appropriate decomposition of ()., , and use real interpolation in each piece
to obtain (3.9) and (3.8), in a similar way as we did in [RV].

§¢4.PROOF OF THEOREM 3

We need the following

Proposition 4.1 Let u be a solution of the Helmholtz equation

(4.1) Au+(r+ie)u=f €>0.
and V(z) non negative in the class L?P, with p > (n —1)/2. Then

”““Lz(Vdr) < CI|V”2,P”f”L2(V—1dz)

proof See [CS], [ChR].
Proposition 4.2Let u be a solution of

(4.2) { W+ Au =F

u(z,0) =0.
and V(z,t) such that sup,epo 1) V(z,t) € L*?,p > (n —1)/2 Then

(4.3) llull L2(®n x(o,7,vdzary < C| SIUPT] Vll2plIFllL2(R" x[0,1],V -1 dzat)-
telo,
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Proof:

We use the representation formula lemma 2.5. R; is bounded by (2.4) and (2.4*). The
boundedness of the main term v; follows, as in the proof of theorem 1, by proposition 4.1

End of proof of theorem 3:

We must establish the solvability of (1.6), we make use of Duhamels formula,

t
(4.4) u=e"uy+i / (DAY (., 8)u(., s))(z)ds.
0
Define the operator 7 and the space of functions X by
t .
(4.5) TF(z,t) =1 / (DAY (L 5)F(.,s))(z)ds,
0

Xr = {F : ||Fl|x; = max(||F|| (&~ x[0,7],|Vi |4zdr) If&%IIF(-,t)IIm) < oo}

In order to establish the solvability of (1.6) it will be sufficient to prove that e**“uq € Xt
provided that ug € L2(R™) and to find and inverse in X7 of (I — 7). The bound of e**4y,
is a consequence of a version for finite t-intervals of (2.4) and the fact that the || ||z is

preserved.
Now take F' € Xr. Use proposition 4.2 and 2.4 in (4.5) to obtain,

| T (F)||z2(r" x[0,1],|V4 |dzdt)
< C| sup |[VilllzpIVaF||L2(rn x[0,17, V2|~ dzdt)
t€[0,T]

T
+ sup [AIIIA2 / IVa(e, $)F(., )| gy ds
te(0,T) -T

< C| sup [Villlzpll Fll2R"x[0,71,|Vi|dzdt)
tefo,T)
2 -
+1| sup [VAllla2CT" Va1 (-1,m:250) sup IF (., 8)l|z2Rm)
te[0,T] ls|<T

(4.6) <C(l sup Valllzp + 1l sup [Villlps T IVallr (—m.1y:280)1 Fll 2
te(0,T] t€(0,7]

Now using (2.4*) and that the || ||2 of the free propagator is preserved we have

sup ||[TF(.,¢)|[L2rn)
[tI<T
T
<7 t:{‘;l?” IVl”l;,/pZ”VlF”L?(R"x[o,’I],Vi‘lda:dt) +/T“V2(-a3)F(-a3)”L2(R")ds

<C(l sup_ [Villlply + TV Vall e -m71:260))IF e -
tefo,T
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Hence choosing || sup;¢(o, 71 |V1[2,, and T' small enough we conclude that the operator
norm of 7 is less than one. Hence (I — 7T) has an inverse. Repeating this procedure we
establish the solvability of (4.4) for T arbitrarily large.

Now we are prepared to obtain the desired bound (1.8) for |||Di-/ 2u||| Using in
Duhamel’s formula (4.4), (2.9) and theorem 1, we have

1Dz ?ulllr
T

A V(s )l o)l emyds

< luollz +C1l sup AN Iatlzacu iom wr-ranao + [

< Jluollzz + €| sup VA|l3 "2 |lull L2mon x{o,7,vi jdzat)
tefo,T)

+ CTY" | Valzr q-m11:200) sup [[u(., $)lz2r)

< C(D)llullxr
< Cllo|l L2(mem)-

The proof is over.
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