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TRANSPARENT POTENTIALS AND HAMILTONIAN SYSTEMS
RG.NOVIKOV

This report is based an the joint work of J.-P.FRANCOISE and R.G.NOVIKOV

(see [11) .

Theorems 1 and 2 of this report are variations of some results from [1].
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Consider the equation

. 2
(.13y + ax + v(x,y)) Vv =0 (1)

where v(x,y) 1s smooth rapidly decreasing potential. Consider also the scatte-
ring amplitude f(k,%) , k € R , ¥ €R for this equation. The scattering ampli-

tude f(k, &) can be defined using the solutions of (1) with the asymptotic

behavior
2
) 2 XY
V(xyyk) = KXY oy € rk, E) o0,
VR a

x2+y2+°° P x/y =2
(where Q(y) is the Heaviside function).

Consider the following problem. To describe and to construct all transparent po-

tentials + (i.e. potentials with zero scattering amplitude) for eg. (1) .

In order to present some results about this problem let us introduce into

consideration the hamiltonian Calogero-Moser system = (see [2,31)

g g
X = P ’ p =-3x (2)
¥ 2 2 -2
H (x,p) = X p +g X (x -x)  ,where nm=1...0N
g n=1 n#m

For this report it is important to remind that
2
Hg(x.,P) = tr L™, (3)
where
-1

L = pn 6nm * (xn - xm)

o ig(1.- 6 ) (4)

Let X, (t)  (n =1 ... N) be a solution of the Calogero-Moser system (g. >0).
Write down its asymptotics for t = -« in the following form

xn'(t) ~ F,nt + n, for t. > = (5)

We shall consider solutions of (2) with additional symmetry

€05 = Ea4e1 ¢ Moy = Mpag (6)
where j =1 ... M , N =2M. We assume also that
En # Em if n# m (7)

we are sure that the following result is valid.
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Hypothesis 1. If Xn(t) (n.=1 ... 2M) is a solution of the Calogero-Moser sys-

tem (g? >0) with the properties (5,6,7), then
Im(xh(t)),# O for any n=1...2M and any tE€ R (8)

[This hypothesis can be also formulated in the following way. If =x(t) is a solution

of the Calogero-Moser system (g? >0) with the symmetric with respect real axis

o

Cauchy data , i.e. X2j(o) = x2j?1(o) , X?j(o) = x2j_1(0) , and xn(o) ] xm(O)

if n #m , then Im(xn(t)) #0 for anyn=1 ... 24 and any t € R] .

It is clear (for us) how to prove the hypothesis 1 if Re(&h) = Re(nn) =0
for n=1 ... 2M. It is quite possible, however, that somebody knowes how to prove

this result in the general case.

Following result gives unexpected relation between transparent potentials for

eq. (1) and the Calogero-Moser system.

Theorem 1. Let x(t) is a solution of the Calogero-Moser system (gz = 1) with the
properties (5,6,7) then
2M

v(x,y) = - X (x. - xn(y))-z , where x,y €IR (9)
n=1

is a transparent potential for eq. (1) ; this potential is real, rational, decrea-
sing at iInfinity function. Besides, if (8) is valid, then this potential is bounded
Using numbers gn and n from (5) , this potential can be written in the follo-
wing form

v(x,y) = 2ai tn det 0, (10)
enn = -x + Eny + n, s Onm =2i/ (gn - gm) for n#m.
Theorem 1 arises from the Krichever and Fokas-Ablowitz results [4,5].

Hypothesis 2. Potentials (9, 10) are dense in the space of all continuous, real,

decreasing at infinity, transparent potentials for eqg. (1) .

Consider now a problem about transparent potentials for the eguation

2

2
(=23, ~- Sy +v(x,y)) v o= v, (11)

where v(x,y) 1s smooth rapidly decreasing potential. It is convenient for us
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introduce new variables potential. It is convenient for us introduce new variables
z=x+4y , z = x - iy and rewrite eq. (11) as

(= 482 82 + v(z,z)) v =¥ .
The scattering amplitude £(A,A') , N€€ , A' € , |A| = IA']- =1 for eq. (12)

can be defined using the solutions of eg. (12) with the asymptotic behavior
ilz|

Viz]

- ' - . - 1
U(z, 2, A) = exp [S(AZ + z/0)] + £(A, T=1) + 0(—)
2 lz] \/IZ]

2] > = .

In order to give an analogy of the theorem 1 for eq. (12) , we have to intrc

duce the lower analogy of the Calogero-Moser system (see [1])

3 ) 38 N s
x= =2, p=-—2  H =t 1, (13)

where L is defined by (4) .

Let xn(t) (n.=1 ... N) be a solution of the lower Calogero-Moser system

2 , , , , ,
(g- >0) . Write down its asymptotics for ¢ > -« in the following form

X, (t) = ;I;Zt -n, for t > -, (14)

We shall consider solutions of (13) _(g?:>0) with additional symmetries
C2j = - C2j'-1 ¢ Mgy = Mpsip == zi/czj_l ; (15)
Suer = " W5z 0 Ty = m U5

- . 2 - . 2,
Ngge3 = 2154501 = Majo1 %44-1 7 Naje2 = 23545 = Mgy B4y v

where j =1 ...M , N=4M . We assume also that

S if n#m (16)

Let us reproduce one Grinevich result from [6] .
If numbers Cj ’ nj , j =1 ... 44 have the properties (15,16), then
v(z,z) = - 8 az aE %n det O, (17)
- 2 . . .
where ©O =2z - Cn z + nn , enm = 2/1(§n - Qm) for n#m , is a real, decreasing

at infinity, transparent potential eg. (12). Besides, it is stated in [6], that
this potential is bounded.
Now it is time to present analogies of the theorem 1 and the hypothesis 2 for

the case of eq. (12).
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Theorem 2. If x(t) is a solution to the hamiltonian system (13) (g = 2) with

the properties (14,15,16) then
L M (d/dz)-xn(z)-
v(z,z). = -8 L = > (18)-
n=1 (z.+ xn(z))

is a transparent potential for eqg. (12) .

Using numbers Cn and nn from (14), this potential can be written in the form

(17) .

Hypothesis 3. Potentials '(17,18) are dense in the space of all continuous, real,

decreasing at infinity, transparent potentials for eq. '(12).
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