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L. Cattabriga (**) L. Zanghirati (***)

Global analytic surjectivity of all linear constant coefficient partial differential
operators on R? has been proved by E. De Giorgi and L. Cattabriga [5], where
counterexamples for the case of operators on R3 are also indicated (see also E. De Giorgi
[4] and for other results for operators on open sets of R": T.Kawai [10] and
L.Hérmander [8] ).Global Gevrey surjectivity of all linear constant coefficient partial
differential operators on R? was subsequentely proved by L. Cattabriga [3] in the case
of Gevrey spaces with rational index (see also L. Cattabriga [2], G. Zampieri [15], R.W.
Braun-R. Meise-D. Vogt [1] for the case of operators on R").As for the case of linear
operators with variable coefficients results on global Gevrey surjectivity are given by
L.Ehrenpreis [6] and in the analytic case by T.Kawai [11].

Here we consider,as a simple example of an operator on R? with variable
coefficients,the Mizohata operator D, + ixanl ,where k is a positive integer and D;=-i9;,
j = 1,2, and prove the following
Theorem. Let € *}(R®), s 2 1, be the space of all C™ functions f on R® such that for
every compact subset K of R" there exists a constant A > 0 such that

(*) Research carried out in partial fulfilment of the project M.P.1. 40% "Problemi per equazioni a
derivate parziali lineari e non lineari” and of the C.E.E. contract n. ST2J-0096-2-1 (EDB).
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SUPyeK SUPaezs A al™ [I%f(x)] < +=.

Then foreverys=21

i) @p+inDy EUIRY=2UIRY,
i) (p+ixDy EVIRY) g 21T ®Y).

Proof. Let fe & B}(R?),s21, andlet o > max {s,1}.Since fe & {°}(R?), from a
result by H.Komatsu [12] it follows that there exists v; € & {94(R?) such that

vi(x1,0) =0
M {a}[(nz + ix%k Dy)v; - f](xl,O) =0 Vye Zi , x;€ R.

Let
@) h(xy, xp) = f(xy, Xy) - Dy + X2Dy)vy(xy, Xp)

and with the new variables in R?

Y1 =X
yy = x§k+1/(2k+l),

set

h(y;,[(2k+1)y,] VD) [(2k+1)y,] Z/k+D) for y,#0
gy, y?) =
0 for y,=0.

In view of (1), ge C= (R2).Hence,by the global C> (R2)-surjectivity of all linear
partial differential operators with constant coefficients,there exists we C* (R2) such that

(D2 +iDPw(yy. ¥ = g0ny)  on R%
Letting '
2k+1 2
va(Xg, Xp) = w(xy, %y /(2k+1)) ,  (x3,x9) € R%,
it follows that

Vp € C= (Rz)
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and
3) D, + X3 Dy)Va(xpxg) = Xg(xy, BXU(2k+1)) = h(x;xy) . (x1,%y) € R2.

Thus from (2) and (3)

D, + ix%le)(vlwz) =f on R?,

where
v =v;+v; € C= (R2).

Recalling now that the Mizohata operator (D2+ix22kD1) is (analytic and) s-Gevrey

hypoelliptic on R? for every s 2 1 (see for example S.Mizohata [13], L.Rodino [14], and
also L.Hormander [9] ), we conclude that v is in fact in the same space & {*}(R?) as fis.
This proves part i) of the theorem.

To prove part ii), let fe &} R3), s> 1, and define

g(xy,X2,x3) = f(xy, x%k”/(2k+l), X3) x22k y  (X1,X2,X3) € R3.

Since g e 1R, if (D, + ix2'D;) 2VIR3) = ELHR?), there exists

we &UR®) suchthat D+ ix%le)W(xl.xz,M) = 8(x;,X,x3) on R® .

Hence v(x,x5,x3) = w(x,,[(2k+1)x2]1’ (@k+1), x3) would be a D’'(R?) solution
of (D,+iD;)v = f. Since the operator D,+iD; is partially hypoelliptic in R? with respect
to the (x;,x,) variables, from the corollary of Theorem 4.1.2 of [7], it follows that v €

2 B}R3) .So the operator D, +iD; on R3 would be s-surjective,what is false as it has
been proven in (3] and [4].
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