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XxX-1
Estimates for a number of negative eigenvalues of the Schrédinger

operator with intensive magnetic field,
Victor Ivrii

1. In this lecture I give estimates from above and from below for
a maximal dimension N < o of & linear subspace Jf,Cl COCD(X)

on which a quadratic form

o(u) = [gjk(Dj - v, u-T0, = V)T + Viu\z]dx (1)

is negative definite; here X is a domain in I?d, d =3, gjk = gkj
jk . 1 .
ViV + V& Ly (X)) we

Vj, V are real-valued and ng, gjkvj. g
use Einstein' summation rule. Then Q is correctly defined on
COCD(X). Let us assume that

-1 -2
(Hy) ¢t :\%\ ng(x)gjékgc ¥ xg X, %e Pd\o

and there are given functions 5}, §’= §’O‘ §:1' ees oON X such

that
(Hy) a0 20, ¥z 0, |{(x) - ¥l <lx-y\

and for every point yg X' = )l_X, géj e 18 in XN By, (y))

the following conditions are fulfilled:

(Hy) ™ € (/€ nee, loye s /8,
m=0,1, «on, ¢, 2C/8, €2 €,2 1/4 .
\Dngle c -\Bl’

0Bl | < ¢ 5’12{'“3',

]DBv\g'c §>2X“B| ¥ B: Bl <K ¢,

(H,)

(Hs) X A8y, §(v) = {x = z(x)y N B(y.Y (v)) with
\DBZ\ £ c Xl-i%l ¥
where B(y,x ) 1is an open ball with a center y and a radius J) R

Fd =1 gkl

k
B: (B[ € K

xg = (x4,%) etc, k = k(y) =1, 2, 3 in (Hg), V1
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are components of the vector intensity of the magnetic field,
E,jkl is absolutely skew-symmetric pseudo-tensor with 82123
/G . g = det (gy,), (g;) = ()70 Ler F o= (g, FIFY/Z be

a scalar intensity of the magnetic field. Let us further assume that

(H) ¥y elix,e,>c¢/Xy in xNBy.{ ()
Foze™h @y,

' N . : ~ 2
(Hg)' ¥ycg ix', ¢, 2ce/ 8, ver sg€? |
B(y, §(y)) < X
with & > 0.
Moreover, let us assume that for every vy ¢ X' = { X,

-1 2 -1 2 { . \
€1>C f ;§2 <C1 f,\/'l'F S(ES} Sln B(ylkj(\/))
the following inequalities are fulfilled:

B : 2, - Bl
(H) |08V + (23+1)F) | ¢ ¢ @57 v B: \Bl <K
with j = j(y) e z*, Cy 7 8c ; then X" 1is a union of the dis-
joint domains X} .

J
Let

¥, = P2lowm | ¢, /o2«

X min \V + (2j+1)thF\
je z*

1/2/ f ( v,: h =1 here)

on X' and )/2= 8/1 §/§2 on X'"',
Finally, let us assume that

(Hg)  Q(u) 7 e~ S(\VU\Z-W\U\Z Jdx ¥ u e cyP(x)

where X" = { X, ¢ ¥ & 28, we Lioc(x), W >o0.
Our the first principal result is

Theorem 1, Let conditions (Hl)-(HB) be fulfilled. Then

N=CRy =C'Ry, < N & N+ C(Ry + Rg) + C'R,

where
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N= (12 %) /| S (v + (23+1)F) Y2 Fygdx |

5 2
z = max (tz, 0), Rl =‘Z th ’ R2 = 2 R2t ’

Ryq = S §’2(-1 dx

{x'N x5, veF < € g)z 4

Riz = S‘ §12’)1-1 dx

{X‘ \ Xl'l' V+F < E §21 Xi >/ §)"1/2+OJ(1/2+0V‘8

Ry5 = j §>1 S; 1/2+0° X-1/2+O" dx ,

{xu \ X": V+F 58532) Xl < §>-1/2+OJxl/2+ G

-~

{xi"; V+(2j+1)F g‘ggz?‘. 8/2 Zfz'i/z“” 5/1/2+ov§

j f)2 §21/2+o~' ¥-1/2+o' dx .

e

[
/]
(@]

™

(-
1]
o

L
|

§>3 fl-sy-Zs dx ,

x'.
Ryp = j §2 fz-sx-l-s dx ,

x"l
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here and in what follows §& > O, 6° >0, s are arbitrary and
C = C(c), C' = C'(c,c,, £ ,0,8), K = K(o%8) in (H,),(H,).

Remark 2, If conditions (Hl)-(HB) are fulfilled and if
N s R, + R, + R; <o then Q 1is semi-bounded from below on
L2(X) and hence it generates a self-adjoint Schrddinger operator
A = (Dj - Vj)gjk(Dk - Vk) +V on X with the Dirichlet boundary
condition; then N is a dimension of its invariant negative sub-
space.

Theorem 1 is a more refined and general version of the principal
theorems announced ini;},z;l. Moreover, under a certain condition
of a global nature concerning integral curves of the vector field

1,F2,F5) one can derive a more precise estimates. If A depends

(F
on parameters then theorem 1 implies asymptotics of N with respect
to these parameters (see e.g. [},2] Y.

2. The following assertion is the crucial step in the proof of

theorem 1:

Theorem 3. Let
_ _ jk .

A “,h = (hDj PLVj)g (hDy rLVk) + V (2)
with the Dirichlet boundary condition be a self-adjoint semi-bounded
Schrédinger operator with the discrete spectrum an with the polyno-
mial growth of the eigenvalue counting function N(A) as ) — o;
here h ¢ (0,1] , rx‘z 1; let e(x,y,ik,!¢4h) be a Schwartz kernel
of its spectral projector. Let yg X and in B(y,1)c:X conditi-
ons (Hl)'(Hs) be fulfilled with X: g3= §31 = 1; moreover, let

'\(é COK(B(y,l/Z)), o < <1, lDB«Vlé czb/'”“ ¥ B:B| < K.
Then

(i) The following estimate holds:

R - \J (e(x,x,0, pyh) - S(X-}~th)h-d) ‘t’z(x) dx \ <
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ch™3(1 + Mh §¥1_1 dx .

ls(y.1), ¥,z n'/2]

Mhl/z"’“mes Yagy,1), Y. £ h1/2‘°’}) + c'h™l

1

where

@
s ) = (172 ¢ 7 (v (2300 e LR)2 e g
30

(ii) If V + fkhF =& in X N B(y,1) (and not necessarily

B(y,1) € X here) then

e(x,x,0, pt,h) £ c'h® t‘;s ¥ xg XN B(y,1/2).

(111) If V = =(2j+1)F + %' with ¢ (h,1] and j <zt

. . P . vV _ _ I !
and if V satisfies (H4)3 with Y- §>- 1 then for “_- h

R < ch?(1 4 f Y .71 dx +

{B(y.1), ¥, 2 (v )20
(b 2)72 % nes { B(v.1), ¥, < (v QY2 Y 4 entzt

.here g 5 = E; in the definition of X;.

(iv) Moreover, if V' = & in B(y,1) then
, -1 V2 s
e(x,x,0, ju = h =,h) £ C'h "(h/ ) ¥ x  B(y,1/2).

The proof of theorem 3 is complicated and it is based on the
quasiclassical microlocal analysis of the non-stationary Schrédinger
equation with parameters r—, h. Without conditions (Hg)',(Hg) the
similar assertion holds for [¢_$ c, d 22 and it is the basis of
the proof of the principal theorems of [:3] o When all these asymp-
totics are established we generalize them first to arbitrary balls
and then coplete the proof of theorem 1 by means of an appropriate

partition of unity and Rosenblyum variational estimate for an eigen-
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value counting function for operator generated by Q in
L2(X",3dx) with an admissible weight function J. One can find

the similar procedure in E4] .

3. Let us consider now the case d = 2, Certainly, now F = F>

3 - i(D,v, - D,V,)/\{ g . This case is not completely investigated

yet., However I have proved the following

Theorem 4, Let d = 2 and all the conditions of theorem 3 be
fulfilled. Then
(i) If X1 2c¢™?  then

R <c 'H"lh"l st e
(ii) Assertion (ii) of theorem 3 holds,
(iii) If V = -(2j+1)F + 22V with Q¢ (h,1 ] and je z*
/ A -

and if V' satisfies (Hy); with § = =1 and if §,Z ¢

(here ¢ , = S in the definition of Xz) then
X <c §-2 + C'h g-l.

(iv) On the other hand, if

\V + (27+1) HhF \ > ;2; C IU“-Z

¥je zZz¥ ¥ xe B(y,1)
then

le(x,x, Ay, lah) = e(x,x, Mg, ) | € cr(h/2)®

¥ x@B(y,1/2) ¥ N, A\ e (-3%c, 2%/¢0) (3).
(v) Moreover, if

2

-

[V + (23+1) phF + WPRVE/BF | > 22 % g
¥ je Z¥ ¥ x e B(y,1)
where R is a scalar curvature associated with the metrics (gjk/F)
and if t&’l + oh & 8= 08(c,&) then inequality (3) holds,
Let us note that in the two-dimensional case the presence of the

intensive magnetic field can improve the remainder estimate; on the
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other hand, in this case the gaps in the quasiclassical limit of the
spectrum can appear, The role of Landau levels Ej =V + (Zj+1)r‘hF

is more important in the two-dimensional case than in three-dimensi-
onal one; there is a correction A Ej = &a’zR(Ej - V)2/8F to

these levels,
d

4, Finally, it is well~known that if X =R, d = 2,3, gjk, FJ are
constant and V = 0 then
e(X,x, A ,rk,h) =
@
—d=1, X~ . d-1)/2 1-d
(172 TN 27 (X - (2541) pnr) (97172t =de Vg7
j=0

in particular,

TYA) = Ty (A) = thF,co) for d= 3,
T(A) = Toeelh) = Too(A) = { (25+2)jubF, j ez*
for d = 2,
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