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ILL POSED CAUCHY PROBLEMS FOR IDEAL GAS

par V.P. MASLOV

Exposé n° XIX
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The classical Cauchy problems for linear equations of ma-
thematical physics are well posed. But for nonlinear equations
it is not always so. Aé it turns out, the Cauchy problem for
equations of ideal barotropic gas is posed improperly (I shall

call such problems incorrect). And in some sense, this problenm

is more incorrect, than the inverse problem for the heat equation.

Before we formulate the results about the system of equa-
tions of ideal barotropic gas, we recollect the main properties
of this problem. Evidently, the solution of inverse problem for
the heat equation is equivalent to the solution of the Cauchy
problem in inverse time.

We consider the following example:
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u) =¢in o = Ue(2)
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_ =0 w = Ww(x,4).
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Evidently, the solution of this problem exists.

We consider problem (1) with a perturbed initial condition:

o () = Uo(x) + = sin R = u'D ()
n ‘
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Evidently,

RO Y.
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The solution I (K, t) of problem (1), which corresponds to
(w)

the initial condition w0 e

has the form:

£ { nt
WX, ) = € Siny + ;;;i@ Sin nx

U@_%i the value L x, 1) ~U[Z +1)

Evidently, for -t - %;n,v
which is the solution perturbatioﬁ due to the perturbation of the
initial conditions, has the order ()( i) for n = o< |,
Just this property means, that the Cauchy problem for (1) is not
well-posed (incorrect). Moreover, by setting any number 8§ .
we obtain, that a perturbation of initial conditions, which is
however smooth (in the sense of the Sobolev spaces xvii scale)
and small as W —> ©< , leads to the perturbation of order "one"
of the solution of problem (1).

Thus, the operator inverse to the operator EZ({) s wWhich is
the resolving operator of problem (1), is unbounded with respect
to the scale of spaces VVS , namely, for any 53,5/

nNW?e S
the operator E'(¥> : “’L — W 2, is unbounded.
Such ill-posed (incorrect) Cauchy problem is called strong

incorrect.
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The values of time for which the small perturbations of
the solution achieve the values of order ~ O(i)are an important
characteristic of incorrectness. In our example, the definition
of a sequence .ttv ~evidently depends on the way of numbering
of the terms of the sequence, which perturbs the initial condi-
tions. If in formula for t.n, we change the numbering W, by
any other numbering (for example, N 2 [-EH, H.J where | 1
the square brackets denote the integer part of a number), we
obtain another sequence of "times of swinging" {~t-n S .
We can introduce an invariant characteristic of incorrectness
as follows.

DEFINITION. The limit:

VL — EQJTL ‘EVL +3n
v ee = b I ()l + An (00
will be called the degree of incorrectness 7.9 .
 In the example of inverse heat conduction we have 7S =% .
The property of incorrectﬁess of the Cauchy problem is
equivalent to the fact, that the solution is not continuous
with respect to some topology. In particular, if the solution
is not continuous with respect to a weak topology, we have
weak incorrectness.

For example, if for the nonlinear Cauchy problem:

%L}C(-{?uﬁ) + L (Wt ue) =8

Ulyp =

: s (w)
a weak convergence of a sequence of initial conditions u’o

to a function Vg Ufg ———3>'%§ , yields a weak convergence

of the solution: )
‘ () ‘

u’t£bmto > —> U (t, U;)

h =
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then the problem is called weakly continuous.
If the latter relation does not hold, the problem is called
weakly incorrect.

We can say, that the problems are strong incorrect, if the
solution perturbations caused by the initial conditions perturba-
tions, which are smooth enough, do not converge to zero with

respect to a strong topology.

w(t,u + 25 )~ w w0,
Te (5. h-5%0

We define the strong incorrectness for a nonlinear evolutio-

For example,

nal Cauchy problem:

‘é -

-—- ‘\"L( ) ) ?L){,;O:LLO' (2)

Let for any §, Me R a set )L of such sequences

{Ltng, M = g{ 7;7‘ exist, that

’JTL L) =€, —

3t WS

= _ 7 (W)
LL“’\-L:O - 0
= (W) =2 - d»z% e(n)
and bbo —> We . Denote M,n_ ('& )

n 2o0
DEFINITION. Problem (2) is called strong 1ncorrect, if a sequence

H;n} c R, + exists, and for any sequence {LL ’% € [n’l
6“’ F D 5 n -y oo )

2
a number %’ 7[) exist, that:

such a sequence {rér;}, and such
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7

I (40,00 6= W, (£, T 28
L (3)

.'%Am < " EA&\lzéz\
Relations (3) in the Definition mean;zthat for strong incor-
rect problems some sufficiently smooth small perturbations (8;,,“70'
in sz for W =7 ) of the initial conditions cause the pertur-
bations of order O(4> in the solution. And the solution per-

turbations achieve the values of order ~/ O(’i.) even at small
Ym
-5
W

The following theorem holds.

times:

Tt ChEL

— [ . nw —eo.

THEOREM. The system of equations of ideal barotropic gas:

i

W yow, vy + L
ot i+ PW B’, ()

’3 _ _ .
.;0% + <V, 0 =0, P=2Xp

is strong incorrect. The degree of incorrectness is equal

A

to _—  —— e
M4
An important characteristic of incorrectness of a nonlinear
problem is the sufficient completeness of a set of initial
conditions, the "perturbations" of which "swing" the solution,
and the sufficient completeness of a "set of errors", which

arise, when the solution "swings".
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For the system of equations of ideal barotropic gas the
set of initial conditions satisfies the following conditions
(here we give the propefties of initial data for the velocity
only):

= ECY
a) the set of weak limits Vo of the sequences §'1L o %
is dense in \JZ ’
b) we denote by 63 2 J = 1,243, a weak limit of the
sequence g,(iz (M)% % of the squares of the components

of the velocity vector, then the set of vectors
S

.—7

O

is dense in a strip from 141 .

_a »
We remind, that a set of vectors % W % < Lzals called
-

a strip in L‘z_ , 1f such vectors A, B % G exist,
that for the components of these vectors the following inequa-

lities hold almost everywhere:
- — >
. < W, <B
J J J -
- =

c). We denote by %( 7()?} the set of weak limits:

_ = () LP-l - Qe _—
W_\«e;wtc( . > S %<7('>\>.% , P
Then for any 7 the set of vectors

111

is dense in a strip from l‘Z .
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Property a) is the property of completeness of weak limits
of sequences ﬂ W, % « It does not inform about the "oscilla-
ting" parts of initial data, which tend to zero as we pass to
a weak limit.,

Generally speaking, the even powers of these oscillations
do not vanish as we pass to a weak limit, and they contribute
to the components of the vectors 2% and m%/ « Thus, the
conditions b) and ¢) are the conditions of sufficient complete-
ness of the set of oscillations in the initial conditions,
as well they show, that
these oscillations do not depend in a way on the non-oscillating
part of initial data.

The condition of sufficient completeness of the set of

errors has the form:

the set of weak limits of the scalar products:

= ()

b= A (R (b, W'Y e -1,

n— o
T 2 v W, (b WY = 1

is dense in Lsz .
The weak limits Y are analogues of correlations of the
. -/
solutions errors caused by the perturbations ¢, and &, of

the initial conditionse.
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The initial conditions, which generate the set 077, for

the system of equations of ideal barotropic gas, can be written

explicitly:
1
- = - gt by
L-L”)V = Us) + a(a, ngc(u))~+ h Mk@ (2)
=0 L -:(_ V?/ﬂ
wi™ -
Prlyg = P70,
and 2%

= e d — N 'X_ ‘ -
R(xn)-alx, g +28), Q- ﬁg@(m,vz)o(vz - 1,
0 v
LA ,90.5 =0
If we solve the system of equations of ideal barotropic gas
in the domain SL , then the boundary condition (impenetrabi-

lity condition) has the form:

- =
<\,L)\)>) = 0
r
9 [
where V is a normal to the boundary of the domainS).

This boundary condition induces the following conditions on the
_-’ .

c—

functions EL s a , N% ’ %o :

<ii,‘§’>>\P A RACON A

<3?§>)V b4 n=0
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In order to solve the incorrect problems we apply the
regularization. To regularize a sequence of solutions means
to calculate a limit of this sequence in the sense of generalized

functions (distributions) over some space of basic functions.

Now we return to inverse heat conduction:

QLL - - ﬂ , = U = 9’
9%1

lt‘ﬂit() X =3

—

0

+

LL‘ = 5L X  + —i— %I\LL na, o= CCI/ZSL
{:O n/S*f’i

The perturbation of the initial condition ( ¢y ¥ ) tends
S
to zero as W —2 ¥C in the space ‘M]z .
The solution u,:anﬁ*,X>has the form:

) htt
. X € .
"l{/w H\'X) = Qs e + —b—*—i" G NX
h
S +1 g ,
We consider "small" times. We set L - ~tu_= w2 nn.

Then

ot \
Un (£, ) =Q Tz + KSuna
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The last summand in the right-hand side converges weakly to

W — 2C . The first summand e'tn'SfM xcf"'s —\/({h 11’,)

for t.ﬁ %M, satisfies the initial equation of inverse heat

Zero as

conduction:

PA ')

it I

Thus, In our example the regularization means, that we pass to
a weak limit (in %’ ) as W — o<

We note, that if the solution is considered for any values
of 't s» the method of regularization considered above cannot
be applied.

The regularization for such values of il exists only as
a limit in the sense of distributions over trigonometric poly-

nomials.
S +1

h}
the solution ka(t‘t\lbcannot be regularized. Really, we con-

Further, for t = {;n = tn h the powers of

sider, for example, the square of the solution:

. tw 2 ) _ )
%L(me%) = <@ WS'“ %> +q ziSIWXSm nax

The first summand in the right-hand side is the square of the
regularized solution, the last summand tends to zero in the
sense of weak convergence as W —> °© , Thus, the regularization

of the solution square has the form:
S+ 2
2 L
Re% W, =V tod

and evidenth)depends on a choice of the sequence, which

perturbs the initial condition.
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Therefore, the square of the solution of the inverse heat
conduction problem is non-regularizable.,
We assume now, that at the initial time an arbitrary enough

initial condition is given for the heat equation in the inverse

time, for example,

k], T € .~

Then the solution [( tf]QD for i;7>0 does not, generally
speaking, exist. However, one can construct a formal series

with respect to t s Which will formally satisfy the equation:

W - 9
2t e

and the initial condition u\ Lo = U, ()

Such a formal series has the form:

PR AL

70

The coefficients of the series ‘YPi(OL) can easily be calcula-

ted. For example,

. 0
Vo=, (), Wos-uUy, WU,

We define the regularization in such a way, that the regu-
larized solution converges to a formal series in t , which

satisfies formally the equation and the initial condition.
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It allows us to avoid the assumption, that the solution of the

regularized problem exists.

Now we return to our example.

2 (.
U —_ P L], g =S e Gl
ot o ? =0
M+4
Then for f = tyx: 8*1 %n N for any q>6 \ch ) the

equality holds: -
d J n*t, ,

TR PR S o )1
—’(B(%M )

This relation means, that in the sense of distributions (in
=, 3m-1
the space for =
pace W O ) Jc Ty,

N "'h'l{n . ’ +
LS X +Q "in na ( S(g K >: Jtn i o (1 ‘)

are close to each other. We show, that

t
the functions e

n’t 1
Formal series Z fL LN X (\ ‘> E@g (@ siny +€ Stn m(m)
>0 -
DEFINITION. The sequence {'LL 0%*&}6?7115 regularlzed to the
degree M , if such a formal series Zif?(m)ﬁ) exists, that for

Lo

any functlon.C¥<g VJz_ for - oc the following estimate holds:

(@, Wy (tn, W) - Z,W %)JLO Ot

So we have, that the solution of inverse heat equation is regu-
larizable to the degree O
In order to formulate the theorem on regularization of the
solution of the system of equations of ideal barotropic gas we
introduce the following notations.
Let ’\}’ /V“ (L *t YZ{>@ (’Lt‘}) be 23 -periodic functions.
We denote A Q ij,q for any 23 -periodic function
‘A . The follow1né theorem holds.
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THEOREM. The system of equations of ideal barotropic gas is re-
gularizable to the degree O, and the formal series

(3) = Z vt

N

satisfies the following system of equations:

() TJJC + <f‘1 vyl =- '%;VY - L, DT - T
(D)’ a4 <6, VY - <i?—7v€:2,2 . <§7V>“ﬁ -
-2 g+ £ o pdy it
x VLY, T ’

gk+<v,?U>:0, 9%+<I—3,v>g=8,
(79> =0, P=2(c) , % =0

UfU(‘L\‘D, j)-. S;(u,-)c)' g:?(m,f}

9

The boundary conditions have the form:

<633>\P1 97 <f;>3>}'-’.?:0:0

The products of powers of the components of the velocity vector

can be regularized:

3 R
Ke% H(ULQ".)L = H(U +3),
=4 ‘ b~

1
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We consider in the whole space the system of the Navier-

Stokes equations:

l=s

gu‘ + <a,v>a = - \?VP + R:LQA?L)

20
D

.
/L\

- x divgﬁl,tﬁ, D- P(jp , Re >4

We assume, that for £==O the solution satisfies the same

v

initial conditions as we had for the system of equations of

ideal barotropic gas:
. . ,A+4/M+1
w2l + & (=, Mgo(m» Pl
t-0 ’

Ply =@
and the integer-valued parameter W is connected with the
Reynolds number Re by the equality: W = le Qe‘/zl .
where the square brackets denote the integer part of a number.

By regularizing the Nav1er-btokes equations, we obtain, that
the formal series ( > E_'W’lm)-t satisfies a system of
equations similar to system (1), (2).

If we take the viscosity into account, then in the second

equation the following additional summand arises:

e*(vg)* 7?”

- — - = = = = = -

() * {U V>I =- - VP —;,<U ‘7>l <V 7j>,

\-————_—————~———~-v~.__

Then our system of equations has the form:

2 T U T LT+ (FL WU
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<3,vg7=0, P=D(p), ¥ =D.
A particular case of the obtained system of equations is the
well-known in hydrodynamics system of the Prandtl equations.
In order to derive these equations we assume, that the initial

conditions are non-periodic with respect to the "rapid" variable

Y :vygo(ac), but they are rapidly decreasing :

a(m,?):O(Q‘N), Do, NSL

In this case the averaging procedure (the integration over the
period) in the derivation of these equations is changed by the
calculation of a limit as v/‘9 oCc , and the equations (1), (2)

have the form:
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Now we show, how we can obtain from this system of equations
the Prandtl equations, which describe a flow along a smooth

surface, namely along the plane % =0 .

't W

—
1 e’ v
JF 77 T Tl 777777777 e
X
We set % Eie* . Then we obtain from the conditions:

{Vivgp=0, Gy - <ff,v>g =0

that the scalar equation, which corresponds to the projection
on the axis D% in the vector equation (2), is the identity
of the form 0=0 .

The equation, which corresponds to the projection on the

axis CAL s has the form:

).
V, VY == 3, S(g\?}acot‘vz‘ - %CyZJr e Vyy
By setting D)
W= 5 JpVdy

we obtain the following system of equations (the Prandtl

equations):
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_ N oy | .
V{ +\/Vm+WVQ‘ o7 *évm

(QW)Y + (OV), =0, p, =0

Equation (1) is the equation, which describes the flow outside

the boundary layer:

{i v <ﬁ,v>U =- -}st,

0, + 4T pUdD,  PeR(p),

w%
Here LT is the velocity outside the boundary layer:

-

-
U = Q\m w .,

9o



