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SIBRIGRAISARMTAIE!S RO ERTAHIE §S CAYIRIyERIING BKERINIEN

INON] CESTAGCLES

Yesselin M. Petkov and Luchezar N. Stojanov

1 Introduction

| 3, L m
Let & CR be an open domain with € smooth boundary 4 @ and

. . . 3 :
bounded complement K = R™\ Q¢ {x: [g] £ p). The scattering operator S,
related to the Dirichlet problem for the wave equation in Rt X Q, 15 an

, 2, 2, . 2, 2 ,
unitary operator from L (R xS )into L (R xS ). The kernel s{t-t', 8, w) of

2

2
S-14 is called scattering (echo) kernel For fixed (B, w) € S xS
s(tBwi= § R)and

b}
; . . : a7 “ -
(Us{tBa) = (173n )] - w{<x8> - t, % ) dS_.
0 ITIn X
Here w(r, X, w) iz the solution to the problem
z .

fa - & ey = DinR o,
{3." "="tu(R.fxa:.é,

w1 = &1 - <xm>),

T -p

n i3 the interior unit normal to 4 @ pointing into & and the integral (1) is
interpreted in the sense of distributions.

If 5 (A 8, w)is the Fourier transform of sit, 6, w), then afi, 8, w) =
L2nA30 5 (3, B, w) is called scattering amplitude and its asymptoticas A - =
iz closed related to the singularities of sit, 8, w). As was remarked in (3], [§],
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in general, these singularities are connected with the sojourn times of the
so ¢alled (w, 8) -rays defined below. The assumptions in [3] are too difficult
for werifications. Nevertheless, some of them are fulfilled for generic
cbstacles (see [10], [11]).

We expect that for generic directions (w, 8) the sojourn times of all
ordinary {w, 8) -rays are included in the singular support of s{t, B, w}. In this
talk we prove this in the case when

— p—

ot
K=u ) ;1,}’ k 21, I’ are strictly convex for

For a large class of obstacles K of the type (3) the sojourn times of

vs are not bounded, provided w and 8 suitably chosen. This snabiss
us 1o study the asymptotics of the sojourn times when the number of
reflections goes o infinity and to oblain some scattering invariants. In
particular, for two siriclly convex obstacles we recover as scattering
invariants the distance d between the obstacles and the number ¢

[V

determined by the first sequence of pseudo - poles of the scattering matrix

(see [4], [2]).

.
~
K=
Qo
]
—
o
)
("7
Wi}
I

b

T
Let ¥ = Vi, L bea curve in ®” such that 1‘ = [z, :{,“],

i=1,. k- 1k = 1), are finite segments, % &0, wmh-l (1 '} is the infinite
segment starting at x (resp. at X ) and having direction - (resp. 8). Then ¥
i called (w, B)-ray if the following conditions hold :

o
(i} the open seoments 1 | 1=01, % do not intersect transversally
L 1 *
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(i) for every i=0,1,. k-1 the segments 1i and 1“ | satisfy the
reflection law at ¥, (see [10], [11]).
& {w, 8)-ray ¥ will be called ordinar? one if ¥ has no segments tangent to

3. For ordinary {w, 8) -rays ¥ we can introduce the sojourn time T and the
Y

2
[8] for the precize definitions). A subset R c I is called

.
- A
e [,_.l

b

rmap | fss

¥
{

residual if IR i a countable intersection of open dense sets. Throughout we

e

assume that K has the form (3

Theoremn | Let w = Sz be fized. Then there exists a residual
subset R C Sﬁ such that for each B = R we have
(4) singsupp sit, 6, @) = {-TT: Y e 2’:»,3}" where 3;‘,9'8 is the union of all
ordinary (w, 8)-rays.

Nakamura and Soga [7] established (4) for 8 = -w and for two
disjoint balls f.‘ll, i " making some restrictions on the distance (L‘il, f.‘iz} and

the diametsrs of [Bi' i=1,2

The equality (4) is similar to the Poisson relation for generic

2
bounded domains in R connecting the spectrum of the laplacian and the
lengths of closed geodesics ([9], [12]). For this reason we will cal {T - ¥ =

)
P }scattering length spectrum related to w, 8.
w.
Under the assumption of Theorem 1 we can describe the leading

singlarity ar -T ,¥= & For this purposs denotz by x (resp. v ) the first
Y

Y .8
{resp. the last) reflection point of ¥. Let Z be a plane or u:uﬁorml to w such
thatZn K = @ Denote by & = Z the point where the sexment starting at x
T \

with direction -w hits Z. Therefors, following [8], near - T we have
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da] (4 ) ¢cnlx o> -1/2
fr=3 A a 2 A ] A -1 ) A
(5yslt, 8,0} = (17200 ¥ (- 17 ' A §(t+T )
Y

<nfy ), 8 >
h)

+a &(t+T ) + smoother terms.
Y

Here ¢ = [N is a Maslov index and m is the number of reflections
X

To study the sxistence of {w, B) -rays we are going to introduce the
D

mean a symbol o = 1.1 )'mthx = (1,2, M} for all | and ii z ij+1 tor

1 .-.F )
&

notion of a configuration. By a confignration o with length m (mx= 1) we

j=12,..m-1

Definition 1 et w, B = S2 and let Y be a {w, 8)-ray with successive
reflection points X ,..X . We say that ¥ has type o = ﬁr'"*im) if X e 3K for
j

every j= 1.1

Definition 2. We say that a configuration oo = (i ,...1 ) satisfies the

condition of visibility with respect to (w, 8) if the following conditions hold :

(@) for every ¥ = K (resp. X e 3 K ) the ray starting at X with
1 m

direction -w (resp. 8) has no cotnmon points with u1 F {resp. Yo K]},
m

ib) for all j=1,.,m- 1 the convex hull of Ki U Ki do not contain
i i+l
pointsin o K.
I:I.j_.ii +1

Theorem 2 Ifw = 9 for every configuration w there exists at most

ofig (o, B)-ray of type o Morsover, if o satisfies the condition of visibility
with respect to (w, B), then there exists a (w,8) -ray of type o

In the case M=2 the obstacle K satisfies the conditon fo visibility

=4
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with respect to (w, 8) if the condition (a) holds for {i
{2,1}.

oot = {12 and {i i }=

Corollaty 3. Letw 2 Bandlet K =K v K2 satisfies the condition of

visibility with respect to {w, 81 Th@-n for every m x 1 there exist exactly

he

' -

wo different ordinary {w, Bi-rays *1 mth m reflection points so that the

.. - . . S -.1 -1 -
first reflection point of ¥ N belongs to ohi, i=1,2.

& partial case of Corollary 3 for 8 = -w and two disjeint balls has
been obtained by Nakamura and Soga [7]

By Theorem 2 we conclude that if we can find a configuration o
safisfving the condition of visibility with respect to (w, 8), then we can
construct ordinary (w, 8} -rays with arbitrary large number of reflections.

Thus we gef

(6) sup {T\':VE 21'_,%’8} =

Conjecture. For every obstacle K in the form (3) there exist w, 8
such that (6) holds.

fitlled. Moreover, for a large class of ¢ betacle" we can apply Theorem 2

.

-

Motice that (&) is a typical property of trapping obstacles since for
non - trapping ones the sojourn times of {w, 8) -rays are uniformly bounde

oo ~ <= N !
with respect to (w, 8]

In this section we

f_ﬁ
(1)

sume K = K1 ¥ k and we consider two
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directions w = 8 for which the assumption of Corollary 2 holds. Let Y be

the ordinary (w, 8)-ray having m reflections and such that the first (resp.

the last) reflection point of }‘1; belongs to aaKi (resp. aKj). Let Ti:n be the

sojourn time of ?

ij : .
Theoretn 4 There exist constants L . depending on {w, B) such

-

that

_ i ii ij

{77 T =md+L +¢
t @8 m

with ¢ — Oasm-— =andd = dist (€ ¢ K.

¢4

. . if
The invariants L ’a are connected with the rays having infinite

’

number relfections ans initial directions w or -8. Consider the ray ¥ (),

i=1,2 starting at ¥ = Z with direction @ and having relfection peints
i,m i i i -1

) % =&, ‘:Setl1 (W)= <x o>+ 3. |

i
=11 i m 1 k=1 "Tg+t '{k"'

Then applying the results of Ikawa [5] (see alse [131), we obtain

i, .4 -N,
wi=md + L +0{m ) ¥N

)
L3 1 i
m m

& cimilar result holds for the ray l {-B8) with initial direction -8 and
e - . ta i . . i i
reuer.:wm peints l}*; }k= > 5:’1 € aKj. Thus we ¢obfain the constants Lw , L’_e

ij i ‘
and L) =1« L
(o] @ -a

k) } -
e gupect that the asymptotic (7} is true with ¢ e roplaf*ad by Qlm ), ¥ I
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i . i i
{(9) lim (T T V=d
Mo m+1 m
hence we can recover the distance d from the scatfering length spectrum.

For two disjoint balls (9) has been obtained in [7].

We may compare (7) with the asymptotics of the lengths of the
periodic reflecting rays established in [B] and [1] In these works the
authors consider pericdic reflecting rays approximating the boundary [6] or
an elliptic periodic rav [1]. In our case we approzimats a stabls hyperbolic
ravw related to a hypertolic fixed point of the billard ball map and this is
cne of the reasons leading to the asymptotic (8).

7 we turn to the analysis of the asympiotic behavier 01 the

if b, i, .
amplitudes ¢ "= 2n !Cm | , € being the coefficient in front of § \f+T ) in
the form (5) of the leading singularity at -T . Consider the (linear}

Poincaré map P corresponding to the periodic (trapping) ray orthogonal to
both aKi, i=1,2 Let oo i=1,2 be the eigenvalues of P greater than | and let

¢ = logllp p,) ”4)

Thizoretm 5. We have

N ij
(10} log¢ " =rmc + 0(1), mo =
448 ]
We conjecturs i ti asymptotic (10} must have a sharp form

Y,

like {5) with remainder Olm .‘.' for each N.

) . ij iij
The resull of Theorem | tells us that we can detetmine T ’ and cm

as the fime and the amplifude of the scatbering data. Therefore, the
asymptotics (7) and (10) imply that we can recover from the scattering
data the constants d and <. hence we can recover the first sequence of

peeunde - poles
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ico 4
A=-gtigast

of the scattering matrix S(A) {see [2], [4], [S]). On the other hand, the poles
of 3(3) coincide with their multiplicities with those of the meromorphic
continuation of the scattering amplitude a(-A, 8, @) and these poles do not

adepend on w, 8. Choosing suitably w and 8, we could study a{-A, 8, w)
instead of S(A). We hope that such approach will be ussful for the analysis

¢
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